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PREFACE 

Electron microscopy, which, within the past ten years, has developed 
from a subject of purely academic interest into one of great practical 
importance, ls engaging the attention of men in all branches of science. 
Recognizing this, the authors have for some time felt that there was a 
real’ need for a comprehensive text covering the electron microscope in 
all its phases. 

The material for the book was chosen to fulfil a twofold purpose. 
The first is to aid the present or prospective electron microscopist in 
understanding his instrument and in using it to greatest advantage; the 
second, to present systematically the practical and theoretical knowledge 
which must form the basis for further progress in electron microscope 
design. To this end the book has been divided into two parts. The 
first part contains descriptions of various types of electron microscopes 
together with a n6n-mathematical discussion of the electron optical 
theories on which the electron microscope is based and the practical 
information necessary for its effective operation. The second part pre- 
sents a survey of theoretical electron optics and employs mathematics as 
liberally as a methodical development of the subject matter warrants. 
This treatment is intended to supplement the practical information of 
the first part and may serve as a guide in the electron optical design of 
improved instruments. 

The first part of the book opens with a qualitative introduction to the 
principles of electron optics and a survey of its applications. These 
sections are succeeded by a description of the different types of electron 
microscopes, stressing instruments other than the magnetic electron 
microscope. Next the design principles of the several components of the 
magnetic electron microscope are outlined, the most successful instru- 
ments are described in detail, and the operation tt)lerances of the mag- 
netic electron microscope are given. A chapter is devoted to the con- 
struction of suitable electric power supplies for the microscope. The 
first part closes with a chapter on the techniques of electron microscopy 
and a general survey of the research accomplishments of the new 
instrument. 

The second part of the book begins with a discussion of the theoretical 
basis of electron optics. Chapters dealing with the measurement and 
calculation of electrostatic fields, the tracing of electron rays through 
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such fields^ and the properties of various types of electrostatic lenses 
(and mirrors) follow in sequence. They are succeeded by analogous 
treatments of magnetic fields and magnetic lenses. The aberrations of 
electron lenses are derived in systematic fashion and discussed quanti- 
tatively, possible ways of correcting them being pointed out. The 
modifications introduced by the variation of the electron mass with its 
velocity at high accelerating potentials, as well as those due to the 
greater mass of ions in ion optics, are treated in a later chapter. The 
final chapter attempts to summarize our present knowledge of the proc- 
ess of image formation in the electron microscope. A brief discussion 
of noise problems arising in connection with electron multipliers and 
with the scanning microscope, as well as a few useful tables, form an 
appendix to the book. 

Throughout the preparation of this book the authors have benefited 
from the assistance and helpful criticism of their associates in the RCA 
organization, to whom they gratefully acknowledge their indebtedness. 

V. K. Zworykin 
G. A. Morton 
E. G. Ramberg 
J. Hillier 
A. W. Vance 


PrincetoTiy New Jersey 
Augiist 1945 
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NOTE 


The metric centimeter-gram-second system of units has been adopted 
throughout. Electrical quantities (charge, current, voltage, resistance) 
are expressed in electrostatic units (e.s.u.), magnetic quantities (mag- 
netic potential and magnetic field) in electromagnetic units (e.m.u.). 
Practical units are employed for these quantities in all equations in 
which constant factors have been reduced to numerical coefficients. 
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PART 1. PRACTICAL ELECTRON OPTICS AND 
ELECTRON MICROSCOPY 
CHAPTER 1 
ELECTRON OPTICS 

1*1. Electrons and Electron Emission. The electron is one of the 
basic constituents of matter. For many purposes it may be thought of 
as a small electrically charged sphere with a diameter of the order of 
10“^^ cm, a charge of 1.60*10“^^ coulomb, and a mass of 9*10“^® gram. 
Every atomic nucleus is surrounded by an atmosphere of these minute 
charged particles coursing about it in planetary orbits, the individual 
electrons being prevented from escaping by the strong attracting electric 



«= 1.60 X 10'’* coulomb 
m=9x 10"“ gram 



lO"* cm 


a 
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Fiq. 1*1. Relative Dimensions of an Electron and an Atom, (a) The 
Electron. (6) Electron Atmosphere of an Atom (Copper). 


field of the positively charged nucleus. This atjbractive force is least 
for the electrons traveling in the outer fringe of the atmosphere, being 
here in large part balanced by the repulsive forces exerted by the re- 
maining electrons. These outer, or valence, electrons are hence more 
readily detached from the atom than the rest. An idea of the relative 
dimensions of an electron and an atom, as well as of the distribution of 
electrons in the atmosphere surrounding an atomic nucleus, is given by 
Fig. M. 

When a large number of atoms of the so-called metallic elements — 

1 
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for which the binding of the outermost electrons is especially loose — 
aggregate and form solid substance, that is, a block of metal, the attract- 
ing force exerted on these valence electrons by neighboring atomic cores 
or ions becomes comparable to that of the parent core, so that these 
valence electrons pass readily from the domain of one to the next. 
They become so-called free electrons within the metal, free to move 
through the entire block (Fig. 1-2). If the block is subjected to an 
electric field, they will drift in the direction of the force exerted on them 




Fig. 1*2. Positive Ions and Free Electrons Composing 
Metal (for Example, Copper). 


by the field and thus give rise to an electric current in the metal, while 
the heavier atomic ions remain fixed in the regular crystalline frame- 
work of the metal. Collisions between these moving electrons and the 
ions will cause part of the kinetic energy of the electrons to be con- 
verted into heat, that is, energy of vibration of the ions. This gives 
rise to the resistance heating of a wire carrying current. 

Under normal circumstances the free electrons cannot leave the metal; 
the attractive force of the positively charged atom cores or ions near 
the surface prevents their escape. Normally their velocity within the 
metal is too small to overcome this attraction. There are, however, a 
number of ways of ‘getting electrons out of metals into free space. 
Perhaps the most important of these consists in heating the metal to a 
hi^ temperature, that is, setting the ions of the metal into strong vibra* 
tions. Collisions between free electrons and ions, as well as of the 
former among themselves, give some of the electrons sufldcient energy 
to escape through the surface. 

The heating itself may conveniently be accomplish^ by passing a 
current through the metal, as shown in Fig. 1*3. Here the electron- 
emitting metal has been ^ped into a thin filament so as to achieve a 
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high current concentration and consequently a high temperature with 
a moderate current. If, now, this filament were isolated within a glass 
bulb, the escape of electrons would soon cease, since the filament would 



Fia. 1-3. Thermionic Emiasion of Fig. 1-4. Photoemission of 

Electrons. Electrons. 


become more and more charged up positively, exerting a greater attrac- 
tive force on the escaping electrons and causing their return to the 
filament. Hence it is necessary to place in the bulb another piece of 



metal, connected to the filament (for example, through a battery as 
shown) so as to create an electric field which draws off the electrons 
from the filament to the plate or anode. 

Electrons within the metal may also be given suflScient velocity to 
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leave the metal by illuminating the surface of the metal with light 
(Fig. 14). The energy of the light absorbed by the metal, being con- 
centrated in individual energy packets, light quanta or photons, is trans- 
ferred to some of the metallic electrons, which thus can leave the metal 
and eventually be collected by an anode. Quite similarly (Fig. 1-5), a 
stream of fast (primary) electrons impinging on a metal plate can give 
the metal electrons sufl&cient energy to escape, giving rise to the emis- 
sion of secondary electrons. The electrons may also obtain the required 
energy from positive ions, or positively charged gas atoms or molecules, 
striking the metal as shown in Fig. 1*6. For this purpose a slight 

amount of gas is left in the region be- 
tween the anode and the electron 
emitter or cathode] the former may 
be provided with a small hole to per- 
mit the escape of the electrons into a 
more highly evacuated region. The 
positive ions are initially produced by 
the removal of the most loosely bound 
electrons from gas atoms or molecules 
in impacts with rapidly moving elec- 
trons or other ions, the latter being 
accelerated by a strong electric field 
between the cathode and the anode. A sufiScient number of charged 
particles is always present in a gas to start off the discharge. 

One more method for releasing electrons from metals relies on reduc- 
ing the effectiveness of the attractive force of the metal ions near the 
surface by the application of a strong external opposing field (Fig. 1-7). 
The opposing field must, for this purpose, be of the order of several 
million volts per centimeter and can best be attained by shaping the 
cathode into an extremely sharp point. The electron emission so 
obtained is usually referred to as fidd emission or cold emission. 

1*2. Analogy of Electrons and Light. Electron optics deals with the 
propagation of electrons as light optics deals with that of light. Just as 
a light beam may bo conceived of as a wave motion guiding minute 
packets of energy or mass, that is, light quanta or photons, an electron 
beam may be represented as a wave guiding the individual electrons. 
As will be seen in greater detail later, the laws governing light optics 
and dectron optics show a close resemblance. Apart from this, deep- 
seated, qualitative differences characterize the behavior of electrons apd 
of light. ^ 

The distinction which has made electrons particularly useful in mi- 
crodcopyt the examination of very small objects, is quantitative rather 



Fig. 1-7. Field Emission of Elec- 
trons. 
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than qualitative: The wave length of an electron wave (for electrons 
traveling at the velocity attained when accelerated through a difference 
of potential of about 50 kilovolts) is only about 1/100,000 as long as 
that of a wave of visible light. The significance of this is appreciated 
when light waves and sound waves are compared, the latter having 
wave lengths of the order of a million times as long as the former. 

In the absence of external influences sound waves, light waves, and 
electron waves are all propagated in straight lines. However, if an 
obstacle is placed in their path, they will, to some extent, bend around 
the obstacle, into the latter’s shadow. The degree of bending depends 
upon the wave length, decreasing as the latter is decreased. Thus, a 
man standing behind the wall at B in Fig. 1*8 can hear sound from the 



Fig. 1-8. Diffraction of Sound and Light Waves by a 20-Foot Wall. 


source placed at A, but cannot see light from a Similarly placed light 
source. This is a familiar phenomenon: Sound does not cast sharp 
shadows, as .does light. In fact, to achieve a bending of light waves 
about an obstacle similar to that of the sound waves, all dimensions 
would have to be reduced by a factor of a million. With electrons, 
having a much smaller wave length, the bending, or diffraction^ of the 
waves plays a still smaller role. To imitate the condition obtaining 
for light the obstacle would have to be reduced by a factor of a hundred 
thousand! The propagation of electrons, and hence the degree of dif- 
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fraction, is, for velocities small compared to that of light, inversely 
proportional to their velocity or the square root of the accelerating 
voltage. 

Now, in the design of ordinary light-optical instruments, such as 
telescopes and microscopes, light is not treated as a wave motion, but 
as consisting of a set of mutually independent light raysj which in the 
wave picture correspond to the normals of the wave fronts (Fig. 1*9). 



Fig. 1*9. Refraction of Light Waves and Light Rays 
by a Lens. 


The paths of these rays depend only on their point of origin and initial 
direction and on the variation of the index of refraction along their 
path. In regions of uniform index they are straight lines, whereas at 



Fig. 110. Reflection and Refrac- 
tion of a Light Ray. 


boundaries between different regions 
they are reflected, the reflected ray 
making the same angle with the normal 
to the boundary surface as the incident 
ray, or refracted, the ratio of the sines 
of the angles of incidence and refraction 
being given by the inverse ratio of the 
corresponding indices of refraction in the 
two media, as is required by Snell’s law, 
or both (Fig. MO). W. R. Hamilton, 
over a century ago, noted that the course 
of these light rays was controlled by 
the same laws as the j^ths of material 


particles acted on by conservative forces (derivable from a potential). 


Examples of such forces are those exerted by a gravitational field, 
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or by an electric field if the particle is charged. The possible paths 
of the light rays and the particles will be identical if, all through 
space, the index of refraction in the former case is proportional to the 
velocity of the particle in the latter. It is generally convenient to 
represent the velocity of the electron by the square root of the potential 
0, the latter being measured from a point 
where the electron velocity vanishes. This 
emphasizes the fact that, for any given 
electron, this velocity is, like the index of 
refraction for a particular light ray, a func- 
tion of position only. There is thus an ex- 
act correspondence between the ray optics 
or geometrical optics of the light-optical de- 
signer and the Newtonian particle mechanics. 

It is to be expected, however, that, in view 
of the much shorter electron wave length, 
electron-optical instruments designed on the 
basis of ordinary particle mechanics will yiq. mi. Stopping an Elec- 
function in accord with their design even tron Beam by Matter, 
when dealing with objects of such small 

dimensions that light-optical instruments have become inapplicable. 

Among the qualitative differences, the most important deviation in 
the behavior of electrons from that of light consists in the fact that 
electrons can be deflected by electric and magnetic fields, whereas light, 
under normal circumstances, is not influenced by either. 

The circumstance that matter is quite generally opaque to electrons 
may be regarded as a consequence of their being deflected by an electric 
field. The strong local fields of the positively and negatively charged 
elementary particles making up matter deflect electrons passing at close 
range and may cause them, eventually, to give up part of their kinetic 
energy (Fig. 1-11). Some of the original electrons may ultimately be 
scattered backwards out of the surface with a velocity comparable with 
the original velocity. Most of them, however, gradually lose their 
velocity in collisions with the constituents of the material and come to 
form part of the negative charge of the substance. Although relatively 
thick layers of matter are needed to stop a high-speed electron beam 
completely (for 50-kilovolt electrons 0.1 millimeter of aluminum or 
about 20 centimeters of air are required for this purpose), even one 
ten-thousandth of a millimeter of aluminum or a fifth of a millimeter of 
atmospheric air will cause an originally parallel electron beam to spread 
out into one with a mean aperture angle of 10 degrees (Fig. 1«12). 
Thus all vessels' in which electrons are to travel must be carefully 
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evacuated, and the use of material media, such as glass, for electron 
lenses is out of the question. 

However, as will be seen in greater detail below, electron lenses can 

be realized because of the 
possibility of deflecting elec- 
trons by electric and mag- 
netic fields, a phenomenon 
which was utilized as early 
as 1897 by J. J. Thomson in 
his work leading to the dis- 
covery of the electron. Thus 
the very effect which has 
been seen to be responsible 
for the inapplicability of ma- 

Fiq. M 2 . Spreading of an Electron Beam After lenses provides a Sub 

Passage through a Thin Film. stltute for them. 

1-3. Motion in Electric 
Fields; Electric Electron Lenses. The possibility of utilizing the de- 
flection of electrons by electric fields for the design of electron-optical 
instruments is implicit in the 
earlier statement that electron 
paths in electric fields are identi- 
cal with light paths in a refractive 
medium, provided that the re- 
fractive index at every point be 
made proportional to the square 
root of the potential (and hence 
to the velocity of the particle) at 
the corresponding point in the 
electric field. 

This may now be demonstrated 
with the aid of some examples. 

To begin with, consider refrac- 
tion and total reflection at the 
interface between two regions at 
different potential. Let the re- 
gion of hi^er potential ^2 be 
separated from ih&t of lower po- 
tential 01 (Fig. 1*13) by a pair 
of slightly separated, parallel 




metal plates A and B. Each Fiq. 1.13. Refraction of an Electron Beam 
plate is assumed to be provided Passing into a Region at Higher Potential. 
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with a Lmard window^ a window of aluminum foil thin enough to permit 
electrons to traverse it with a minimum of absorption and scattering. 
In the field-free regions to the left of plate A and to the right of plate B 
the electrons will travel along straight lines. After passing through the 
window in plate A, however, they encounter a strong accelerating field, 
bending their paths, so that they meet the window in plate B more 


nearly in a normal direction. They 
retain this direction as they pass 
through the window out into the 
space to the right of B. The be- 
havior of the electrons is here en- 
tirely analogous to the behavior of 
light ra^^s passing from an optically 
less dense to an optically more 
dense medium. Only in one re- 
spect is there amat-erial difference; 
there is no simultaneously reflected 
electron ray. This is due to the 
fact that in the electric model the 
change in potential, or index of re- 
fraction, is gradual. If it is made 
similarly gradual in the optical 
case, no reflected ray will result. 

In the case of a traasition from 
a higher-potential to a lower- 
potential region (Fig. M4) the 
field between the plat es retards the 
electrons. If the angle of inci- 
dence of the latter is sufficient^ 
large they are turned back before 
reaching plate B. The condition 



Fig. 114. Refraction and Reflection of 
an Electron Beam at Interface between 
Regions of Higher and Lower Potential. 


for this happening is identical with that for the occurrence of total 


reflection of light meeting an interface between an optically denser or 
less dense medium. For smaller angles of incideftce, for which refrac- 
tion takes place (that is, the incident ray reaches B), the reflected ray 
is again absent. 


Even in the present, rather artificial, example the sharp boundary 
between media of different refractive index so characteristic of light- 
optical devices has been replaced by a region of gradually changing index, 
that is, by a uniform electric field. That is typical of electron optics; 
in fact, even if for practical reasons only, the use of material conductors, 
such as the Lenard windows, in the path of the electrons is normally 
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avoided entirely. Since these alone can bring about abrupt changes in 
the variation in space of the electron-optical index, electron optics deals 
only with media of continuously variable optical density. 

Similar light-optical media are f ound in nature. Thus the atmosphere 
of the earth decreases continuously in density and refractive index 
from the ground up, giving rise to the phenomenon of. astronomical 
refraction. As shown in Fig. 1*15, the resulting bending of the rays from 


Apparent direction of _ 
incidence of star light ^ 




Fig. 1*15. Astronomical Refraction in the Atmosphere 
(Schematic). 


a star near the horizon causes such a star to appear higher in the sky 
than it is in fact. The fine lines indicate surfaces of equal density and 
index of refraction. The case of astronomical refraction is seen to be 
closely analogous to the deflection of an electron beam by an ordinary 
electric deflecting field (Fig. 1»16). Here again the fine lines indicate 

u-K 



Fig. 1‘16. Action of Uniform Electric Deflecting Field. 

sujfaces of equal incfex or electrical potential, in short, equipotential 
surfaces. The actual paths of the electrons can be determined approx- 
imately by applying the law of refraction at each equipotential surface, 
regarding the intervening regions as being at uniform potential. 

Again, the crystalline lens of the human eye (Fig. M7) consists of a 
multiplicity of layers whose index increases toward the center. A 
typical electron lens, such as that formed by the fields^tween coaxial 
cylinders at different potentials (Fig. 1'18), shows a close similarity to 
it. This resemblance is not complete, however, since surfaces of con- 
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stant index, or equipotentials, cannot be closed surfaces in the case of 
an electron lens. The added difference that, in the electron lens shown, 
the index of refraction, or potential, increases uniformly in one direction 
does not apply generally. 



Fia. M7. The Crystalline Lens of the Human Eye. 

Similar electric electron lenses are formed by anj?^ set of electrodes 
shaped so as to be symmetrical about a common axis. They all share 
the following characteristics : In any plane, for a region close to the axis, 
the electric field exerts on an electron a force component toward or away 
from the axis which Ls proportional to the distance of the electron from 
the axis (Fig. M9). To the same approximation the force acting in 




Fig. 1-18. Electric Electron Lens Fio. M9. Variation of Forces 

Formed by Two Coaxial Cylinders Acting on an Electron with 

at Different Potentials. Distance from Axis. 

the direction of the axis may be regarded as the same throughout the 
region considered on any equipotential. As a result the total change 
in slope, or the total deflection, of rays incident from a common center 
of divergence (object point) on the axis at different heights on the lens is 
proportional to the height of incidence (and emergence); the rays are 
hence reunited in a new point on the axis, the image point, or diverge in 
such a manner that they appear to come from a point on the axis (the 
virtual image point) (Fig. 1-20). 

Optically the action of the elementary regions between equipotentials 
— like that of an ordinary glass lens — may be compared to that of a 
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prism, whose effective vertex angle, and hence ray-deflecting power, 
increases linearly with the distance from the axis (Fig. 1'21). The lens 
is obtained by rotating a thin element of such a prism about the optic 
axis. 





Fig. 1*20. Focusing Action of an Electric Lens on Electrons Diverging 
from a Point on the Axis. 


A lens of the type considered images not merely one point on the axis 
into another, but does the same for points adjoining the object point and 

lying in the same plane normal to the 
axis. The images of the latter are lo- 
cated relative to the image point on 
the axis in the same manner as the off- 
axis object points relative to the axial 
object point. Thus a small object in 
the object plane and near the axis is 
faithfully imaged in the image plane 
(Fig. 1-22). The magnification of the 
image varies with the position of the 
Fig. Lens Element aa Prism object plane, increasing as the object is 
of a Variable Effective Vertex Angle, moved up toward the lens and the 

image moves away from the lens cor- 
respondingly. If the image is real it will, in general, be found to be in- 
verted as shown in the figure. 

For a so-called thin lenSf that is, a lens whose refracting field is very 
short compared to the distance of the lens both from the object and 



Fig. 1*22. Image Formation by an Electric Electron Lens. 


from the image, the location and size of the image can be constructed 
very simply if only the two focal points F, and F^^are given. The 
image-side focal point Ff is the point on the axis to which the rays 
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parallel to the axis on the object side converge; the objectHside focal 
point Foj that at which rays parallel to the axis on the image side con- 
verge (Fig. 1*23). As the paths of 
the rays may be traveled in either 
direction, the object-side focal point — 
may also be defined as the point 
of origin of rays emerging from the 
lens parallel to the axis. 

The location of the image of any 
off-axis object point P is found sim- 
ply by drawing the ray through P 

and Fo, which must emerge parallel pw. 1-23. Definition of the Focal Points 
to the axis, and that through P in- and F*. 

cident parallel to the axis, which 

must pass through Fi (Fig. 1-24). The intersection of the two rays 
locates the image point P' and thus establishes both the location 
and the magnification of the image. 

In only a few cases can an electron lens be considered thin in the above 
sense. In the more usual instance of a thick lens — or a refractive field 
of considerable extent — it is necessary to introduce two more elements, 
the object-side and image-side principal planes Ho and Hi, to define 





Fig. 1*24. Determination of Image Position and Magnification for a Thin 

Lens. 


fully the lens action of the field. The principal planes are the two 
virtual planes which the lens images into each other with unity magni- 
fication. In other words, a ray directed from object space at a certain 
point in Po appears, in image space, to come from’a point an equal dis- 
tance from the axis in Hi. For a thin lens the two planes Ho and Hi 
coincide with the plane of the lens. With P^, P,-, Hoy and P,- known, 
the construction of the image for a given object takes place as before 
(Fig. 1*25). The two rays from the off-axis point P, through Fo and 
parallel to the axis, are drawn up to Ho, and the corresponding rays in 
image space, parallel to the axis and through P,-, respectively, are drawn 
from the points on Hi with the same axial separation as the points of 
incidence on Ho. It may be remarked that the distances PoH© and 
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HiFi are called the object- and image-side focal lengths. These dis- 
tances are identical if the indices of refraction or potentials of object 
and image space are the same. Otherwise, their ratio is equal to the 
ratio of the corresponding indices or the square roots of the potentials. 
In view of this and in view of the geometrical construction in Fig. 1*25, 


Image 



01 ^ 

Fig. 1-25. Determination of Image Position and Magnification for 


a Thick Lens. 


the magnification of the image is simply given by the ratio of the image 
distance (the distance from Hi to the image) and the object distance 
(the distance from Ho to the object) multiplied by the square root of 
the ratio of the potentials in object space and image space. 

1*4. Motion in Magnetic Fields; Magnetic Electron Lenses. Up to 
this point the discussion has been confined to electric fields, except for a 

reference to the use of magnetic fields 
for deflecting electrons. Magnetic 
fields with axial symmetry may also 
be used as electron lenses. It is even 
possible to define an index of refrac- 
tion which will govern the motion of 
electrons in magnetic fields in accord 
with the laws of ray optics. How- 
ever, this index becomes dependent on 
the direction of motion of the elec- 
trons. Even though this takes place 
also in the case of the propagation of 
light in certain crystals,there is no close 
analogy between the motion of elec- 
trons in magnetic fields and the paths 
of light rays in any known medium. 

A magnetic field exerts a force on 
an electron at right? angles both to 
the field itself and to the direction of motion of the electron. This force 
is proportional to the field strength and to the velocity of the electron. 



Fio. 1-26. Path of an Electron in a 
Uniform Magnetic Field at Right 
Ancles to Its Direction of Motion. 
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Thus a magnetic field parallel to the motion of an electron exerts no 
deflecting force on it. On the other hand, a uniform field at right angles 
to the initial velocity of the electron causes the latter to describe a 
circle with a radius proportional to its velocity and inversely propor- 
tional to the field strength; for a 1-volt electron in a field of 1 gauss the 
radius is 3.37 centimeters (Fig. 1-26). The frequency of rotation of the 
electron depends solely on the magnetic field and is proportional to the 
latter, being 2.8 megacycles per second for 1 gauss. 

If, now, the electron is given an added velocity parallel to the field, 
its path will be extended into a helix, whose pitch is determined by the 
ratio of this velocity and the field strength (Fig. 1-27). This is the 



Fig. 1*27- Helical Path of an Electron in a Uniform Magnetic Field. 


condition prevailing when a beam of electrons travels in the direction 
of the magnetic field. Tangential velocity components of the individ- 
ual electrons will cause them to describe helices, whose several diameters 
are determined by the magnitude of these components. However, if 
the axial velocities of the electrons are the same, the pitch of their 
helices is identical, and all electrons passing through a given point will, 
after one revolution, come together in a second point, a distance equal to 
the pitch from the first point in the direction of the magnetic field 
(Fig. 1 -28) . In this manner the magnetic field will produce a succession 



Fig. 1*28. Focusing Effect of a Uniform Magnetic Field. 


of equally spaced, identical, erect electron images of an object placed 
in their path. These images can be rendered visible by placing a fluo- 
rescent screen where they occur (Fig. 1*29). 

The long magnetic lens formed by a uniform field constitutes an 
exceptional case and is limited to the forming of images of unity mag- 
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nification. Another limiting case of greater importance in electron 
optics is that of the very short magnetic electron lens, with a strong 
field confined to a small region of space, such as may be produced by 



Fio. 1-29. Image Formation by a Uniform Magnetic Field. 


iron-encased current-carrying coils with a narrow slit in the iron shell 
(Fig. 1‘30). The magnetic equipotential surfaces, which are related to 
the magnetic field lines and field strengths as are electric equipotential 
surfaces to electric field lines and field strengths, show a distribution 
similar to that of electric equipotentials for a configuration of two 
electrodes of the same shape as the pole pieces. Thus, also, the 
magnetic field component normal to the axis is proportional, for small 
distances from the axis, to. this latter distance. For an electron reach- 
ing the magnetic field parallel to the axis this vertical field component 
will cause an acceleration in a direction out of the plane of the figure, 
normal to the direction of motion of the electron and to the vertical 
field component. The resulting tangential component of motion is, in 
turn, normal to the axial component of the magnetic field. Accordingly 
a force normal to both must act on the electron, causing a deflection of 
the electron toward the axis; in the second half of the symmetric 
magnetic field considered, the vertical component of the field, and hence 
the tangential acceleration, are reversed, but the acceleration toward 
the ajfis continues until the electron leaves the field. 

vAlthough the tangential velocity component is thus nullified7 there 
remain a displacement of the ray in a tangential direction and an angular 
deflection of the ray toward the axis by an amount proportional to the 
original distance of the ray from the axis. Figure 1*31, a and &, shows 
the projection of the path on a cylinder about the axis and on a plane 
throu^ the axis, respectively. It follows that all rays incident parallel 
to the axis reunite at a point on the axis after having been rotated about 
the latter by a fixed amount. Th6>deflection toward the axis, or refrao- 
tivb pow^ rf the lens, is proportimial, as follows from the mechanism 
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described, to the square of the ratio of the magnetic field strength and 
the velocity of the electrons, whereas the angular shift is proportional 
to this ratio. 
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Fig. 1*30. Short Magnetic Lens Formed by 
an Armored Coil. 


Like an electric lens, a magnetic lens, whether short, long, or inter- 
mediate, is capable of producing electron images. Their position and 


Fig. 



1-31. Projection of an Electron Path in a Short Magnetic Lens, (a) On a 
Cylindrical Surface about the Axis. (6) On a Plane through the Axis. 


magnification may be found if the principal planes and focal points are 
known. However, these images need not be either erect or inverted, 
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but may have any orientation as determined by the field distribution. 
This rotation vanishes only in the case of the extremely thin lens and a 
lens suitably compounded of magnetic fields acting in opposite direo- 



Fig. 1<32. Rotation-Free Magnetic Lens. 


ttons (Fig. 1*32). Figure 1*33 indicates the action of a magnetic lens 
of the last type on an electron ray by showing, once more, its projection 
on a cylinder about the axis (a) and on a plane through the axis (6). 



Fig. 1*83. Fh>jeotion of an Electron Path in a Rotation-Free Magnetic Lens, 
(o) On a Cylindrical Surface about the Axis. . {h) On a Plane through the Axis. 


1 * 5 . General Properties of Electron Lenses; Electron Mirrors. Both 
magnetic and electric electron lenses — and, for that matter, electron 
lenses formed by superposed electric and magnetic fields — have certain 
restrictive properties, owing to the fact that their “ lens surfaces ” 
cannot be shaped arbitrarily, as can those of glass lenses. One of the 
results of this circumstance is that the principal planes Ho and Hi are 
invariably crossed, as shown in Fig. 1*25. The image-side principal 
plalae is closer to a 'real object than the objectnside principal plane. 
Furthermore, there are no negative electron lenses (lenses which increase 
the divergence of a ray pencil) which have field-free object and image 
space. Cathode lenses, that is, lenses in which the electrons leave the 
c^ject with practically zero velocity, do not fulfil this condition. Fig- 
ure 1*34 shows, as an example, a negative cathode lens consisting of an 
anode with a circular aperture in front of a plane cathMe. Even here, 
there is a reduction rather than an increase in divergence if the entire 
dectric fidd is regarded as a lens. 
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In addition to electron lenses, there are also electron mirrors. They 
are obtained if some of the electrodes of an axially symmetric configura- 
tion are made so negative that a zero-equipotential surface crosses the 



Fig. 1-34. Negative Lens Action of an Anode Aperture in Front of a Plane 
Cathode. 


axis. Figure 1-35 shows an example. Electrons incident on the axis 
are slowed down as they penetrate into the mirror field until they reach 
the zero equipotential; at this point their velocity vanishes and their 
direction of motion is reversed. Electrons striking the mirror at an 
angle with the axis reverse their direction before this point, as they 



retain an appreciable tangential velocity, describing a path resembling 
a parabola close to the point of reverse. Reflection does not, accord- 
ingly, take place at a single surface, as for a lighl-optical mirror, but is 
distributed through a region. Nevertheless, a mirror of the type shown 
in Fig. 1*35 acts optically just as a convex light mirror (Fig. 1«36), 
forming an erect, virtual image, as is shown in Fig. 1'37. A different 
arrangement of electrodes and potentials, resulting in a more highly 
curved zero equipotential, can lead to the analogue of a concave or 
convergent light mirror (see, for example, Fig. l-39e). 

For the electron mirror the conditions of symmetry are such that the 
object and image focal points and the object and image principal planes, 
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respectively, must of necessity coincide. Accordingly, also, as for any 
unipotential lens, or lens bounded by regions of equal potential, the two 
focal lengths are the same. 

Figure 1*38 represents a typical unipotential electron lens formed by 
three aperture electrodes, of which the outer two are at the same poten- 
tial. Other simple types of electron lenses and their action on electrons 




Fig. 1’39. Electron Paths in Various Types of Electron Lenses. (Courtesy 
J. Applied Phys.f Vol. 10, p. 472, 1939.) 


passing through them are sketched in Fig. 1.39. In the case of the 
magnetic lenses the paths indicated represent simply the variation of 
the distance of the electron from the axis, without regard to the simul- 
taneous rotation about the axis. 

1*6. Image Defects of Electron Lenses. So far nothing has been said 
regarding the quality of the images obtained with electron lenses. A 
perfect image, disregarding the diffraction effects mentioned in section 
1*2, is obtained only if the extent of the object afld image as well as the 
inclination of the image-forming electron rays are exceedingly small, 
if the velocity of the electrons is uniform, and if the electron concentrar 
tion at all points of the path is so small that the mutual repulsion of the 
electrons has negligible effect. Nonfulfflment of these three conditions 
gives rise to geometrical aberrations, chromatic aberrations, and space- 
charge defects. A final, obvious, source of image imperfections is 
mechanical misalignment or defective construction of the electrodes, 
pole pieces, and coils producing the lens fields. 
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Both geometric and chromatic aberrations are familiar terms in light 
optics. If only moderate ray inclinations and image dimensions are 
considered, it is possible to separate the total effect of the former into 
five separate effects, which together determine the deviation of the 
actual image from the ideal, sharp, geometrically faithful image. As in 
the terminology of light optics, these are referred to as spherical aberra- 
tion (once regarded as a consequence of the spherical shape of glass-lens 
surfac^) or aperture defect, coma, curvature of field, astigmatism, and 
distortion. 

Spherical aberration or the aperture defect is the only geometric 
aberration which causes unsharpness of the image on the optic axis. 
This aberration results in a circle of confusion about every image point, 
wMch is proportional in diameter to the cube of the aperture a of the 
imngiTig pencil. This aperture a (Fig. 1*40) is defined as half the vertex 



Fig. 1*40. Origin of Spherical Aberration or Aperture Defect. 


angle of the ray cone which leaves an object point and is transmitted by 
the lens. In magnitude the spherical aberration is the same over the 
entire image. It is caused by the fact that rays passing through the 
outer parts of a lens are refracted somewhat more strongly than in pro- 
portion to the separation from the axis, returning to the latter at a 
smaller distance from the lens than rays having a smaller inclination to 
the axis (Fig. 1*40). 

The second aberration, coma, derives its name from the fact that it 
causes the image of a point just dS. the axis to assume a cometlike 
appearance. The dimensions of the comet are proportional to the square 
of the aperture of the imaging pencil and to the first power of the separa- 
ti(m of the object point from the axis. The presence of coma corresponds 
to a variation in the magnification of the image with the aperture of the 
ima g in g pencils (Fig. 141)i Although for purely electric, as well as for 
l^t-optical, lenses the coipet is always directed toward or away from 
the axis, it may have any orientation for a magnetic 1^ 

The third aberration is curvature of field. If curvature of field alone 
is jnesent, a perfectly sharp image may be obtained on either a concave 


Sec. 1-6] 


' IMAGE DEFECTS OF ELECTRON LENSES ^ 


or a convex image surface. It arises if the rays adjoining the principal 
rays from the several off-axis object points converge on the latter ahead 
of or behind the image plane (Fig. 142). 



More commonly, such off-axis pencils do not converge at a point, but 
rather successively in two mutually perpendicular line segments (Fig. 
143). In this case astigmatism is present. Without simultaneous 
curvature of field the image of an off-axis object point is a circle of 



diameter proportional to the aperture of the imaging pencil and to the 
square of the distance of the object point from the axis, the image plane 
being located midway between the tangential and sagittal image surfaces 
conta ining the two sets of mutually perpendicular line segments referred 
to above (Fig. 144). For a purely electric field these line segments are 
tangential and radial, respectively, accounting for the terms applied to 
the image surfaces. For magnetic Ibises the segments may have any 
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orientation, so that here the notation loses its significance. In the 
presence of both astigmatism and curvature the image plane does not 
fall midway between the two image surfaces, and the image of an ofF-axis 
point becomes an ellipse in place of a circle. 


Lens 



Fig. 1*43. Convergence of a Strongly Astigmatic Ray Pencil Originating at a 
Single Off-Axis Object Point. 


Lastly, there is distortion, an aberration which detracts only from the 
faithfulness and not from the sharpness of the image. The actual 



Fio. 1*44. Origin and Effect of Astiginatism. 


imag^ point deviates fKun that in a geometrically faithful image by an 
amount pn^>ortional to the cube of the distance of the object point 
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from the axis (Fig. 145). For purely electric, as for light-optical, 
lenses this deviation is toward or away from the axis, leading to hand 
or pincushion distortion (Fig. 146a and 6), whereas for magnetic lenses a 
twist, or rotational distortion, may be added to this stretching or con- 
traction (Fig. 146c). 



Fia. 1‘46. Origin of (Pincushion) Distortion; 


Although, normally, all these geometrical aberrations occur together, 
the conditions of image formation may be such as to single out one or 
two of them at a time. Thus the image of a point on the axis shows 
spherical aberration only; that of a small area very close to the axis, 
imaged with wide-aperture pencils, will show coma as well as spherical 



a b c 


Fig. 1-46. Effect of (o) Barrel; (6) Pincushion; and (c) Rotational Distortion on 
a Square Pattern. 

aberration. An image covering a large field, produced by narrow elec- 
tron pencils, will be affected principally by curvature of field, astigma- 
tism, and distortion. The same image, formed wkh pencils of infinitesi- 
mal aperture, will show distortion only. Figure 147 indicates the 
effect of the individual aberrations and their sum on the image of a fine 
grid. The image representation is imperfect insofar as no att^pt has 
been made to represent “ grays ” as distinct from “ blacks ” in the 
image. 

The chromatic aberrations in light optics arise from the fact that 
li^t of different color (wave length) is refracted to a different depee, 
leading, for example, in the case of a simple glass lens, to a shorter focal 
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length for bhie light than for red (Fig. 148a). For electrons the index 
of refraction is given, at least in part, by the velocity of the electron. 
Hence variations in the initial velocities of the electrons result in a 
different refractive power of the electron lenses, thus influencing their 



Fig. 147. Appearance of the Image of a Square Pattern in the Presence of the 
Geometrical Al^rrations of an Electron Lens, (a) Original Pattern, (b) Aperture 
Delect, (c) Coma, (d) Curvature of Field and Astigmatism, (e) Distortion. 
if) Combination of All Preceding Aberrations. 

paths (Fig. 1486). An iacrease in initial velocity signifles an addition 
to the refractive index which is greater at points of low potential than 
at those of higher potential. Thus the ratio of the refractive indices in 
adjoining regions and, accordingly, the refractive power of an electron 




kns are reduced. From another point of view, the deflecting fields of 
the lens act for a shorter time on electrons of greater velocity, leading to 
tile same result. 

Usually two types of chromatic aberration are considered separately, 
dbeomatic difference in image position and chromatie difference in 
magoification. For a unipotential thin lens the second vanishes, since 
tlM magnification of the image is given simply by the ratio of the image 
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distance to the object distance from the lens. For a thick lens, on the 
other hand, both focal points and principal planes may shift in such a 
manner that the two chromatic aberrations may arise either separately 
or together. Figure 1*49 shows the condition, fulfilled in many large- 
aperture light-microscope objectives, of zero difference in image position 





Fig. 149. Chromatic Difference in Magnification with Zero Difference in Image 

Position. 


and appreciable difference in magnification. Magnetic electron lenses 
normally possess, in addition to chromatic difference in magnification, 
chromatic difference in rotation. The image varies in both size and 
orientation with the initial velocity of the image-forming electrons. 

Space-charge effects, finally, are peculiar to electron optics, as no 
mutual influence of light rays, such as repulsion or scattering, has been 



Fig. 1'60. Spreading of Originally Parallel Electron Beam Due to S^Muse Charge. 


observed up to the present. A strong concentration of electrons at any 
point has the effect of reducing the potential or decreasing the speed of 
the individual electrons. In a beam of given cross section this concent 
tration is inversely proportional to the velocity. Thus space charge 
plays a role primarily in the case of low-velocity, high-current beams. 
Here it produces a spreading of the beam, resembling the effect of a 
negative lens (Fig. 1«60). 
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One of the primary aims of optical design is the reduction of the 
aberrations to a minimum. In light optics this has been accomplished 
to a remarkable extent. Thus light-microscope objectives are made 
whose aperture defect, chromatic aberration, and coma have been 
nullified to the extent that an adequate image field, whose sharpness is 
limited only by the diffraction effects mentioned in section 1*2, may be 
obtained with imaging pencils with an aperture angle of 72 degrees. 
Nothing comparable has been achieved in electron optics. Although 
this may be ascribed in part to the youthfulness of electron optics, it 
rests unquestionably also on the basic drawback of the impossibility of 
arbitrarily shaping the lens surfaces, resulting, in part, in the non- 
e^tence of negative electron lenses. 

This circumstance, at the same time, makes it impossible to construct 
a practical^ electron lens free from spherical aberration. The condition 
of zero aperture defect can be approached only by the device of reducing 
the dimensions and focal length of an ima^g lens (and, hence, of the 
area imaged) toward zero, a process which is limited by mechanical skill 
and the properties of materials. A study of favorable lens fields ob- 
tainable with present means indicates that the best type of lens may 
have a spherical aberration about one-sixth as large as that of a simple 
plano-convex lens. Electron lenses in use at the present time are 
found to have appreciably larger aberration than this. 

The situation with regard to the remainder of the geometrical abeirar 
tions is less serious. Thus specific lens fields may be prescribed for 
which coma, distortion, and astigmatism all vanish, even though the 
fields in question are not readily realized in practice. The effect of 
curvature of field may be nullified by giving the object a compensating 
curvature, a procedure which may, in some cases, result in a simultaneous 
reduction in astigmatism and distortion. Coma and distortion both 
vanish for a system consisting of completely antisymmetric electric and 
magnetic fields giving unity magnification. 

The elinunation of chromatic aberration is subject to restrictions 
mmiUr to those applying to spherical aberration. For all electron lenses 
thi8*(roal) image plane lies closer to the object for slow electrons than 
for fast electrons (Fig. 1-51). For a short magnetic lens the percentage 
change in focal length is given directly by the percentage change in 
Idnetlo energy of the electrons. Thxis, to obtain no more chromatic 
aberration with such an electron lens than with a simple lens of crown 
glass, the kinetic energy of the electrons <or the accelerating voltage) 
must fluctuate by less than 2 per cent. To render tISb effect of chro- 
I Ibk refen to iensee fonned by static fields. Regarding variable-field lenses, see 
section 17*2. 
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matic aberration insignificant, it is customary to reduce the variations 
in electron velocity by minimizing the fluctuations in the accelerating 


voltage. 



If the emission velocities of the electrons from a cathode determine the 
velocity fluctuations or if these are occasioned by energy losses in the 
object traversed by the electrons, this is not possible. However, it is 
possible to attain a certain correction of chromatic aberration by com- 
bining an electron mirror with an electron lens system (Fig. 1‘52). In 



the figure an object at 0 is imaged by a lens L in conjunction with the 
mirror M at /, a magnetic field normal to the plane of the paper serving 
to deflect the rays just sufficiently that a fluorescent screen or plate may 
recdve the image without interfering with rays c(»nmg from the l6Ds. 
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The faeter electFons, which enter the mirror in a slightly divergent 
pencil, penetrate deeper into the mirror and are thus subject to a larger 
fraction of the converging field. As a result it is possible to cause them 
to be focused at the same point as the originally more convergent, 
slower electrons. 

The electron mirror, similarly, offers a possibility, in principle, of 
obtaining a correction of the aperture defect. A hindrance to the utili- 
zation of this property rests in the practical difficulty of arranging the 
imaging fields in such a manner that the presence of the object does not 
influence them or interfere with the reflected electrons without enhancing 
image defects by the introduction of deflecting fields. 

1-7. High-Voltage Electron Optics; Ion Optics. In the considera- 
tions up to this point it has been assumed that the electrons forming the 
image had velocities small compared to the velocity of light. In many 
important applications of electron optics — in particular, electron mi- 
croscopy and electron-accelerating devices — this condition is not ful- 
fiUed. 

For speeds comparable to that of light, the electron velocity ceases 
to be proportional to the square root of the potential. As the latter is 
increased, the velocity approaches a constant value, namely, the velocity 
of light, 3*10^° centimeters per second. The electron index of refraction 
(in the absence of a magnetic field), on the other hand, increases more 
rapidly than the square root of the potential, eventually becoming pro- 
portional to the potential itself (Fig. 1*53). 

The result, for both electric and magnetic lenses, is similar. Thus, 
for low velocities, the focal length of an electric lens remains unaltered 
if the potential on all the electrodes (relative to the cathode) is changed 
in the same ratio. A unipotential lens, such as that shown in Fig. 1*54, 
may, for low voltages, be operated with an alternating voltage. No 
electrons leave the cathode during the negative half of the cycle; during 
the positive half both position and magnification of the image remain 
" constant. As the overall voltage rises to higher values, however, the 
focal length increases, the relative change in focal length being propor- 
titttal, to a first approximation, to the overall voltage. For 100,000 
volts it amounts to 2 per cent for a particular lens of the type shown in 
Fig.l«54. 

The same thing is true for a magnetic lens, for which the ratio of the 
applied voltage to the square of the magnetic field is kept constant, 
living the shape of the field distribution unaltered as well. However, 
the relative change* in focal length is here larger tluet^^for the electro- 
static lens. For a diort lens it is equal. — independently of the fihld 
cBslarflMition of the magnetic lens — to approximately one-millionth of 
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the applied voltage. Accordingly, for 100,000 volts the deviation in 
focal length is one-tenth (or 10 per cent) of the focal length itself. 



10,000 20,000 saooo loaooo 200,000 soo^ i.oo(M)oo 2,000000 

VCvotts) 

Fig. 1*53. Electron Index of Refraction and Electron Velocity for High Acceler- 
ating Voltages. 


The aberrations are not changed in character by passing over to very 
high accelerating potentials and electron velocities, though their relative 
magnitudes may be affected. 



Fia. 1-54. Unipotential Lens Operated with Single Voltage above Qzound. 


In closing, reference should be made to the use of charged particles 
other than electrons, for example, atomic ions, for the foxmation of 
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images. The laws governing their motion are the same as for electrons, 
all differences arising merely from their difference in mass. The lightest 
of the ions, the proton or positively charged hydrogen atom, has a mass 
approximately 1840 times as great as that of the electron. This results 
in: 

1. A shorter wave length, for given accelerating voltage, in inverse 
proportion to the square root of the masses, signifying a factor of 43 
for the proton, and correspondingly reduced diffraction effects. 

2. A smaller velocity, for given accelerating voltage, in inverse 
proportion to the square root of the masses, resulting in a greater 
focal length for magnetic lenses in direct proportion to the masses, 
signifying a factor of 1840 for the proton. 

The focal length of an electric lens, on the other hand, does not depend 
on the mass of the particles. This makes electric lenses the natural 
ima^g means for high-voltage ions. 

If ions, in spite of their smaller diffraction effects, have not been used 
to any extent for imapng purposes, this is, without doubt, due primarily 
to the greater difficulty of generating ion beams, especially intense, 
narrow, homogeneous ion beams of very small divergence. Enhanced 
space-charge effects (due to the smaller velocity) and reduced penetra- 
tion of matter are added drawbacks. 



CHAPTER 2 

APPLICATIONS OF ELECTRON OPTICS 

2-1. Electron Guns. The first application of electron-optical prin- 
ciples to practical problems was concerned with the formation of narrow 
electron beams of high intensity in electronic oscillograph tubes. A 
small bright spot isjformed at the incidence of the beam on a fluorescent 
screen. This is displaced when a difference of potential is applied to a 
pair of deflecting plates or a current flows through deflecting coils, sub- 
jecting the beam to a transverse electric or magnetic field (Fig. 2*1). 



Fig. 2*1. Schematic Diagram of Oscillograph Tube with Electric and Magnetic 

Deflection. 


The displacement of the spot can thus be used to measure either voltages 
or currents. Similar needs, involving ever-smaller spot sizes and greater 
beam intensities, arose in connection with the rapidly developing 
technique of electronic television. Here an electrically focused scanning 
beam is used to convert ah optical image into a sequence of electric 
aiginnls in the pick-up tube or iconoscope,^ and a second similar beam to 
reconstruct the image on the viewing screen of the receiver or kinescope^ 

^ See Zworykin, reference 1. 

^ See Zworykin, reference 2. 
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(Fig. 2*2). The beam-forming system itself, comprising a cathode and 
one or more electron lenses, has come to be known as an electron gun. 

The simplest electron gun consists of a small cathode and one electron 
lens, the electron spot being the image of the cathode (Fig. 2«3). To 
obtain a small spot, the lens must be placed at a considerable distance 


Transmitter 


Iconoscope camera 



^ M Oscillator M 

□ Modulator □ and power Ll 
amplifier 


- Horizontal 

deflecting and 

synchronizing 

generator 


A 


Receiver 



Fza. 2-2. Schematic Diagram of an Electronic Television System. (Courtesy 
Proc. Inst. Radio Engra., reference 1.) 

from the cathode, the magnification being proportional to the ratio h/a 
of the image and object distances if the electrons are accelerated to their 
full velocity close to the cathode. If a uniform accelerating field is 


Electron Ians 



a h 

Fig. 2*3. The Simplest Type of Electron Gun 


applkd between the cathode and the lens, the magnification will be 
just h/(2a), since the accelerating field has the effect of causing the 
object, as seen from the lens, to appear to lie at twice the actual distance 
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from the lens. In this case the random initial velocities of the electrons 
will cause them to spread out into a relatively broad beam in the weak 
accelerating field preceding the lens. Consequently, a large portion of 
the lens is involved in the imaging process, and the lens aberrations will 
result in a spot size larger than that expected from the known magnifica- 


Stcondanod* 




Fig. 2*4. Typical Electrostatic Electron Gun and Light-Optical Analogue. 


tion ratio. This simple gun has no provision for modulating the inten- 
sity of the spot. Moreover, it is incapable of furnishing large inten- 
sities since, even for moderate beam current, the negative field of the 
electrons in front of the cathode causes electrons to return to the cathode. 

For all these reasons the somewhat more complex two-lens configura- 
tion shown in Fig. 2-4^ has quite generally replaced the single-lens gun. 
This arrangement, with either the first or both lenses electrostatic, may 
be regarded as the prototype of nearly all modem electron guns. The 
outward appearance of such a gun — more specifically, of the type 
represented in Fig. 2-4 — is shown in Fig. 2-5, which presents a kine- 
scope gun. The second anode is missing, as it is formed by a conducting 
coating on the wall of the tube in which the gun is mounted. 

As seen most clearly in the light-optical analogue (Fig. 24), the 
principal rays, formed by the electrons emitted by the cathode with 
zero initial velocity, proceed normal to the surface of the cathode in, the 
’ Sm Zwoiykin, reference 3. 
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accelerating field inunediately in front of the latter. They then enter 
the first lens formed between the cathode, the control grid, and the 



Flo. 2*6. Electron Gun of a Kinescope. (Zworykin and Morton, Television, John 
Wiley and Sons, New York, 1940.) 

first-anode aperture. This lens converges the principal rays to a point 
a small distance beyond it, the crossover. The second lens, formed in 
the example shown by the accelerating field between the first and 



Fiq. 2*6. Variation of Beam Current with Grid Bias for an Electrostatic Projection 
Tube Gun. (Zworykin and Painter.) 

second anodes (two coaxial cylinders of different diam^ers), images the 
i^Kit bn the screen. Thus the spot is not the image of the cathode, but 
(tf the crossover. 

The control gridJs usually maintained at a potential slightly negative 
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with respect to the cathode; it is made more negative if tlie beam cur- 
rent is to be reduced. Only a certain central zone of the grid aperture 
will permit the passage of electrons with a given initial velocity. Those 
incident on the marginal zones will be turned back toward the cathode. 
With increasingly negative grid potential the diameter of the central 
zone is reduced. Thus changing the grid voltage is roughly equivalent 
to changing the size of the grid aperture. The actual rate of change of 
the effective size of the aperture with the grid potential, for a gun of the 
type shown in Fig. 2-4, is plotted in Fig. 2*6.^ Although the grid po- 
tential influences, to a certain extent, the strength of the first lens and 
hence the position of the crossover and the final spot size, this effect is 
normally of minor importance and can largely be eliminated by inserting 
additional apertures at fixed potentials near the control grid. 



Fig. 2-7. Potential Barrier in Front of a Cathode Formed liy Space Charge. 

In high-current guns the beam-suppressing action of the grid is 
largely supported by the space charge of the beam itself. The negative 
charge of the relatively slow electrons in front of the cathode forms a 
potential barrier which causes electrons leaving the cathode with low 
initial velocities to return to it (Fig. 2*7). Thus, in special cases, 
* See Zworykin and Painter, reference 4. 
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adequate control may be exercised with a control grid maintained at a 
positive voltage. An example of this is a projection-tube gun designed 
by Law (Fig. 2*8)^ which employs a magnetic second lens. 



Fig. 2-8. ProjecUon Gun with Magnetic Second Lens. (Law.) (Courted J. 
Applied Phye., Vol. 10, p. 477, 1939.) 


"In electrostatic guns of the type shown in Figs. 2-4 and 2*5 the first 
anode normally is maintained at about one-fourth of the voltage applied 
to the second anode. This ratio is fixed by the following consideration: 
As shown in Fig. 2*4, the. diameter of the beam entering the second lens 
is g^ven by 2lia. Here li is the distance between the crossover and the 
second lens. It may, for relatively large gun-to-sosgpn distances, be 
approximated by Fi, the object-side focal distance of the second lens. 
Of the an|^ erf divergence of the principal rays leaving the crossoveTi 
^SeereferaoeeS. ' 
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on the other hand, depends exclusively,® for a given construction, on 
the cathode area utilized. This follows from the fact that the paths of 
the principal rays, that is, the rays leaving the cathode with zero initial 


velocity, in the first-lens region are in- 
dependent of the magnitude of the 
first-anode voltage. 

If the diameter of the second-lens 
area utilized by the beam, 2lia ^ 2Fia, 
is greater than a certain fraction k of 
the diameter of the first anode — the 
gun diameter Di — the aberrations of 
the second lens will cause undue spread- 
ing of the final spot. It is thus neces- 
sary to demand that 

2Fia < kDi [2-1] 

The value of k may be derived from 
Fig. 2*9. The latter shows measure- 
ments by Epstein^ of the final spot di- 
ameters obtained with various second 
lenses of the character considered, as 
function of the fraction of the gun ap- 



00 J20 .40 ^ ^ 

Beam diameter at and of gun 
In gun diamatari 


erture utilized. It is seen that for 
k > 0.30 the spreading of the spot with 
an increase in the beam diameter is 
rapid. Equation [2«1 thus imposes a 
definite upper limit for Fi/Di, that is. 


Fig. 2-9. Variation of Spot Diam- 
eter with Width of Beam at Second 
Lens. (Epstein.) (Courtesy Proc. 
Inst. Radio Engrs., reference 6.) 


the object-side focal distance in gun diameters, provided that a, or the 
magnitude of the cathode surface utilized, is prescribed. Since, in turn, 
as shown in Fig. 2-10® applying to the specific case of a ratio 2.3 between 
the second- and first-anode diameters, Fi decreases as the voltage ratio is 
increased. Equation 2*1 also yields a lower limit for the voltage ratio of 
the second lens. This usually falls, substituting reasonable values for 
a, in the neighborhood of 4.® 


In the presence of space-charge limitation of the beam current, the 
attainment of the maximum intensity in a spot of prescribed size makes 


* Neglecting space charge. 

^ See reference 6. 

^ See Epstein, reference 6. 

* It is obvious that in the above elementary treatment a number of factors enter- 
ing into the choice of the gun dimensions have been omitted from considmtion. The 
conclusion is, however, substantially correct. 
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it desirable to apply a strong electrostatic field in the immediate 
neighborhood of the cathode.^^ This may be accomplished by the 



3.5 4.0 4.5 5.0 5.5 • 6.0 6.5 

Vt/V, 


Fig. 2*10. Variation of Focal Distance with Voltage Ratio for Lens Formed by 
Two Coaxial Cylinders with a Diameter Ratio 2.3. (Epstein.) 


insertion of an accelerating grid between the control grid and the first 
anode, which, simultaneously, reduces the dependence of the spot size on 



Fio. 2*11. Electron Gun Employing an Accelerating Electrode between the Con- 
trol Grid and the First Anode. 


the grid bias^^ (Fig. 2* 11),, Alternatively, the full anode voltage may 
be applied to the first anode and the second lens may be made a unipo- 

The emission current from the cathode increases as the ^ power of the field at 
its Burlsce, i.e., for a given geometrical arrangement, 

/, - cV!'* ^ [2*2] 

arhele Vi is the potential of the nearest accelerating electrode. 

See Zworykin, reference 7. 
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tential lens. An example of such an arrangement is Law^s projection 
tube (Fig. 2-8), which employs a magnetic second lens. lams^* and 
Janes and Hickok^^ have proposed electrostatic unipotential lenses with 
negative center element to accomplish the same purpose. The spot 
size itself depends, to a first approximation, only on the final energy of 
the electrons forming the spot — the overall applied voltage — and not 
on the distribution of voltage between the first and second anodes. Its 
area is proportional to the ratio of the absolute temperature of the 
cathode to the final kinetic energy of the electrons. The maximum 
current density attainable in the spot, on the other hand, is proportional 
to the reciprocal of this ratio, to the emission current per unit area of 

See reference 8. 

See reference 9. 

This may readily be demonstrated. Electrons leaving a given point of the 
cathode deviate from the principal ray by a distance r which is proportional to the 
ratio of their initial radial velocity to the velocity which they acquire in traveling to 
the point in question: 

[2-3] 

Here mt'5/2 = eVr and /(z) and g{z) are some functions of the axial distance z from 
the cathode. For the region just in front of the cathode this is obvious, since the 
lateral displacement is simply given by ivf, and the time t is given by Vg = —eEilm « 
const V it. Here E is the field in front of the cathode and 
mr* 

= eF = —eEt - const Fiz 

2 

For the remainder of the path Eq. 2«3 is vouchsafed for rays passing close to the 
paraxial principal rays by the proportionality of all radial field forces to the radial 
separations (Figs. 1-19 and 1-20). Hence the diameter of the crossover, which is 
practically identical for all the principal rays, is given by 

If the effects of aberrations are neglected, the diameter d, of the spot is equal to the 
product of de and the magnification. The latter is given, as in light optics, by the 
ratio of the image and object distances, 6 (lens to screen) and a (crossover to lens Zi), 
multiplied by the ratio of the indices of refraction in object and image space, ni/ng « 
(Vi/Vi)^. Thus 

j ^/'Fr\^/Fi\H6 /FAX 

w a' 

For a thermionic cathode the mean energy associated with lateral motion at emis- 
sion is kT, where k is Boltzmann’s constant (1.371(r^® erg/degree) and T is the tem- 
perature of the cathode measured on the absolute scale. This eneigy is the as 
that given an electron in being accelerated through a potential difference of T/1 1,600 
volts. The area of the spot, vd'/i is, accordingly, proportional to T/Vi. It is inde- 
pendent of the first-anode voltage. 



42 APPLICATIONS OF ELECTION OPTICS [Chap. 2 

the cathode, and to the square of the convergence angle of the beam at 
the spot.^* 

In conclusion, it should be mentioned that electron guns emplo 3 ring 
a magnetic second lens, that is, the condenser, are also utilized in the 
electron microscope (Fig. 2*12). However, since, normally, the con- 
denser lens is quite separate from the remainder of the gun, that is, the 
source, anode, and, eventually, grid-control unit, it has become cus- 
tomary to refer to the latter assembly without the condenser as the 



I 


Fig. 2* 12. Beam-Forming Syetem of Electron Micro- 
scope as Electron Gun (Schematic). 

electron gun of the microscope. Furthermore, the function of the 
dectron gun in the electron microscope is not to form a spot of maximum 
brilliance and minimum dimensions, but rather to illuminate the speci- 
with electron rays with a divergence or convergence appropriate 
lor the purpose at hand, 

2*2. Image-Replrodudng Devices. However great the practical im- 
portance of the electron gqn may be, it represents only an imperfect 
demonstration of the true optical character of axially symmetric electric 
and magnetic fields. To the layman, the most characteristic property 
of optical systems is the Capacity d forming faithfu^mages of given 
objects. A lens is thoui^t d more commonly as an image-reproducing 
device than as a li^t- (or dectron-) concentrating instrument. 

See seotum 10*6. ' 
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The principal image-reproducing devices of light optics are the micro- 
scope, the telescope, and the camera (including the picture projector as 
a modification). In electron optics the principal image-reproducing 
devices are the electron microscope and the image tube (including the 
image multiplier as a modification). The electron microscope will be 
the subject of the succeeding seven chapters, so that only the image 
tube need be discussed here. Electron telescopes in the true sense do 
not exist, since the observation of objects at a great distance by means 
of electrons emitted or transmitted by them would require the creation 
of an evacuated path between the distant object and the observer. The 
term electron telescope has been applied to an instrument combining an 
image tube with light-optical lenses in such fashion as to make possible 
the observation of objects at a distance by means of radiations to which 


the eye is insensitive.^® 
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Fig. 2-13. Schematic Diagram of an Image Tube. 


The image tube (Fig. 2- 13) corresponds most closely to the camera, 
forming an image of an electron emitter, most commonly a photocathode 
on which a light image is projected, with a relatively low magnification 
or reduction factor. This image is observed on a luminescent screen. 
The image tube differs from the camera in the possibility of greatly 
increasing the energy of the imaging medium, that is, the electrons 
leaving the cathode, in the course of the formation of the image by 
applying a high voltage between the cathode and the viewing screen. 

Early applications of the image tube^^ were largely concerned with 
utilizing the sensitivity of photosensitive surfaces to invisible, ultra- 
violet or infrared, radiations for converting invisible light images into 
visible images that can be viewed directly on a fluorescent screen. 
Figure 2*14a shows a particular image tube with this function. It con- 
sists simply of a semitransparent photocathode and a closely spaced 

^^See Zwoiykin and Morton, reference 10. 

See Holst, de Boer, Teves, and Veenemans, reference 11, and Zworykin and 
Morton, reference 10. 
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screen at a high potential without any focusing device. Excessive 
spreading of the photoelectrons emitted by any point of the cathode 
is prevented by the great strength of the field at the surface of the cath- 
ode, together with the shortness of the path of the electrons. Much 



Fig, 2*14. VarioTiB Types of Image Tubes, (a) Simple Electric Accelerating Field. 
A) Superposed Uniform Electric and Magnetic Fields, (c) Electrostatic Lens. 
(d) Short Magnetic Lens. 

■ duurper pictures can be obtained, however, by ©nploying a focusing 
fidd« In Fig. 2*14& a uniform magnetic field formed by a solenoid 
surrounding the image tube has been superposed on the electric accelerat- 
ing field Becau^ of tiieir initial tangential velocities the electrons 
describe helices with their axes parallel to the field dir^tion and with a 
fre<|uency of revolution y = eH/i2innc), H being the strength of the: 
magnetic field ancl c the velocity of li^t. Focusing will take place if 
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the length d of the tube (separation of cathode and screen) is such that 
the electrons arrive in the same phase of the helix at the screen as that 
in which they left the photocathode.^® 

Both the above image tubes yield images of unity magnification. No 
such limitation exists if short electrostatic or magnetic lenses are em- 
ployed, as shown in c and d of Fig. 2*14. In the first of these the lens 
consists of the accelerating field between two equidiameter cylinders, 
maintained at cathode and anode potential, respectively. The catjiode 
and anode are flat disks terminating the two cylinders. Figure 2* 15a 





Fig. 2*16. Focusing Properties of the Electrostatic Image Tube Shown in Fig. 
2- 14c. (Courtesy J, Optical Soc. Am., reference 10.) 


shows the values of the distance v between the screen and the junction 
between the two cylinders (the lens) as function of the distance u 
between the cathode and the same junction. The magnification is 
given in each case by t>/(2w), as is shown in Fig. 2-156. 

The image formed by a tube of the type shown in Fig. 2-14c has a 
large amount of curvature of field, astigmatism, and distortion; hence it 

Thus, for focusing, the time of travel t from the cathode to the screen must be 
given by « 1 . Since, at the same time, from the equations of motion of a uniformly 
accelerated body, 


the distance d must be related to the screen potential V and the magnetic field H by 
^ /tc\ /2m7\^ 11 .057^ 

d - ( t: )( ) - — n — cm [2-6] 


'-(iX?)’’ 

V being measured in volts and H in gauss. 


H 
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is quite unsatisfactory in its outer portions. These defects are remedied 
by giving the cathode a radius of curvature approximately equal to m, 
the concave side being turned toward the screen. Furthermore, it is 
customary to replace the cathode cylinder by a series of rings connected 
to a lead passing through the tube envelope. By applying a small 
voltage V I with respect to the cathode to this lead the focusing of the 
tube can be varied after its construction has been completed. In this 
manner the electrostatic image tube shown in Fig. 2*16 is obtained. 



Fig. 2*16. Electrostatic Image Tube with Curved Cathode and Variable Focus. 
(Courtesy J. Optical Soc. Am.^ reference 10.) 


Focusing ooll 
^ Photo cithods 


The magnetic image tube in Fig. 2>14d utilizes in effect a combination 
of electric and magnetic focusing fields. The magnification can be 

varied by shifting the focusing coil and 
altering the current therein, so as to 
maintain the sharpness of the image on 
the screen. Like the simple electro- 
static tube, this magnetic tube possesses 
image defects, of which rotational dis- 
tortion is perhaps the most serious. 
These defects can be reduced by em- 
ploying special coila (Fig. 2-17) having 
the property that, in the neighborhood 
of the cathode, the magnetic field lines 
odncide with the paths that would have been traversed by electrons 
leaving the cathode with lero velocity in the absence of the magnetic 



Fig. 2*17. Magnetic Image Tube 
with Fooiuiiig Coil Minimiamg 
Aherrationa. (Courtesy Proc. hut. 
Radio Bngra., reference 14.) 


field. 

The image tubes shown in Fig. 2>14 have the common property of 
employing semitranspamt cathodes and transparent screens. On both 
en^ d ^ tube the efficiency is diseased somewhat by the absorption 
of 14 ht, in the cathode material and in the screen material, respectively, 
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and by the inccnnplete utilization of the incident light and electrons. 
The emplojrment of Superposed cylindrical electric and magnetic fields^® 
(Fig. 2*18) makes this unnecessary. The optical image can be projected 
on the opaque photocathode, and the opaque fluorescent screen may be 
observed from the same side. The electrons now spiral about semi- 
circles representing the magnetic field lines. Unfortunately, the image 



quality is not equal to that obtained with axially . symmetric tubes, 
being marred, in particular, by the shear distortion visible in Fig. 2«19. 

A characteristic application of an image tube of the type represented 
in Fig. 2*16 is shown in Fig. 2»20. Here an infrared image (or, for that 
matter, an ultraviolet image) of the specimen is focused by a li^t 
microscope on the photocathode of the image tube, the ima ga 
being viewed directly on the screen. Thus the image tube makes possi- 
ble the direct observation of specimens illuminated with or emitting 
See Rose, reference 12 
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Fig. 2-19. Image of Resolution Pattern Produced by Image Tube Shown in 
Fig. 2*18. (Courtesy Proc. Inst. Radio Engrs.f reference 12.) 



In&wed Mtaonope Utilising Image IHibe. (Courted J. Optical 
Soe, Am., reference 10.) 
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invisible radiation. Figure 2*21 shows a micrograph of a daphnia, a 
small water creature, obtained in this manner, the specimen being 
illuminated with infrared radiation. 



Fig. 2*21 . Image of a Daphnia Obtained with Infrared Light. Magnification 20. 

(Courtesy J. Optical Soc. Awi., reference 10.) 

Various special types of television pickup tubes have also made use 
of the image-tube principle. Thus Famsworth^s image dissector*® 
(Fig. 2>22) consists essentially of an image tube, such as that shown in 
Fig. 2-146, combined with a transverse deflecting field. The electron 
image as a whole scans a small aperture in the image plane; the elec- 
trons passing through the aperture constitute the picture sig^ and 
modulate, after amplification, the intensity of the scanning beam in the 
viewing tube. Furthermore, image tubes of the types shown in Figs. 
2>16 and 247 have been combined with the more sensitive iconoscope 

See Farnsworth, reference 18. 
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SO as to form the image iconoscope^^ or superemitron^* tube, giving 
satisfactory performance at even lower light levels (Fig. 2‘23). Here 
an electron image, rather than a light image, of the scene is projected 
on the sensitive mosaic of the iconoscope, storing in it charge in pro- 
portion to the brightness of the image which once in each picture period 
is released by the scanning beam. 



Television f John WUey and Sons, New York, 1940.) 

The repeated application of the image-tube principle offers the pos- 
sibility of greatly enhancing the brightness of the final image obtained. 
The secondary-emission image multiplier represents one method of 



Pkl. 2'28; Image loonoeoope (SohemaUc Diagram). (Courtesy Proe. Inst. 
Radio Engrs.f referenoe 14.) 

attaialiig this goal Two realisations of this device are shown in Fig. 
%24:, b the first of these (Fig. 2-24a) the image oNhe cathode C 
formed by the usual dectrostatic image-tube configuration is projected 

See lams, Morton, and Zworykin, reference 14. 

^See ** St^peramitron Camera,*' reference 15. 
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on the upper half of the secondary-emission activated electrode T 
instead of on a fluorescent screen. This acts as cathode for a second 


r, V, K VO 

i* A* A A* A 



Fig. 2-24. Two Secondaiy-Emission Image Multipliers. 

image tube with twice the diameter of the original one. In the second 
realization (Fig. 2*246) a uniform magnetic field deflects the electrons 
coming from the cathode as well as the secondary electrons from the 
target T, so that the latter are di- 
rected into the neck containing the 
screen S rather than back toward 
the cathode. The images obtained 
with both arrangements suffer to 
some extent from distortion pro- 
duced by the deviations from axial 
symmetry. A more basic difficulty 
of all secondary-emission image 
multipliers rests in the larger initial 
velocities of the secondary electrons 
as compared with those of thermi- Cori^ion of Chromatic Abw- 

ouic or photodectroDS. These in- by an Bfc». 

itial velocities give nse tolarge chro- 
matic aberrations, rendering the final image unsharp. To some extent 
the chromatic aberrations can be compensated by the insertion of an dec- 
tron mirror beyond the secondary-emission target, as shown in Fig. 2*25. 
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There exists another way of attaining an increase in image brightness 
by repeated application of the image-tube principle. This rests on the 
fact that, for a suitable choice of the photosensitive surface and the 
fluorescent screen, the photocurrent leaving such a surface placed next 
to the screen will exceed the high-velocity electron current bombarding 
the screen. If, under such circumstances, the electrons from the cath- 
ode are focused and accelerated onto a second similar screen, the image 



on the latter will be bri^ter than that on the original screen. Assuming 
reasonable values for the photosensitivity of the cathode and for the 
energy conversion efficiency of the luminescent screen, a gain in bright- 
ness may be expected with accelerating voltages of a few thousand 
volts.^® In the practical realization the geometrical arrangement pre- 
sents most difficulties, since the light from the fluorescent screens must 
be prevented from reaching the preceding cathodes. Figure 2-26 shows 
an arrangement of this type. Apertures at suitable potentials are em- 
ployed to minimize the amount of illumination returning to the cathodes. 

2*3. Deflection Sjrstems. Electron guns and image-reproducing de- 
vices possess axial symmetry almost without exception. However, 
electron optics has acquired great importance also in fields where this 
is not the case. Thus deflecting systems, performing the function of 
variable electron prisms, are the basis of the success of electronic tele- 
vision. They find a similar application in oscillograph tubes. 

The two basic types of deflecting fields are the u^orm electrostatic 
field (Pig. 2*27) and the uniform magnetic field (Fig. 2*28). The former 
is parallel to the desired direction of deflectipn of the beam, the latter 
honnal to this as well as tp the beam itself. 

In the unifonn electrostatic deflecting field the paths of the electrons 

** Let the Bensitmty’ <A. the photocathode he k ^ 20-10^* ampere per lumen for 
the cmiiwion of the flupreecent screeirand let the screen have a^^pinous intensity of 
2 candle powers per watt of incident electronic energy. The screen will then emit 2ir 
loB^ens per watt in a forward direction. Then, if the accelerating voltage is F, the 
conditiQn tilths intensity of thesecond image be greater than that of the first is 
2irjbF > 1 ca* F > 8000 volts 
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are parabolas, corresponding to the trajectories of bodies which are 
thrown horizontally in a gravitational field. The ultimate angle of 
deflection is proportional to the length of the field and to the ratio of the 
field strength to the accelerating voltage of the tube.^ 


Fig. 2'27. Uniform Electrostatic Deflecting Field. 



In the uniform magnetic field, on the other hand, the electrons describe 
circles, whose radius is proportional to the ratio of the electron velocity 
to the magnetic field. The total angle of deflection, being given by the 
ratio of the length of the field to this radius, is, accordingly, proportional 

Let V be the accelerating voltage of the tube, Vd the voltage applied between the 
deflecting plates, I the length of these plates, and d their separation. The initial 
velocity, parallel to the plates, will then be w* = (2eV /m)^. It will be maintained 
in the uniform field, so that the displacement in the z-direction is given, throughout, 
by 



t being the time measured from the instance of entry into the field (at 2 = 0,y » 0). 
In the y-direction, parallel to the deflecting field, the electrons experience, between 
the plates, a uniform afsceleration (e/m)F<i/d. Hence the displacement in this 
direction is 

eVdt^ 

y *= 

^ 2md 


The total angle of deflection a is given by the ratio of the two components of 
velocity Sitz = 1: 


tan a 


tv 

Vg 


IV^ 

2dV 


12-7] 


expressing the time t in terms oiz - I, The displacement at the screen, a distance D 
from the center of the deflecting fidd, becomes accordingly: ' 


y» 




ID-Vd 

2dV 


12-8J 
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to the length of the field, the field strength, and inversely proportional 
to the accelerating voltage of the electrons.^^ As for the uniform elec- 
trostatic field, the apparent center of deflection lies at the center of the 
actual deflecting field. 



Fio. 2'28. Uniform Magnetic Deflecting Field. 


In all actual cases the deflecting fields are nonuniform, since they must 
pass continuously over into a condition of zero field at great distance 
from the plates or coils. The resulting fringe fields cause deviations 
from the formulas given, resulting both in nonlinearity of the dependence 
of the displacement on the deflection voltage or current and in certain 
focusing effects of the beam. These focusing effects distort the spot as 
the beam is deflected, the portion of the beam nearer to the axis being 
subject to a slightly different field from the portion at greater distance 


The radius R of the path is determined by the condition that the acceleration 
normal to the path multiplied by the mass of the electron be equal to the force 
exerted by the magnetic field in the same direction : 

nw^ eHv 
R ^ c 


80 that 




'2mc^V\^ 3.37F^ 

. eil* y “ H 


[2-9] 


if 7 la meagured in volts and H in gauss. The angle of deflection a is given, from the 
geometry of Fig. 2*28, by 


sin a 


I 0.297ff, 


[2.101 


and the dispiaoemeDt at the screen by 

“ 0*“ “ + * “Sw 


0.2S71DH 


[ 2 . 111 ,: 


provided that a 1 . 



Sec. 24] 


BEAM TUBES AND MULTIPLIERS 


65 


from the axis. These undesirable effects are largely overcome by shap- 
ing the deflecting elements appropriately. 

In electrostatic deflection the deflecting elements are plates mounted 
on the inside of the tube, whose mean potential, preferably, is at all 
times equal to the anode potential. In order to achieve maximum 
deflection for a given applied voltage the plates are frequently flared so 
that they are just grazed by the edge of the beam at the maximum 
deflection (Fig. 2-29'). If, as is usually the case, the beam is to be 
deflected in two mutually perpendicular directions, the pairs of plates 
are normally arranged in sequence, as in Fig. 2*29. If they are placed 
at the same point along the beam, a voltage applied to one pair will 
induce charges on the other, resulting in nonlinearity of deflection. 



Vert. coD 



^Vertical defl ecting coll 




Horizontal deflecting coil 


coil 


Fig. 2-29. Electrostatic Deflect- Fig. 2-30. Magnetic Deflection System 
ing Plates Arranged in Sequence. with Air-Core Coils. 

(Zwoiykin and Morton, Television^ John Wiley and Sons, New York, 1940.) 


With magnetic deflection this difficulty does not exist. The fields 
produced by the currents in two mutually perpendicular sets of deflect- 
ing coils are, to a first approximation, independent of each other. Thus 
the two coils are normally combined in a single yoke slipped over the 
outside of the cathode-ray tube. These yokes may be either iron-cored 
or air-cored. A system of air-cored coils yielding fields of a high degree 
of uniformity is illustrated in Fig. 2-30. 

2*4. Beam Tubes and Multipliers. The application of electron optics 
to two-dimensional fields, that is, fields which do not vary appreciably 
in one direction, has also had a great influence in the development of 
modem amplifier tubes. By directing their attention to the paths of 
the individual electrons, abandoning the treatment of grids as two- 
dimensional surfaces of uniform potential, the designers of beam tvbea 
have been able to improve the operating characteristics and to increase 
the efficiency and power output of amplifier tubes. 

A typical modem amplifier tube or pentode is shown schematically, 
witb ctn accompanying plot of the potential variation along a radius, in 
Fig. 2*31. Apart from the cathode, C, and the plate, P, there are three 
grids. Gif G 2 f and Gg. The first of these, the control grid, is common to 
all amplifier tubes. It is normally negatively biased; a small voltage 
variation applied to it causes a relatively large change in file current 
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which is capable of passing through it from the cathode to the plate. 
The plate, being connected through an external impedance to a source 
of positive potential, will drop in voltage as the current increases. The 
ratio of this drop in voltage to the increase in grid voltage causing it is 
the voltage amplification of the tube circuit. In modem tubes a screen 
grid O 2 is inserted between the plate and the control grid to reduce the 
control grid-plate capacity and thus to prevent feedback effects. This 



Fig. 2*31. Electrode Structure and Potential Variation in Pentode 
(Schematic). 

is normally maintained at a fixed positive potential. The suppressor 
grid Ga, finally, is generally connected to the cathode and serves to 
return secondary electrons emitted by the plate to the latter, instead of 
letting them be collected by the screen grid. If the electron current is 
sufficiently high the space charge may form a potential valley between 
the screen grid and the plate, doing away with the need for a physical 
suppressor grid (Fig. 2-32). 



Fzg. 2>32. Electrode Structure and Potential Variation in Tetrode with Potential 
^ Minimum J>ue to Space Qiarge Acting as Suppressor Grid (Schematic). 

Unless special precautions are taken, a considerabAa portion of the 
dectrons passing throuc^ the control grid will strike the screen grid. 
This will cause heating of the grid wires, which may prove a limiting 
factor m the power, output of the tube. Furthermore, the proportion 
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of electrons absorbed by the screen grid will, in general, increase as the 
plate voltage decreases. This leads to a distorted output. Other unde- 
sirable consequences are reduced efficiency of the tube and enhanced 
random voltage fluctuations in the output, resulting from the distribu- 
tion of the electrons between the plate and the screen grid. Thus one 
of the primary aims in the design of beam tubes is the reduction of screen- 
grid current by the proper arrangement of the grid wires relative to the 
cathode and, eventually, the fluting of the cathode itself (Fig. 2*33).*® 



Fig. 2-33. Electrode Configurations for Minimizing 
Screen-Grid Current. 

An excellent illustration of the application of electron-optical design 
principles is the beam power tube (RCA 6L6)^^ whose structure is shown, 
in cut-away section, in Fig. 2*34. The indirectly heated cathode is a 
flattened cylinder. The electrons leaving the flat side thereof are 
focused by the cylindrical lens flelds between the aligned control-grid 
wires and screen-grid wires into flat pencils with a crossover midway 
between successive screen-grid wires. Electrons emitted by the narrow 
sides of the cathode are returned to it by the opposing field of the con- 
trol-grid supports cooperating with the beam-confining plates (at 
cathode potential). Between the screen grid and the plate a potential 
minimum is formed by the space charge in the beam, suppressing 
secondary emission from the plate. This design not only prevents 
electrons from reaching the screen grid on their path toward the {ilate. 

See Thompson, reference 16, and Knoll, reference 17. 

^ See Schade, reference 18. 
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but also minimizes, as long as the potential minimum between screen 
grid and plate is positive, the number which are reflected by the mini- 
mum toward the screen grid. The electrons on their way toward the 
plate pass the screen-grid wires at a sufl5cient distance so that they are 



Pio. 2-34. Electrode Structure and Beam Formation in 6L6 Power Tube. (CJour- 
teey Proc Inat. Radio Engra., reference 18.) 


not given lat^l deflections large enough to prevent them from passing 
^ t^ugh the minimum to the plate. Figure 2-35 shows the potential 
distribution and the paths of the electrons in the structure for the limit- 
ing case in which the potential minimum between screen grid and plate 
is at zero potential, that is, in which it acts as a virtual cathode. 

The con fining of the beam by the beam-confining plates, the grid 
supports, and the shape of the cathode to a region of but slowly in- 
creasing hcnizcmtal' width favors the formation of the secondary-emission 
supi^eBsing potential mi nimum . The reduced screen-grid dissipation, 
on 'the other hand, prevents overheating of the control-grid wires a nd 
consequent thennionic enussion of the grid. 
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A device whose development has been guided from the start by the 
methods of electron optics is the secondary-emission multiplier. Many 
surfaces — in particular oxidized metallic surfaces treated with alkali 



—30 

PLATE 

Eb*45V. 

Fia. 2-35. Potential Variation and Electron Paths in 6L6. (Courtesy Proc. Inal. 
Radio Engra.f reference 18.) 

metaJs such as caesium or rubidium — have the property of emitting a 
number of low-velocity secondary electrons when a high-velocity 
(100- to 1000-volt) electron is incident on them. Thus the yield faiCtor 
R, the ratio of the current of secondary electrons emitted by the surface 
to the incident primary electron current, for an appropriately oxidized 
and caesiated silver surface is plotted as function of the accelerating 
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voltage Y of the incident electrons in Fig. 2-36. The high value of the 
yield factors may be utilized for amplifying weak electron currents, 
such as those from an illuminated photocathode, as shown schematically 



Fig. 2'36. Secondary-EmisBion Characteristic of a Typical Caesium-Activated 
Silver Surface. 


in Fig. 2*37. Electrons from the cathode are accelerated to an activated 
target electrode and eject R times as many secondaries. These, in turn, 



are accelerated to the next electrode, ejecting from it ^ as many elec- 
tro^ as originally left the cathode, provided that none of the electrons 
have be^ lost cm the way. After n such current multiplications at n 
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successive targets, a current amplified by the factor reaches the 
collector. 

The primary conditions for the successful operation of a device of this 
type are (1) that the secondary electrons from one target reach the next 
without appreciable loss and (2) that these electrons, wherever incident, 
meet a retarding field which will draw the new secondaries away from 
the electrode and toward the next target. 



Fig. 2*38. Magnetic Secondary-Emission Multiplier (Schematic). 

The first successful high-gain multiplier of this general character 
employed crossed magnetic and electric fields for this purpose (Fig. 
2*38).^® Electrons leaving any one of the activated plates, lying in a 



Fig. 2*39. Partition-Type Electron Multiplier. (Courtesy Proc. Inst. Radio 
Engra.f reference 20.) 


common plane, are accelerated toward the^e^ plate opposite, this being 
connected electrically to the succeeding target electrode. They are 
prevented from reaching it by a magnetic field normal to the plane (A the 
figure. This leads them, along an approximately cycloidal path, back 
** See Zwoiykin, Morton, and Malter, reference 19. 
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toward the next emitter, giving rise to the ejection of new secondary 
electrons. 

Althou^ this multiplier proved very satisfactory in performance, it 
possessed the drawback of requiring a magnetic field, which is usually 
supplied by permanent magnets with soft-iron armatures. A careful 
study of the paths of electrons between curved electrodes at increasing 



Fw, 2*40. Circular Electrostatic Electron Multiplier. (Courtesy 
Proc. Inst. Radio Engrs., reference 20.) 

positive potential in a staggered arrangement proved that the magnetic 
field could be omitted provided that the emitting plates were suitably 
shaped and placed. Figures 2*39 and 2*40 represent the structures of 
two purely electrostatic electron multipliers.*® The first, especially 
designed for utilizing the photoemission from a relatively large photo- 
cathi^, has a linear structure, like the magnetic multiplier previously 
discussed. In the second, on the other hand, the electrode structure 
has been wound up so as to fit into an envelope of the approximate size 
and shape of an ordinary radio tube (Fig. 2*41). Appl 3 dng a difference 
ol potendal of 125 volts, between two successive electrodes, or an overall 
ventage of 1250 volts between the photocathode and the collector, a total 
gaii^ of 230,000 is obtamed^; at the same time the d^k current (the 

^ See Zwoiykin aad Eajchman, iefam;e 20. 

^ iee Jaaes and Qloyer, reference 21. 
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output current due to thermionic and cold emission from the electrodes 
wheii no light falls on the photocathode) is normally of the order of one 
microampere. Larger gains and much smaller dark currents are ,ob- 
tained in special multipliers. 



» 

Fig. 2*41 . External Appearance of Ordinary Phototube 
and Circular-Type Multiplier. 


An interesting combination of the beam tube and the secondary- 
emission multiplier has been realized in the arbital-heam muttiplier 
shown in Fig. 242.®^ Here the beams emitted by the cathode and grid 
structure are bent into circles by the electrostatic field between the inner 
(positive) and outer (negative) cylindrical electrode, striking the 
secondary-emission multiplier surface very close to the plate. Care has 
been taken in this design to make the time of travel from the cathode 
to the anode very nearly equal for all electrons. Thus the tube is well 
adapted for ultra-high-frequency work. The electron paths shown on 
See Wagner and Ferris, reference 22. 
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the right side of the central electrode illustrate the possibility of con- 
trolling the strength of the plate current by making the outer electrode 
mofe negative, causing an increasing fraction of the electrons to be 
collected by the central focusing electrode. 



Fig. 2*42. Orbital Beam Multiplier. (Schematic Cross Section.) (Courtesy 
Ptoc. Inst Radio Enffrs., reference 22.) 

It is obvious that the secondary-emission multiplier phototube offers 
a means of attaining high gains with very compact equipment. Yet 
its value goes considerably beyond this. It iqtroduces far less noiaef 
or random fluctuations, into the photosignal transmitted by the electron 
current than a conventional resistance-coupled amplifier.^^ As a con- 
sequence it permits the satisfactory transmission of signals weaker by 
several orders of magnitude than those which can be transmitted with 
th^aid of conventional means. These favorable noise characteristics 
have rendered the electron multiplier of great value in connection with 
t^evision pickup tubes and in sound-film work. A further application 
will be noted in the discussion of the scanning electron microscope.^^ 
Velocity and Mass Spectrographs. In light optics two different 
kinds of spectrographs, instruments which separate a given radiation 

f * For a disduskm 6f Uie reductbn in the noise output attai^ble by using a 
multiplier, see Appendix I. 

** See section 3*4 and Appendix I. 
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into its components or its spectrum^ are distinguished : grating spectro- 
graphs, depending on the change in the angle of diffraction with the wave 
length of the radiation, and prism spectrographs, depending on the 
variation of the refraction of a prism with wave length. Both also 
exist in the case of electron optics. In the first type the natural grating 
of crystalline matter^^ causes deflections of the incident beam propor- 
tional to the electron wave length. In the second, which is the subject 
of this section, electric and magnetic fields assume the role of prisms. 

In light optics only one parameter distinguishes different radiations: 
the wave length. In particle optics (including electron optics) — ex- 
tending the considerations to particles with charge and mass different 



Fia. 2-43. Determination of e/m and Particle Velocity by the Parabola Method. 

from the electron — there are three such parameters: the mass, the 
charge, and the velocity v, or, instead, the voltage drop V through which 
the particle has been accelerated. Two of these, the mass m and the 
charge e, cannot be separately determined by the methods of particle 
optics, since the motion of charged particles in electric and magnetic 
fields depends only on the ratio e/m. On the other hand, the actions 
of magnetic and electric fields on particles depend on different combina- 
tions of r and V with e/m, so that both the former quantities can be 
determined by a simultaneous application of both fields. Since there is 
good reason to believe that the quantity of charge of any particle must 
be an integer multiple of the electronic charge and since, furthermore, 
the integer factor is normally small, a measurement of e/m is usually 
regarded as a measurement of the mass m of the particle. An instru- 
ment which determines the values of e/m for particles composing a given 
beam is thus known as a mass spectrograph. 

See sections M and 19-9, 
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If a nonhomogeneous beam of charged particles is passed through a 
deflecting field consisting of superposed parallel electric and magnetic 
fields (Fig. 2-43), the particles will experience deflections in two mutually 
perpendicular directions. One, because of the electric field, will be 
inversely proportional to the voltage through which the particles have 
been accelerated; the other inversely proportional to the velocity of the 
particles, or the square root of the accelerating voltage. Thus particles 
with the same value of c/m, but having different velocities, will strike 
the screen, placed at some distance from the deflecting field, along 
parabolas. Particles with the same velocity, but with different values 
of e/m, on the other hand, fall on straight lines through the origin.^® • 
More often than not this parabola method of J. J. Thomson^® gives 
more information than is required — suffering, in compensation, from 
relatively low sensitivity. If, as is normally the case, the velocity dis- 
tribution of a beam of identical particles or the mass spectrum®^ of an 


The dependence on e/m and or F of the action of an electric and magnetic field 
on a particle is best illustrated by the expressions for the radius of curvature of a 
particle trajectory in a field normal to it; 


eE 


Rm = 


eH 


2V 

E 

[2.12] 

c 

1213] 


Here E is the strength of the electric field and H that of the magnetic field, and 
and Rm are the radii of curvature in these two fields, respectively. Thus if two short, 
homogeneous, parallel electric and magnetic fields of length I are superposed and a 
beam is passed through them, the point of intersection of any particle with a plane a 
distance 0 from the compound field (D ^ 1) will be given by 
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[2-14] 


y and X being rectangular coordinates with the point of intersection of the undeflected 
beam with the plane as origin. 

Substituting frmn Eqs. 2-12 and 2-13 and solving for e/m, V, and v, 

L e! V — 

m “ V ZDH* “ 2y 
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V H 


12.15] 


PUiticlM of equal ratio of chaige to mass thus come to lie on parabolas; those with 
equal velocity, on straight lines throui^ the origin. These relations, with the con- 
stant coefficients suitidily modified, hold also if the deflecting fields are not homo- 
geneous. 

^Seerefa:ence23. ' 

^ 1.6., the reUtive r etwes cn tation of particles with differenfValues of m/e in the 
bcpm. 
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inhomogeneous beam is sought, the velocity or mass spectrographs 
described below, utilizing various focusing principles, are advantageous. 

The case is simple if only the velocity distribution of a beam of 
identical particlas, for example, electrons, is to be investigated. The 
most generally useful method makes 
use of a uniform magnetic field. This 
focuses electrons of identical velocity 
leaving a fine slit in a slightly divergent 
pencil at a distance equal to twice the 
radius of curvature in the magnetic 
field (Eqs. 2-13 or 2*9) in a plane 
through the slit and normal to the di- 
rection of incidence (Fig. 2*44). Par- Fig. 2-44. Maipietic Velocity 
tide rays which deviate in angle from Spectrograph, 

the principal ray strike the recording plane, which may be occupied by a 
photographic plate, at a distance slightly closer to the entrance slit, the 
deviation being of the second order in the angle of divergence. 

This t5rpe of velocity spectrograph has found wide application. It is 
particularly suitable for the determination of the velocity spectra of 
^-rays from radioactive substances, in which case the source itself, in 
the form of a narrow tube containing the radioactive material, may form 
the entrance slit.^* In other cases, for example, the analysis of the 
photoelectrons ejected by a beam of x-rays from an extended target by 
Robinson,^® the paths of the particles between the source and the slit 
are curved, so that different parts of the source contribute to the apec- 
trum lines corresponding to different particle velocities. This may be 
avoMed by replacing the photographic plate by a slit in fixed position, 
behind which a collector connected to an electrometer is placed. The 
electron distribution over the velocity spectrum is obtained by plotting 
the electrometer reading against the magnetic field strength. In 
Robinson’s apparatus the magnetic field was produced by a pair of 
Helmholtz coils, that is, two similar coils with an equal number turns 
with a radius equal to their separation.^® 

A radial electrostatic field formed between concentric cylindrical 
electrodes (Fig. 2-45) may be used instead of a ma^etic field for obtain- 

** See Ellis, reference 24. 

See reference 25. 

If the i^uB of the coils is o, the very nearly uniform field at the center between 
the coils is given by (see Starling, reference 26, p. 67) : 

fit 

ff - 0.809 j gum { 2 . 18 ] 

whore t is tho cureont throui^ the coils in unperes. 
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ing a velocity spectrum. In this case the radius of curvature of the 

paths is given by Eq. 2*12. Hughes 
and Rojansky^^ have shown that 
such a field brings electrons to 
focus after a deflection through an 
angle 7 r/ 2 ^ = 127° 17'. Although 
this method is less convenient than 
the magnetic method whenever 
the latter can be applied, it is 
capable of giving approximately 
the same resolution.^^ 

Velocity spectrometers of quite different type, sacrificing resolution 
"~1 jo sensitivity, make use of the variation in the focal length of a magnetic 



Fia. 2-45. 


Electrostatic Velocity 
Spectrograph. 



Fio. 2*46. Magnetic Lens Spectrograph. (Klemperer.) 


lens with applied voltage (Fig. 246).^^ This focal length is, roughly, 
proportional to the kinetic energy eV of the particles and inversely pro- 
portional to the square of the magnetic field strength within the lens.^^ 


See reference 27. 

If is the least velocity difference which will give rise to two distinct spectrum 
lines and d« is the width of the entrance slit, the optimum resolution is given in either 
case by 


Av d, 
V ““2R 


I2'17] 


where 12 is the radius of curvature of the path. 

See Klemperer, reference 28. 

The focal length of a short magnetic lens, for arbitrarily high particle velocities, 
is given by 



J 


[2-18] ■ 


Here is the kinetic energy of the particles, Hg the magnetic field along the axis of 
the lens, and H the magnetic field required to give the path cl^e electron a radius of 
curvature Rm* HRm is a frequently employed measure of the momentiun of high- 
i^eed particles, being obtained directly from cloud<«hamber observations. ^ 
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Thus, if the magnetic field strength is varied, particles of different 
kinetic energy come to focus at the same point on the axis of the lens. 
To measure the magnitude of the particle currents corresponding to 
different velocities, a Geiger-Miiller counter or some other sensitive 
current-measuring device is placed at this point. The central area of 
the lens is blocked, leaving an annular region clear. In Klemperer’s 
apparatus almost one-thousandth of the total radiation of given velocity 
emitted by the source could be utilized. More recently, Coslett^® has 
adapted it for the analysis of electrons in the range of 15 million electron 
volts. 

Klemperer^® has also built another lens spectrograph, suitable for 
attaining higher resolutions. As shown in Fig. 247, this instrument is 



Fig. 247. Compound Magnetic Velocity Spectrograph. (Klemperer.) 

almost the perfect analogue of the usual prism light spectrometer, the 
prism being replaced by a uniform magnetic field normal to the plane 
of the figure. 

The mass spectrograph has played — and is playing — possibly an 
even greater role in the history of physics than the velocity spectro- 
graph. Thus it has furnished the experimental basis for the concept 
that the atomic nuclei themselves are made up of more elementary 
building stones. It is clear from Eq. 2*13 that any magnetic velocity 
spectrograph may serve as mass spectrograph, provided that all the ions 
in the beam are accelerated through the same drop of potential, that is, 
have the same value of V. Thus Dempster^® has developed the mag- 
netic spectrograph with ISO-degree focusing (Fig. 2-44) into a precision 
instrument for that purpose. The source of ions is here a suitable salt 
deposit on ai^ electrode, which is bombarded by electrons from a near-by 
filament. 

T^ earlier mass spectrograph of Dempster was capable of focusing 
particles with different initial directions of motion, but equal velocity 
and equal m/ e. Aston,^^ on the other hand, constructed an instrument 

See reference 29. 

See reference 30. 

See reference 31, 
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which, while requiring a substantially parallel initial beam defined by 
two narrow, well-separated apertures, brings particles of slightly var3ring 
velocities, but having the same value of m/e, to focus at the same point. 
Aston’s instrument also differs from Dempster’s in using a photographic 
plate in place of a collecting electrode for recording the spectrum. 



Magnetic deflecting fieid 

Fio. 2*48. Principle of Aston’s Mass Spectrograph. 


The basic principle of Aston’s instrument, shown schematically in 
Fig. 2*48, consists in first deflecting the ions in an electrostatic field and 
then overcompensating the deflection, as far as particles of the same 
m/e, but different velocity, are concerned, by a magnetic field. There 
exists then a point for each m/e at which particles of different velocity 
intersect. These points do not coincide, since only the magnetic field 
discriminates between particles of different m/e and identical V. With 
a suitable choice of the position and strength of the electric and magnetic 
fields the focusing points come to lie on a straight line, defining the 
pjn^r position of the photographic plate. Furthermore, the position 
erf ^ “ spectrum lines ” on the plate varies linearly with m/e. 

The problem of the mass spectrograph cannot be regarded as com- 
pletely solved, however, until particles with the same m/c, but differing 
in both velocity and initial direction, are focused in a single line. The 
electric and magnetic fields must act at the same time as the prism and 
as an achromatic cylindrical lens. That this is possible was demon- 
strated by Mattauch and Herzog.^^ Employing a radial electric field 
as '' collimator ” and a magnetic field of special shape both as prism and 
as ** telescope lens ” compensating the chromatic error of the collimator, 
they built a spectrograf^ (Fig. 2*49) which focuses for both velocity 
differences and angular divergence for all values of m/e. The resolution 
achieved with this insti^ument is 1 : 6000. An even greater resolution 
has been reported by Bainbridge and Jordan^^ for hi instrument com- 

See Mattaiudi and Henog, reference 32, and Mattauch, reference 33. 

^ See reference 84. 
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bining a 127-degree radial electric field with a GQ-degree magnetic field. 
This fulfils the condition of double focusing for one value of m/e and that 
of velocity focusing alone throughout. Whereas the scale of Mattauch 
and Herzog’s instrument is proportional to (w/e)^, that of Bainbridge 
and Jordan’s instrument is linear. Other, different, field combinations 
realizing at least partial double focusing have found application in more 
recent apparatus of Dempster®® and Aston.®^ 



Fig. 2-49. Double-Focusing Mass Spectrograph. (Mattauch and Herzog, refer- 
ence 32.) 


2-6. Particle-Accelerating Devices. With the increasing interest in 
the constitution of the atomic nuclei, the demand for charged particles 
of very high energy, which could be used for disintegration experiments, 
became progressively more insistent. It has been met primarily in two 
ways. On the one hand, new methods have been developed for the 
generation of very high voltages,®^ which permit the direct acceleration 
of charged particles by passage from one electrode to another electrode 
of opposite potential or to ground. On the other hand, alternating 
fields have been utilized to give particles the required accelerations 
without the employment of comparably high voltages. Both systems 
involve interesting problems in particle optics. In the first they are 
largely limited to holding the beam together in the long accelerating 
See reference 36. 

See reference 36. For more recent developments in mass spectroscopy, the 
reader is referred to Jordan et al., reference 37. 

^ See Tuve, Hafctad, and Dahl, reference 38. 
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tube, the great length being required to prevent breakdown on the out- 
side and cold emission on the inside. The focusing effect is here attained 
by passing the beam through a succession of electrostatic lenses formed 
bkween cylinders at increasing potentials (Fig. 2-50). The relative 

voltages of the several electrodes 
are partly controlled by the setting 
of corona points attached to the 
external shield of each electrode. 

Tubes quite similar to these ac- 
celerating tubes can also be used 
for obtaining high-velocity par- 
ticles without the use of very high 
voltages. Thus the linear acceler- 
ator of Sloan and Lawrence^ con- 
sists essentially of an ion source 
followed by a sequence of cylindri- 
cal electrodes of increasing length 
and, finally, a target or a Faraday 
cage for collecting the ions. How- 
ever, instead of a high voltage being 
applied between the source and the 
target, an alternating voltage is ap- 
plied between the sets of odd- and 
even-numbered electrodes, the fre- 
quency of alternation and the elec- 
trode lengths being so chosen that 
for particles (ions) entering in the 
proper phase of the voltage wave 
the field encountered between any 
Fio. 2*60. Section of Accelerating Tube. electrodes is an accelerating 

(Tuve, Hafflt^ and Dahl. Courte^ fieW of maximum amplitude.®^ 
Phyt. J2«>., reference 38.) The length of the electrodes then 

becomes proportional to the square 
root of their order number and inversely proportional to the frequency 
and to the square root of the ratio of the mass of the particles 
to tb^ diarge. Since the frequency cannot be increased indefinitely, 

^ See reference 39. 

^ If ttii is the velocity of the particle in the nth electrode, of length L», v is the fre- 
queni^ of alternation, and' is the amplitade of the alternating ^tage, the con- 
dition for continuous acceleration becomes 
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a moderate length of the accelerating tube is most readily attained by 
employing ions of great mass. 

In Sloan and Lawrence^s apparatus (Fig. 2-51 ) the particles were 
mercury ions formed in a hot-cathode arc discharge. These were 
drawn through the perforated negative electrode A and the focusing 
cylinder B into the accelerator systan of 30 stages. To this an alter- 
nating potential with an amplitude of 42,000 volts and a frequency of 
about 10 megacycles per second was applied. The overall length of 


i' 


Magnetic deflecting coils 


Ion source 




Collector 

Shield 


To oscillator 


€lectrostatic deflecting plates 


Fig. 2-51. Linear Accelerator for Heavy Ions. (Sloan and Lawrence. Courtesy 
Phya. Rev.f reference 39.) 


the tube was 114 centimeters. At the hi^-velocity end of the accelerar 
tor an electrostatic field serves to direct the ions of the desired velocity 
into a Fara*day cage. Electrons which may pass throu^ or be gener- 
ated in the system are removed by a magnetic deflecting field, which has 
no appreciable effect on the much heavier ions. With this apparatus 
ion currents of 10“^^ ampere were obtained with a particle energy of 
1.26 million electron volts. Slightly smaller currents of ions with an 
energy of 2.89 Mev were collected in a later instrument by Sloan and 
Coates.®^ 

The linear accelerator has certain limitations: (1) It becomes exces- 
sively long and cumbersome for the light ions, which are most effective for 
nuclear disintegrations, and also for a large voltage amplification factor 
(that is, a large number of stages). (2) It utilizes only a small fraction 
of the ions emitted, namely, those entering the system at the peak of the 
voltage wave. (3) The focusing conditions for the beam become less 
favorable as the length, and hence the voltage amplification, are in- 
creased.®® These difliculties are largely overcome in the cyMron of 
Lawrence and his coworkers,®^ which, at the present time, is unquestion- 
ably the most effective source of high-speed particles for disintegration 
experiments. 

In the cyclotron there are only two. D-shaped, electrodes, between 

See reference 40. 

®® See section 18-6. 

See, e.g., ^wrence and Livingston, reference 41; livingEtton, reference and 

Lawrence and Cooksey, reference 43. 
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which the alternating voltage is applied. A magnetic field bends the 
paths of the charged particles in the field-free region within the electrodes 
into semicircles^ so that particles which have crossed the gap between 

the electrodes return to the latter 
in just one-half period (Fig. 2*52). 
Thus particles which are accelerated 
in the original transit through the 
gap continue to be accelerated to 
the same degree in every succeeding 
transit. Since, with increasing par- 
ticle velocity, the radius of the 
semicircular paths increases pro- 
portionately, the path of any one 
particle takes on the appearance 
of a spiral. Ultimately, when the 
value of Rm (Eq. 2*13) approaches 
the radius of the dees, the particles 
pass through a slit into a strong 
electric deflecting field, which draws 
them out of the magnetic field 
toward any selected target. Since 
the frequency of rotation of a 
charged particle is given simply by 
plane of figure the product of the magnetic field 
Fio. 2-62. Principle of the Cyclotron, strength and the ratio of the charge 

to the mass of the particle,^® it is 
merely necessary to set the frequency of the alternating potential on the 
two electrodes equal to this value. The particles will then be accel- 
erated in the same phase at every successive transit between electrodes, 
regardless of their phase of entrance. 

. figure 2*53 shows the external appearance of the 6Q-inch Berkeley 
cydotron.*® The large cylinders in front represent the tank circuit 
connected to, and supporting, the dees. It is connected to the oscillator 
(far td’'fhe right) by means of the two concentric lines formed by the 
large tubes sloping upwards to the right. The sheet-metal-covered box 
kr die background contains the Lecher wires of the oscillator. The 
figure ia leaning against tl^ magnet, which, in part, is hidden by the 
Thus for protoDB (hydrogen nuclei of unit atomic mass) the frequency of rotation 

, - ^ - 1.63 i0»ff aeo-‘ [2-20] 

2irfnc 

^ See Lawreoee d of., referee 44. 
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tank circuit. The black cable at the left conducts the high voltage to 
the electrostatic deflecting plate, which pulls the accelerated particles 
out of the cyclotron field. The vacuum chamber containing the two 
dees, which is placed between the pole pieces of the magnet, is barely 
visible. Between the dees an alternating voltage of some 100,000 volts 
amplitude is applied. These are flat semicircular chambers providing 



Fig. 2-63. The 60-Inch Berkeley Cyclotron. (Courtesy Dr. E. 0. Lawrence.) 


electric shielding for the ions traveling within them. In order to genr 
erate the ions the whole vacuum vessel is filled with light or heavy hy- 
drogen or with helium at a low pressure, and hot filaments emitting 
electrons are placed above and below the gap. The electrons traveling, 
owing to the presence of the strong magnetic field, in a narrow column 
normal to the dees ionize the gas in the gap, the ions being pulled by 
the alternating field into the interior of the dees. As described in greater 
detail in section 18*5, both the lens properties of the electrostatic field 
at the gap and the curvature of the magnetic field lines near the edge of 
the pole pieces are utilized to prevent the loss of ions by their colliding 
with the top and bottom of the circulating chambers. Even in the first 
experiments with the instrument discussed above, beams d 10 micro- 
amperes of deuterons (heavy-hydrogen nuclei, twice as heavy as protons 
or ordinary, light-hydrogen, nuclei) with an energy of 10 million election 
volts (Mev) were obtaincid. 

A third accelerating device, suited primarily for furnishing electrons 
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of extr^ely hi^ velocity, depends on an entirely different process. 
The induction accelerator or betatron, analyzed theoretically by Wid- 
eroe®® as early as 1928, but developed into a working instrument only 
relatively recently by Kerst,®^ makes use of the familiar fact that a 
changing magnetic field is accompanied by an electric field, which, in 
the presence of a conductor, sets up within the latter a current tending 
to compensate the change in magnetic field. If free charges are present 



Fio. 2*54. The Magnetic Induction Accelerator. Schematic 
Diagram of the 2.3-Mey Instrument. 


in place of the conductor, this electric field will accelerate them. Since, 
in an axially symmetric magnetic field, the electric field is normal both 
to the radius vector to the axis and to the axis of the magnetic field 
itself, it might be expected to cause the charged particle to spiral out- 
ward at a rapid rate. However, under certain conditions the particle 
will be accelerated continuously on the same circular orbit. They 
ilxe:®» 

1. The magnetic field at the orbit must at all times be just half as 
iarge as the average magnetic field in the circular area bounded by 
the orbit. 

2. The initial velocity of the particles must be such that the center 
of ei^ature of their path falls on the axis of the magnetic field. 

If these requirements are satisfied, the particle will increase in velocity as 
long as the magnetic field increases and will decrease in velocity when 
It decreases, still remainmg on the same orbit. 

Hie genersd arrangement pf Keist’s first induction accelerator is 
showil in Fig. 2*54. Electrons from the injector structure, compris- 
ijeferciioe 45. 

^fiee v^ereeoee 46 and 47. 

®*BBfr«e0tion 16*5. 
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ing a helical tungsten filament and focusing and accelerating electrodes, 
enter an internally silvered glass doughntU which is placed between the 
poles of an electromagnet. This is constructed so that the field at 
the position of the equilibrium orbit is just half the mean field in the 
circular area bounded by this orbit. Leaving the injector structure 
with a low velocity, corresponding to 100-1000 volts, when the field 
between the poles is nearly zero, the electrons spiral inward toward the 
equilibrium orbit, clearing the injector structure. Here they remain, 



Fig. 2-55. The 20-Mev Betatron; Upper Portion of Magnet Raised to Show 
Vacuum Chamber. (Courtesy Dr. D. W. Kerst and Rev. Sd. InetrumenUt refer- 
ence 47.) 


gaining constantly in velocity, until the magnetic field approaches its 
maximum value (in about 1/2400 second, the operating frequency of 
the electromagnet being 600 cycles per second). Near this point the 
central core becomes magnetically saturated, causing the mean magnetic 
field within the orbit to increase less rapidly, so that the tang^tial 
force on the particle lags behind the centripetal force exerted by ^e 
magnetic field at the orbit. As a consequence the electrons spiral 
inward and strike a target, whose resulting x-ray emission is measured. 
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A current of about 0.02 microampere of 2.3 Mev electrons was obtained 
with this instrument. 

In the new instrument®^ (Fig. 2-55) the energy of the electrons has 
been raised to 20 Mev. Here, instead of spiraling inward at the end of 
their course, the electrons are drawn out again so as to bombard the 
injector structure. This is accomplished with the aid of a strong current 
pulse through a coil arranged so as to enhance the magnetic flux through 
the center of the apparatus. Various improvements in design and 
techmque of operation have made possible an increase in the output 
current commensurable with the increase in particle energy. 
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CHAPTER 3 


ELECTRON MICROSCOPES 

3*1. Reason for Electron Microscope. The objectives pursued in the 
historical development of the electron microscope have been twofold. 
On the one hand, there has been the desire to study the processes of elec- 
tron emission by the detailed examination of emitting surfaces; on the 
other, it was recognized that electrons offered a means of overcoming the 
limitations of the light microscope in the direct observation of very small 
structures of an arbitrary sort. It is this latter circumstance which has 
given the electron microscope vital importance in all fields of scientific 
endeavor as well as in many branches of industry and technology. It 
will, thus, be discussed immediately. The emission microscopes form the 
subject matter of the last section of this chapter. 

The unaided human eye, owing to the coarseness of the structure of its 
retina as well as to shortcomings of its lens action, is normally unable to 
distinguish, as separate, points or lines lying much less than 0.1 millime- 
ter apart. Comfortable observation requires that these separations 
should be at least 0.2 millimeter. The purpose of the microscope is to 
form images of objects which are magnified to such an extent that the eye 
can recognize in them object structures involving much finer details. 
Thus, if the details of the interesting structure involve separations of 
2 microns (2-10r3 millimeter), it will be necessary to employ a micro- 
scope with a magnification of at least 100 to render the details easily 
visible. Generally, as the magnification is increased, more and more fine 
structure appears. However, it was soon found that this process cannot 
be carried on indefinitely. In particular, for a given light-microscope 
objective, if the magnification of the eyepiece or if the tube length is 
carried beyond a certain point, no new structure is revealed; the image 
simply becomes larger and all outlines become increasingly diffuse in 
proportion to the enlargement. 

During the latter part of last century Ernst Abbe was able to show 
that this circumstance is not necessarily due to the optical imperfection 
of the lens system employed. It is, rather, inherent in the ima g in g 
medium. If a single light-emitting point is imaged by a perfect lens 
intercepting a pencil of light rays of haJf-an^e (aperture) a (ilg. 3*1), ks 
image is not a point, but a disk of light (Airy disk) whose intensity drops 
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to zero at a distance 


0.61X-ilf 
sin a 


■ [3-1] 


from the center. Here X is the wave length of the light with which the 
image is formed and M the magnification of the image. For two points 
separated a distance smaller than d the light distributions coalesce in 
such a manner that the observer is likely to conclude that only a single 
source is present. If the two points are separated by more than the 
distance d, on the other hand, they will be recognized in the image as two 


Lens 



sources. Thus d is taken as a measure of the resolving power of an ideal 
lens with aperture a. The same conclusion is reached for an object 
which does not emit light itself, but is illuminated by an external source. 
The basic phenomenon in either case is the diffraction of the light at the 
aperture of the lens, causing it to deviate from the laws of geometrical 
optics; the latter, for a perfect lens, would require a point image for a 
point source. To a very minor degree the numerical factor in Eq. 3*1 is 
dependent on the character of the structure observed and the arrange- 
ment of the illumination. 

If the object which is observed is immersed in a medium of index n 
relative to the medium in image space, the limit of resolution must be 
generalized to take the form 


0.61X 
n sin a 


[3.2] 


n sin a is commonly designated by the term numerical aperture (N.A.). 

The ma^gmum useful magnification Mu of an image {(J^ed by an 
objective of given numerical aperture with radiation or given wave 
length m obtained by setting Md = 0.2 nun = 0.02 cm, the limit of 
resolution (for c(»nfortable viewing) of the average human eye, and 
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_ _ 0.033n sin a 

Mu = ; 


[3-3] 


The quality of good modem microscope objectives is such that the 
theoretical limits of the resolving power d and useful magnification Mu 
are practically attained, even for apertures in excess of 70 degrees, for 
which sin a approaches unity very closely. The eyepiece, or any other 
device for increasing the magnification beyond that of the objective 
alone, need never be a factor limiting the resolving power. The imaging 
pencils leaving the objective are normally so narrow that neither further 
diffraction effects nor lens aberrations can easily become significant. 

Equations 3*2 and 3-3 indicate that for optimum resolution X should 
be made as small as possible and a and n as large as possible. 
Although available'liquid immersion media have values of n approaching 
1.7, the more convenient ones, cedar and paraffin oil, come closer to 
n = 1.5. Accordingly, the highest numerical aperture of commercial 
light-microscope objectives is N.A. = 1.4. For visible light, further- 
more, the shortest wave lengths are of the order of 0.4 micron = 4000 
Angstrom Units ( A.U. ) , corresponding to the bluish violet. Higher reso- 
lution can be attained by passing beyond the visible range, into the 
ultraviolet. Here, however, a limit is soon reached, since materials 
suitable for making precision lenses are not adequately transparent below 
2000 A.U. Above this value quartz optics are employed. 

From the above facts the following limits can be deduced for the resolu- 
tion and useful magnification of the light microscope: 

1. For direct visual observation with X = 4200 A.U. and a numeri- 
cal aperture 1.4: 

d = 1800 A.U., Mu = 1100 

2. For microphotography in the ultraviolet with the mercury 
resonance line X = 2537 A.U. and a numerical aperture 1.4: 

d = 1100 A.U., Mu = 1800 

In round figures, thus, the limit of resolution of the light microscope is 
1000 A.U. and the nnaYinniim useful magnification, 2000. 

^ Here, as in all other equations involving dimensional coefficients, the several 
quantities are measured (unless specified otherwise) in the units of the c.g.8. (centi- 
meter-gram-second) system. Lengths, such as X, are measured in centimeters, 
masses in grams, and times in seconck. Electrical and magnetic quantities are given 
in practical units: potentials in volts,, currents in amperes, magnetic fields in gauss, 
etc. 
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The study of detail finer than 1000 A.U. has necessitated in the past 
the employment of indirect physical methods, such as centrifuging, sedi- 
mentation, filtration, and x-ray and electron diffraction, which, in 
general, give information of only statistical character. The determina- 
tion of details of shape and structure of individual units requires direct 
observation with improved resolution. 

The only possible way of increasing the resolving power is seen to lie 
in the use of radiations of shorter wave length. The application of 
x-rays, with wave lengths of the order of 1 A.U., is here excluded by the 
fact that for x-rays refractive media with indices of refraction differing 
from unity by an adequate amount are not known and, hence, x-ray 
lenses-do not exist. On the other hand, the wave lengths associated 
with high-speed electrons are known to be short even compared to those 
of ordinary x-rays. As Louis de Broglie first showed, they are given by 


X = 


12.3 

A.U. 


[34] 


V being the potential difference in volts through which the electrons 
have been accelerated.^ Thus for V = 50,000 volts, X = 0.0535 A.U. 
At the same time, as has already been seen, both electric and magnetic 
fields may act as electron lenses, so that the basic requirements for the 
construction of an electron microscope exist. If electron lenses could be 
made as nearly perfect, that is, as free from aberrations, as light lenses, 
a resolution far beyond atomic dimensions (^1 A.U.) could be attained. 
At the present time this limit is scarcely approached. Aberrations 
inherent in the type of electron-optical systems employed prescribe 
upper limits to the size of the effective apertures which may be used. 
These lie in the range between 0.01 and 0.001 radian. This leads to a 
practical limit of resolution of the electron microscope, which is of the 
onte of 10 A.U. Even this signifies a gain by a factor of 100 in resolv- 
ing power useful magnification as compared with the light micro- 
scope. 

‘ Table I indicates the methods of investigation suitable for the study 
of objects having dimensions of different orders of magnitude as well as 
file resolving pow^ and ueeful^ magnifications required in direct obser- 
vation. The examples are taken largely from the field of biology. 
Sven now objects in the range from the internal structure of bacteria 

84 applks for lektively low acceleratiDg voltages C<j^,000 volts). 
A mora generaUy valid expression for the electron wave length is 

12.3 
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Object to Be 
Investigated 

Resolving Power 
Necessary for the 
Resolution of Objects 
Separated by Their 
Diameters 
(Microns) 

Magnification 
Necessary to 
Readily Dis- 
tinguish 
Objects 
VisuaUy 

Means for Investigating 
and Obtaining 
Enlarged Images 

Ordinary objects 


1 

Eye 

Fine machine work 
Flaws in jewels 

25-100 

8 

Magnifying glass 

Pond life 

10-25 

20 

Low-power compound 

Fungi 



light microscope 

Bacteria 

1-2 

200 

Medium-power com- 
pound light micro- 
scope 

Structure of 
bacteria 

0.25 

800 

Electron microscope 
High-power compound 
light microscope using 
oil-immersion objec- 
tives and ordinary or 
ultraviolet light 

Large viruses 

0.10 

2000 

Electron microscope 
High-power compound 
light microscope using 
ultraviolet light 

Colloidal particles 

0.05 

4000 

Electron microscope 

Small viruses 

Large molecules 

0.01 

20,000 

Electron microscope 
Ultracentrifuge 

Small molecules 

0.002 

100,000 

Electron microscope 
Analytical chemistry 
Electron and x-ray dif- 
fraction 

Atoms 

0.0001 

2,000,000 

Spectroscopy 

X-ray and electron scat- 
tering 

Other methods of atomic 
physics 


down to moleciilffl of ordinaiy size are seen to be the special province oi 
the electron microscope. Structures of comparable dimension pi^ a 
significant role in many phases of chemistry and metallurgy j giving this 
instrument equal importance in these fields. 
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3*2. Magnetic Microscope; Light-Optical Analogue. Among the 
different types of electron microscopes those employing magnetic fields 
for the formation of the electron image have proved very successful. 
The general construction of this type of instrument is shown, compared 
with that of a light microscope, in Fig. 3*2. In both cases radial separa- 
tions have been exaggerated in comparison with axial distances, so as to 
represent more clearly the ray paths. In the magnetic microscope the 
aperture angles of the imaging pencils have been greatly exaggerated for 
the same reason. 




yPvi, 8*3. Compariflon of the Arrangement and the Hay Paths in the Light 
Mioroeoope and the Magnetic Electron Microscope. 

CoQSidery first, the lig^t microscope. The source here consists most 
eo&monly of lUi incandescent lamp, whose filament is ima«pd by a lens 
system, the oondoiser, either on tl^ object itself or, so as to obtain more 
imiform ffiuHiination, into the lower focal plane of the objective. The 
latter f<mn of illumination {KoMer iUimination) is shown in the dia- 
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gram, since it corresponds more closely to the normal condition of opera- 
tion of the electron microscope. By changing the strength (that is, by 
adding or withdrawing lens components) or the position of the condenser 
the convergence of the beams illuminating the individual points of the 
object may be varied. 

In the object, usually mounted on a glass slide, the beams experience 
a modification by absorption, refraction, scattering, and diffraction. 
Thus the light pencils leaving the various parts of the object will, in 
general, differ in intensity, color, and even in divergence from the corre- 
sponding illuminating pencils. The former, containing all the informa- 
tion required regarding the variation of the transmission properties of 
the object over its area, are refracted by the microscope objective so as to 
form a magnified intermediate image. The rays from the central portion 
of this image are refracted once more by a second compound glass lens, 
the eyepiece, forming the final image on the ground-glass focusing screen 
or photographic plate. 

The general arrangement of the magnetic electron microscope is seen 
to correspond qualitatively to that of the compound light microscope in 
practically all respects. Here also the imaging rays — electrons in this 
case — leave a source, which in all the more recent instruments is a 
heated filament. They are accelerated by the difference in potential 
between this cathode and an apertured anode and, having passed through 
the latter, maintain a constant velocity throughout the instrument. A 
magnetic condenser lens, formed by a coil enclosed in an iron shield with 
a central ring air gap, regulates the convergence of the electrons on the 
object; variations in the lens strength of the condenser are obtained by 
changing the coil current. In Fig. 3-2 the case of a very low condenser 
current, causing an image of the source to be formed at considerable dis- 
tance below the object, is illustrated. Under these circumstances the 
convergence angle of the pencil illuminating a given object point is very 
small. 

As in the light microscope, the object modifies the illuminating pencils 
passing through it. In this modification, however, only scattering and 
diffraction by the object structure play an appreciable role, the degree of 
scattering increasing with the object thickness and density. The rays 
scattered through an angle larger than the effective aperture of the 
objective, which lies in the neighborhood of 3*10“^ radian, either do not 
enter the objective at all, or, because of the aberrations of this lens, 
contribute merely to the brightness erf the background erf th^ image.^ 
Since all matter is quite opaque to electrons, the specimens, which Hiem- 
selves are only 100 to 1000 A.U. thick, are not moimted on ordinary glass 

* See section 194. 



88 ELECTBON MICW8C0PE8 {Chap.S 

dides, but, instead, on membranes only about 100 A.U. thick, or are 
supported in space by their own cohesive forces. 

. Ibe intensity in the central pencils leaving the object points is a 
measure of the transmission properties of the corresponding portions of 
the object. The term central pencil here refers to the bundle of electron 
rays, with an angular aperture equal to the effective aperture of the 
objective, which passes through the objective aperture and contributes 
to the formation of the image. These central pencils are refracted by 
the objective so as to form a magnified intermediate image, as in the light 
microscope. Like the condenser, the objective is a magnetic lens. The 
principal difference between them lies in the pole-piece structure which is 
designed to produce a lens of very short focal length. 

The central part of the intermediate image is usually selected by an 
aperture in a disk and is greatly magnified by the last magnetic lens, the 
projector, which corresponds to the eyepiece of the light microscope. 
The disk is usually coated with fluorescent material which facilitates 
adjustment by rendering the intermediate image visible. The construc- 
tion of the projector is similar to that of the objective. As in the con- 
denser lens, the strength of both these lenses is varied by changing the 
coil currents. In the objective lens such a variation is employed to focus 
the image. At the intermediate image the aperture of the imaging 
pencils is so small that a change in the strength of the projector lens does 
not affect the sharpness, but merely the size of the image.* Hence the 
current adjustment of the projector is employed simply to control the 
magnification of the final image. 


TABLE II 

Diffbrbncbb bbtwbbn thb Light Microscope and a Typical Magnetic 
Electron Microscope 



Li^t Microscope 

Magnetic 

Electron Microscope 

Image-formuig radiation 

Light 

Electrons 

Mcxfiwp of travd 

Air 

Vacuum (^KT^ mm Hg) 

NatiuV of lenses 

Glass 

Magnetic fields 

Object mounting 

Glass slides 

Thin films (^KT® cm) 

Maia source of contrast 

Absorption 

Scattering 

Focusing 

Mechanical 

Electrical (changing objective coil 
current) 

Changing projector coil current 

Adjust^ magnification 

Exchanging lenses 


f^^ure 3*2 adequatdy demonstrated the similarities of t^ ligjht micro- 
scope send the magnetic electron microscope. So as to balance the repre- 
sentatioii. Table II lists the more obvious differences of these two instru- 

^Seeieoti(m4*5. 
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ments. Whereas the analogy in the function of the several parts of the 
two microscopes is almost perfect, both the construction and the method 
of operation of the instruments differ radically. 

Tlie design and construction of magnetic electron microscopes are 
discussed in greater detail in the two succeeding chapters. The next 
four sections are devoted instead to a description of less widely used 
electron microscopes. 



Fig. 3-3. The Electrostatic Microscope. (Schematic 
Diagram.) (Mahl.) 


3*3. The Electrostatic Microscope. The electrostatic electron micro- 
scope (Fig. 3‘3)® resembles the magnetic microscope both in general 
arrangement and in the process of image formation. The primary differ- 
ence resides in the nature of the objective and projected:, which are j^e 
electrostatic lenses. 

In the simple model diagrammed in Fig. 3*3 the electron source, a 
* See Mahl, references 1 and 2. 
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tungsten filament, is surrounded by an apertured grid, normally ope> 
ated at a potential about 200 volts negative with respect to the cathode. 
This electrode serves to control the divergence and the intensity of the 
electron beam. After having been accelerated to, and through, the 
anode aperture, at ground potential and 40 to 60 kilovolts positive with 
respect to the cathode, the electrons strike the object. The modified 
electron beam then enters the objective, which is here shown as an elec- 
trostatic unipotential lens, and is refracted so as to form the intermediate 
image. The central portion of the intermediate image is again selected 
by an aperture and is magnified once more, to form the final image on a 
fiuorescent screen or photographic plate, by a projector lens similar to 
the objective. 

The objective and the projector lenses consist, essentially, of a three- 
aperture system, of which the outer two apertures are connected to 
ground, the central one to the cathode. Before their construction is 
discussed in greater detail, it is well to examine the reasons for selecting 
a unipotential lens with negative center electrode. In principle, immer- 
sion lenses, that is, lenses for which the velocities of entrance and exit 
of the electrons differ, or unipotential lenses with positive electrode, 
could serve equally well. The last alternative is rendered impractical 
by the fact that very much greater voltage differences between electrodes 
are required to obtain a given refractive power or focal length in a lens 
with positive center electrode than in one with negative center elec- 
trode.® Immersion lenses, on the other hand, would require, if they are 
to be free from the same objection, the existence of relatively long elec- 
tron paths at greatly reduced velocity, either between the two lenses or 
between the projector and the final image. Since slow electrons are 
more readily defiected by disturbing magnetic fields, this would require 
an unreasonably perfect degree of shielding. Finally, the employment 
of unipotential tenses with negative center electrode makes possible the 
connection of the center electrode to the cathode, so that only a single 
voltage above ground (with the exception of the battery sources of the 
gridi)ias and the filament current) is required in the whole microscope. 
Binoe (at least for relatively low voltages) the tens action of electrostatic 
hemes depends only on the ratios of the electrode potentials, the sharp- 
ness magmfication (A the image are thus unaffected, to a first approx- 
xmation, by changes in the high voltage. This minimizes the require- 
metsbe of vcdtage constancy.. 

At first sig^t it mig^t a^xpear that the same condition ccpidd be attained 
with variable voltage on the several lens electrodes, provided that each 
voltage IS derived from a voltage divider fed by the same source. In 

* See MStkm 13*6. 
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fact, this is true only if the source itself is a constant direci^urrent source 
and if the ratio of the currents drawn by the several electrodes remains 
constant. If the source fluctuates in voltage, the unavoidable reactive 
components of the circuits connecting the electrodes will cause a fluctua- 
tion in the instantaneous potential ratios, and hence in the refractive 
powers of the lenses. 



1 2 3 4 cm 


Fig. 3*4. Simple Projector of the Electrostatic Microscope. (Mahl, reference 2. 
By permission of the Alien Property Custodian in the public interest under License 

No. A-663.) 

To return to the construction of the lenses, Fig. 34 shows a schematic 
diagram of a particular projector lens. Sipce the limiting factor in the 
attainment of short focal lengths is electric breakdown between the 
electrodes, great care must be taken in the selection of the material 
and in the shaping and polishing of the electrodes. The electrodes 
shown in Fig. 34 were made of chrome-nickel steel, which, according to 
Gdlz,^ has a breakdown strength of 275 kilovolts per centimeter, even 
after an earlier breakdown has taken place. For brass the breakdown 
strength, under similar circumstances, was found to be only 110 kilovolts 
per centimeter, for aluminum 163 kilovolts per centimeter. The center 
electrode is toroidal in shape and mounted on a hard-rubber ring, the 
high-voltage lead being brought out laterally. In the objective the 
bottom electrode is given an aperture about 0.1 millimeter in diameter, 
this acting as the physical objective aperture. As in the magnetic elec- 
tron microscope® the effective aperture depends on the spherical abeirar 
tion of the objective and on the aperture of the illuminating pencils. In 
view of the necessity of having the focal plane of the objective sufl&ciently 
far above the upper electrode to permit bringing the object in coincidence 
with it, the minimum objective focal length at 60 kilovolts was found to 
be, in a particular case,® 5 millimeters. For the projector, where this 
requirement does not exist, and the least focal length is determined exclu- 

^ See reference 3. 

‘ See section 19'4. 

’ See Mohl, reference 2. 
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sively by tlie closest safe approach of the electrodes, this was found to be 
3 millimeters at 60 kilovolts, the corresponding least separation being 

MagnMcshMOint 2.2 millimeters. 

A different lens design, permit- 
chromium plated even shorter focal lengths (2.5 
lens electrodes millimeters at 60 kilovolts), but 
less desirable in a number of other 
respects, is shown in Fig. 3*5.^® 
^ ^ The negative central electrode, at a 

^ \ potential one-fif th that of the outer 

electrodes, is provided with an 
- aperture 0.125 millimeter in diam- 

eter. Its disadvantages are that it 
, — Lem — , is more readily influenced by volt- 

Fia8.6. EleetrostatiqLeaswithNarrow age fluctuations than the lens with 

Central Aperture, (von Ardenne.) cathode-connected center element, 

that the beam is peculiarly sensi- 
tive to the charging up of contaminations on the central aperture, and 



Fig. 3*6. Object Stage of the Electrostatic Microscope. (Mahl, reference 2. By 
permission of the Alien Property Custodian in the public interest under License 

Ko. A-663.) 


that Ihe spherical aberration of this lens is much higher than that of a 
kns with large central i^ierture.^^ 

The entire microscope, as shown in Fig. 3*3, is a fixed-locus, fixed- 

See von Ardenne, reference 4. 

^^See section 172. 
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magnification system. The focusing of the object is brought about by 
mechanical displacement, that is, by moving it into the plane conjugate 
to the final image plane. Figure 3*6 shows the construction of the object 
stage, permitting vertical and lateral 
motion. The conical object cartridge 
itself has at the top a luminescent screen 
S for checking the alignment of the elec- 
tron beam, at the bottom a small aper- 
tured disk T, which supports the object. 

If mounted on a thin film, the latter is 
placed on the side of the. disk away from 
the objective, as otherwise the film might 
be pulled off by the strong electrostatic 
field. The cartridge is introduced into 
the stage H, which is translated hori- 
zontally on the shell R by the screws 7i 
acting against spring pressure F 2 . The 
shell Rf in turn, slides vertically in 
the collar B, being pushed down by the 
action of the screw V 2 and up by the 
helical spring Fi, Both Vi and F 2 are 
actuated by vertical shafts from a point 
near the viewing port. 

The introduction of the cartridge into 
the stage is carried out, in a more re- 
cent instrument, through an airlock 
(Fig. 3-7). After the outer gate T 2 is 
opened, air entering as the lever is turned, 
the cartridge H supported by the fork G 
may be exchanged and then pushed back 
into the chamber. As the outer gate T 2 

is closed, the chamber is automatically , * . , , , , 

connected to the fore vacuum and evacu- 

ated. When the inner chamber Ti is ^ AEG-Far- 

opened, the fork G is pulled over toward schung^ Vol. 7, p. 66. By permia- 
the stage and deposits the cartridge there- sion of the Alien Prop^y C3u®- 
in, Tnfl.king the instrument ready for todian in the public interest under 
focusing and observation. license No. A-663.) 

In the same instrument the drawback of a fixed magnification is con- 
siderably reduced by providing a double projector lens as shown dn 
Fig. 3‘8. The central elwtrode of either, or of both, of the individual 
See BrQohe, reference 6. 
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Fig. 3*8. Two-Lens Projector of the Electrostatic Microscope. 



lenses may be connected to the cathode, 
the remaining electrodes being grounded. 
The upper, long-focus, lens forms a 
large-diameter image with a magnificar 
tion of about 1000, serving as a survey 
image. Since the lower lens, with its 
relatively narrow aperture, is placed in 
the focal plane of the upper lens, it does 
not restrict the field imaged by the latter. 
The lower lens, acting alone, gives a 
high-magnification image (magnification 
10,000) with a smaller object field. The 
two lenses acting simultaneously yield an 
intermediate magnification. 

The entire instrument, whose column 
is carefully shielded magnetically with 
mu*metal, while the lenses are encased in 
iron, is shown, with its aoeessory equip- 


ite. M, 111* saeotroatotis Ml- 

cNMio|MflftfaeA£G.^i^Me(aB- ^ recent electrostatic elec- 

VoL 19, p. 488, 1940.) tron microscope, making use (tf the Mma 
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type of lenses as MahPs instrument, is the G.E. Simplified Elec- 
tron Microscope, shown in Fig. 3*10.^^ To achieve a short microscope 
column, which is in a horizontal position, three stages of magnification 
are employed. Thus an electron image with a magnification of 500 to 
1000 is formed on the final fluorescent screen. The screen is viewed 
with a magnifier enlarging the image eight times, yielding a total magni- 
fication of 4000 to 8000. The application of this fourth, light-optical, 
stage of enlargement has the advantage of increasing the apparent size 



Fig. 3*10(a). Simplified Electron Microscope of the General Electric Company, 
External Appearance. (Courtesy J. Applied Phye.f reference 6.) 

of the image without correspondingly decreasing its brightness. Focus- 
ing is accomplished by displacing the specimen along the axis of the 
instrument. For permanent record, the image on the fluorescent screen 
is photographed with a camera. For screens which permit an enlarge- 
ment of 10 to 20 the Tnaximiim useful magnification of the instrument 

See Bachman and Ramo, reference 6. 
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thus becomes 10,000 to 20,000; for higher magnifications the limited 
resolution of the screen impairs the quality of the image. The lower 
efl5ciency of the indirect method of recording the images causes the 
exposure times to be longer than for microscopes in which the electrons 
fall directly on the photographic plate. Exposures range from half a 
minute upwards. 



Fig. 3«11. Complete Wiring Diagram of the General Electric Electron Microso(^. 

(Courtesy General Electric Company, Schenectady, N. Y.) 

The wiring diagram of the 30-kilovolt supply as well as of the pumping 
system is shown in Fig. 341. All this equipment k contained in the 
cabinet back of the microscope column. The microscope is evacuated 
by an air-cooled diffusion pump backed by a rotary oil pump. The high 
voltage consists of the rectified output of a 30-kilovolt transformer 
smoothed by a single 0.01-microfarad condenser. 

As compared with the magnetic microscope, the primary advantage 
of the electrostatic instrument k simplicity in the electrical equipment. 
On the one hand, the current sources for the lenses are omitted entirely; 
<m the other, the requirements on the constancy of the operatmg volti^ 
are greatly reduced. The use of imrectified alternating voltage, pro- 
duced (firstly by a high-voltage transformer, k, it k true, inadmissMe 
unless, by the employment of a strongly negative grid, the fraction of 
the qyole utilized for imaging k reduced to a ver^r small quantity. 
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Without this precaution the voltage fluctuations will be reflected in an 
oscillation of the image, brought about by the varying deflection of the 
beam by the imperfectly shielded earth's field. Although this effect, 
too, may be reduced by field-compensating coils and special care in 
magnetic shielding, it is more convenient to filter the high voltage so 
that the remaining ripple is less than 1 per cent. This order of voltage 
constancy is also required by the relativistic aberration of the electro- 
static lenses. Compared with the constancy demanded by the mag- 
netic microscope (M).01 per cent), this requirement is still very moder- 
ate. 

^ The simplicity of the electrical equipment is obtained at the expense of 
the following factors; 

1. A somewhat greater complexity of mechanical design brou^t 
about by the necessity of mechanical focusing of the object. 

2. The necessity of introducing high voltages at several points on 
the microscope. 

3. A restriction to a few fixed values of the magnification and to 
lower magnifications, for a ^ven number of lenses and for given 
overall length of the microscope. For the same voltage, electrostatic 
lenses cannot be made of as short focal length as magnetic lenses. 

4. The impossibility of adaptation for work with very high volt- 
ages. 

6. An ultimate least-resolvable distance, which is probably larger 
than for magnetic lenses. Both the chromatic aberration^ ^ and the 
spherical aberration^® of the lenses employed are larger than those of 
the magnetic lenses customarily used.^^ 

Thus it would appear that, unless further developments remove some 
these drawbacks,^® the electrostatic microscope is not capable of the 
same ultimate performance as the standard magnetic instrument. 

3*4. Scamung Microscope. Both the magnetic and electrostatic 
microscopes form images essentially in the same manner as all familiar 
ilgjht-optical instruments. The complete image of the object is pro- 
jected instantaneously, with the aid of lenses, onto a viewing screen or a 
photographic plate. The scanning microscope adopts an entirely differ- 
ent t^^mique, resembling that of television (Fig. 2*2). The object, 

See seoycoi 18*2. 

•»Seeseotioii 17-6. 

Jf* See eectkm 17'2. * 

(refereDce 2) reports an optimum resolution of 80 A.U., but does not regard 
IliSi il the idtimate limit the instrument. 

^ As,^., by the em^oyment of an electron mirror in place of the objective lens 
in site to adiim correction of q^heiioal and/or (duramatic abeirat^ 
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which may be regarded as subdivided into small squares whose side is 
equal in length to the limit of resolution of the instrument, is scanned by 
a fine electron beam with a crossnsection area approximately equal to the 
area of one of the elements (Fig. 3*12). As the beam sweeps over a 
particular element, the element emits or transmits a number of electrons, 
depending upon the physical properties of this element. These electrons 
may, in a number of ways, ^ employed to form, in synchronism with 
the beam scanning the object, a magnified image of the object. 



Fia. 3*12. Picture Analysis and Recomposition by Scanning. 


A simple form of scanning microscope, borrowed in many respects 
directly from television practice, is shown in Fig. 3*13. The object- 
scanning beam, or electron probe, is the reduced image of the crossover 
of an electron gun formed by an inverted magnetic electron microscope, 
the reduction ratio being thus given directly by the reciprocal of the 
magnification of the microscope. A magnetic deflecting field just above 
the objective of this microscope — the final reducing lens — causes the 
beam to scan the object in two mutually perpendicular directions. The 
secondary electrons emitted by the object under the impact of the pri- 
mary electrons of the probe constitute the signal current. They are 
drawn to a collecting electrode and generate a signal voltage across a re- 
sistor connecting this electrode to ground. This voltage, after amplifica- 
tion, modulates the beam current of a viewing tube, whose screen is 
scanned in sjmchronism with the object. If the rate of scanning is fast 
enough, for example, 30 pictures per second, an observer will, owing to the 
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persistence of vision,^® see a complete image of the object on the tube 
screen, even though only a single image element is excited by the beam at 
any one time. The magnification of the image is then equal to the ratio of 
the scanning amplitudes on the screen and on the object. The resolution, 
cm the other hand, is limited by the diameter of the scanning probe and 
the ratio of the length of a side of the scanning pattern to the number of 
scanning lines. Normally, these two quantities are made approxi- 
mately equal. 



Fig. 3*13. Scanning Microscope for the Direct Viewing of the Image. (Courtesy 
ASTM Bvll, reference 9.) 

It is found that with the system described the optimum resolution that 
can be obtained is of the order of one micron. If the probe is made 
materially le^ than a micron in. diameter and the amplifier gain is 
increased to maintain the signal output at the same level, the image on 
the screen no longer shows any picture detail, but merely random 
fluctuations in brightness. The not^e, that is, the random fluctuations 
m the voltage modulating the beam current, exceeds the amplified signal 
voltage. This is due in part to the extremely small amount of charge 
emitted per picture element in consequence of the discreteness of the 
elements of charge, in addition to this, noise is introduced by the 
unfavorable conditioxis of amplification.^" 

Von Ardenne^^ aUte to eliminate both sources of fluctuation in a 

^ 

*Pu8 be eided by the persistence of the light emission of the fluorescent 
iorcen. 

^SeeAi^dbiL 

.^fleeiefeceiice?. 
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simple manner in a scanning microscope designed specifically for the 
study of objects by transmission. The noise introduced by the coupling 
resistor and the amplifier is nullified by dispensing with amplification. 
At the same time, the shot noise^ due to the discreteness of the electronic 



recording drum, several seconds being required for one revolution of the 
drum. The photographic paper attached to the surface of the drum is 
displaced about 2500 times as rapidly as the probe moves across the 
object. The ratio of the two speeds of displacement (for example, 
2500) is equal to the magnification of the image. Hence the spreading 
of the beam after leaving the object is much less than one image element 
and only serves to fill up to some extent the space between the scanning 
lines without detracting from the resolution of the image. In order to 
obtain normal image contrasts, it is necessary to insert an aperture, hold- 
ing back the more strongly scattered electrons, between the object and 
the recording drum. 

The ultimate limit of resolution of this scanning microscope for trans- 
mission is identical with that of the standard magnetic microscope. It 
has the advantage over the latter that its resolution is not affected by the 
velocity losses of the electron within the object, which, in the usual 
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instrument, give rise to chromatic aberration This advantage, 
appreciable only with relatively thick specimens, is scarcely sufficient to 
outweigh the impossibility of direct observation, the greater difficulties 
of adjustment, and the longer time required for obtaining an image. 

The situation is different, however, if the specimens to be studied are 
opaque to electrons. The direct observation of such specimens with the 
standard electron microscope, modified so as to utilize electrons reflected 
by the specimen surface, is possible only at the expense of a great loss in 
resolution.^* Since direct registration of the image canndt be accom- 
plished with opaque specimens in the scanning microscope, a new method 
must be employed to reduce the objectionable voltage fluctuations super- 
posed on the signal. On the one hand, it is necessary, again, to increase 
the time of registration. Since this makes impossible the direct observa- 
tion of the image on the screen, as shown in Fig. 3*13, the viewing tube is 
conveniently replaced by a facsimile receiver, such as is employed for 
recording pictures transmitted by radio or telegraph.*^ On the other 
hand, the thermal noise introduced by the resistance coupling of the 
secondary-emission collector to the amplifier may be made innocuous by 
preamplifying the secondary-emission current from the object with the 
aid of a secondary-emission multiplier. 

Figure 3*15 shows the general plan of a scanning microscope for surface 
observation, which incorporates both improvements.** The electron 
source, at the bottom of the microscope, is a thin tungsten filament. 
The electron beam leaving it passes through a grid aperture and is modu- 
lated by a ^OOO-cycle-per-second square wave applied to the grid. 
Beyond this, in passing through the anode, it is accelerated through a 
drop of 10,000 volts, which represents the beam potential throughout the 
major part of the instrument. Two electrostatic Jenses with negative 
center electrodes serve to form a greatly reduced image of the source on 
the object, which is maintained normally at about 800 volts, this rela- 
tively low voltage being favorable for obtaining a large difference in the 
secondary-emission curreiqts from different parts of the object. The 
Ihmtjug aperture of the final lens is located between the two reducing 
lenses and just below an inclined fluorescent screen. 

l^e secondary electrons given off by the object under the impact of 
file electron probe are drawn back through the final reducing lens and, 
being slower than the primary electrons, are focused close to this lens, 
diverging from this point on. Hence only a small fraction is capable of 

Seotion 19* 10a. 

S<7. 

See Young, ref^ence 8. 

** See HiUier,. and Snyder, reference 9. 
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returning through the limiting aperture; the remainder impinge on the 
inclined fluorescent screen, giving rise to an emission of light propor- 
tional to the strength of the secondary-emission current. This light is 
collected, to a large extent, by the photocathode of a multiplier (RCA 



Fia. 3-15. Scanning Microscope for Surface Observation. General Plan. (Courtesy 
ASTM Bvll.f reference 9). 


931 } . The output of the multiplier is amplifled and Altered and, eventu- 
ally, clipped BO as to accentuate the differences in signal between differ- 
ent points of the object, increasing correspondingly the contrasts in the 
final image. The clipping process is illustrated in Fig. 3’16. The signal 
is applied to the grid of an amplifier tube which is given a sufficiently 
strong negative bias that current reaches the plate only during the posi- 
tive peaks of the signal. The amplified signal, finally, is applied to the 
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facsimile printer, controlling the pressure of the printer bar against the 
printing spiral on the rotating drum. In this fashion it determines the 
density d the impression left on the recording paper along a scanning 
line. An oscillograph is provided which makes possible the adjustment 
of the lens voltages for optimum focus, this being indicated by the 
strongest representation of high-frequency components in the signal. 
A large scanning spot minimizes the secondary-emission current varia- 
tions as it passes from one picture element to the next and thus blots 
out these high-frequency components. 



In the earlier instruments this scanning was carried out mechanically. 
The displacement of the object was obtained through the use of electro- 
mechanical or hydraulic devices and was controlled by the recorder. 
In a later instrument, shown in schematic cross section in Fig. 3*17, this 
was replaced by magnetic scanning controlled by the charging of con- 
densers through resistances, the charge and discharge processes being 
tripped by the recorder. This was found to permit greater precision in 
the translation of the probe relative to the object than could be attained 
by any cam-controlled motion of the object itself, with the beam station- 
iry. 

To provide space for the deflection coils, as well as for the fluorescent 
screen and multiplier, which now had to be placed on the object side of 
the deflection, the probe formed by the original lens is imaged once more, 
by an added long-focus electrostatic lens, with approximately unity 
magnificidiion, onto the -fixed, relocated object. The deflection coils, 
wound mi a st 3 rrol formf are i^bced just below this lens. Above it is the 
fluoresoent screen with an, aperture for the primary beam. Just in 
front d the object there is an electrode at a low potentiahurhich serves to 
rend^ the returning beam of secondary electrons more diffuse, causing a 
anaUier prqxvtion to strike the aperture in the screen. A large-aperture 
tons, finally, concentrates Uie li^t emitted by the screen on the photo- 
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cathode of the multiplier, which is located outside the body of the micro- 
scope. Since the velocity of the electrons striking the screen corresponds 
to approximately 9000 volts, it is not difficult, by matching the spectral 
emission of the fluorescent substance to the spectral sensitivity of the 



Fig. 3*17. Scanning Microscope for Surface Observation with Magnetic Deflec- 
tion. Schematic Cross-Section Diagram. (Courtesy ASTM Bvll.j reference 9.) 

multiplier photocathode, to attain a gain in signal as compared with a 
system in which the secondary electrons from the object fall directly on 
the first target electrode of the multiplier. Of even greater, and more 
obvious, value is the simplification in construction which results from the 
employment of a sealed-off multiplier. 
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Figure 3*18 shows the general arrangement of the instrument last 
described. The high-voltage supply is located at the left. In the center 
is the control panel and the microscope coluftin; the oil diffusion pump is 
visible below the former. On the table at the ri^t, finally, is the fac- 
simile recorder. 



Fio. 3-18. SGanning Microscope {(x Surface Studies. (RCA Laboratories.) 


A scanning micrograph of etched brass, obtained with this device, is 
shown in Fig. 3-19. The original magnification of this micrograph is 
6000. Its resolution may be estimated to be 600 A.U., which must not, 
however, be regarded as the limit of performance of the instrument. 
The latter may be expected to lie in the neighborhood of 100 A.U. The 
fine-line structure of the image can barely be distinguished in the 
original. 

8*^ Point and Shadow Microscopes. The simplest of all possible 
dectron microscopes is realized when a point electron source is placed 
behind the object, the image being observed on a screen some distance 
from it If tlie path of the rays is rectilinear, that is, if the space con- 
sider^ is substantkdly field'rfree or if the direction of the forces acting 
on the electrons coincides everywhere with their direction of motion, 
the mapiification the image will be given simply by thp ratio of the 
distance of the scimi from the source to that of the object to the source 
(Kg. MO). 

SSedaon sourcses of the requisite character may be obtained by etch- 



Fig. 3-19. Scanniiig Micrograph of Etched Brass. Magnification 6000. (Courtesy 
ASTM BvU.y reference 9.) 



Fig. 3*20. Principle of the Point Microecopes. 
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ing the ^nd of a tungsten or molybdenum wire in hot fused sodium nitrite 
and ^qS^dng it subsequently in vacuum In this manner well-rounded 
points with radii of curvature which are a fraction of a micron can be 
fcmned.^^ If a potential difference is applied between the point (as 



Flo. 3*21 . Path of an Electron in the Field Surrounding a Paraboloidal Point. 

cathode) and an electrode or screen surrounding it, the field at the sur- 
^pce of the point, being of the order of 10^ to 10® volts per centimeter, “ 
is sufficient to draw conduction electrons in large quantities out of the 
metal. Because of the enormous field at the surface the electrons pro- 
ceeff 'normal to the surface, attaining, in the case of a spherical point, 
90 per cent of their ultimate kinetic energy within a distance equal to 
nihe radii of curvature of the point. With the more or less paraboloidal 
pdhts normally employed, the paths undergo a small initial curvature, 
causing them to appe^ to originate at a point a small distance behind 
the center of curvatim (Fig. 3*21). In either case the electron paths 
beo^to^ practically lectffinear within a distance of a few mlbrons. 

Makeown, and Millikan, reference 10, and Mailer, reference 11. 

Bador, reference 12. 

^ For a tipherioal point it is given simply by the ratio of the applied voltage to the ' 
xadinsftf eurvature. 
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If, now, an object, largely transparent to electrons of the velocity cor- 
responding to the applied voltage, is placed in front of the point and a 
fluorescent screen is provided to receive the transmitted electrons, an 
enlarged image of the object is obtained on the screen. This is the 
principle of the point projector microacope shown in Fig. 3-22.^® For a 
thin specimen the contrast is produced by the same processes as in the 
standard electron microscope. Part of the electrons are scattered, being 



Fig. 3*22. Point Projector Microscope (Schematic). 


spread for the most part over the remainder of the image as a diffuse elec- 
tronfog. For a thick object with clear spaces, a simple shadow projection 
is obtained, the thicker portions absorbing or reflecting the incident elec- 
trons completely, whereas the clear portions let them pass without 
deflection.®® The two factors which limit the resolution of the instru- 
ment are Fresnel diffraction at the edges of the object on the one hand 
and the divergence of the imaging pencils due to the small lateral initial 
velocities of the electrons on the other. As shown in section 19*10d, the 
limit so imposed is of the order of 100 A.U. 

In Fig. 3*22 the details of the object stage have been omitted. In the 
actual construction the object mounting was hinged to prevent accidental 
contact with the point during the processing of the tube. Bimetallic 
strips and heaters were provided for varying the separation of the object 
from the point, which was made of especially heavy wire (0.025-inch 
tungsten or molybdenum) to reduce vibration effects to a minimum. 
Images of 400-mesh copper screen, obtained with this instrument, vary- 
ing the object distance, are shown in Fig. 3-23. These were photo- 
graphed on the screen with an exposure of 1/20 second and an F:4.5 
lens. The enormous specific emission of the points, of the order of 
10,000 amperes per square centimeter, makes it relatively simple^ 
attain images of considerable brightness even at high magnificaticms. 

** See Morton and Ramberg, reference 13. 

Except for Fresnel diffraction at the edges. 
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Fig. 3*23. Images of 400-MeBh-per-Inch Copper Screen Formed with Point Projec- 
tor Microscopei Varying Object Distance. (Courtesy Phya. Rev.^ reference 13.) 

JEhe primary disadvantage of the point projector microscope, attrac- 
tive because of its extreme simplicity, rests 
in the great sensitivity of the point cath- 
odes to residual gases in the evacuated tube, 
making their use impractical in demount- 
able vacuum systems, such as are required 
for the exchange of the object. The 
shadow microscope of Boersch®^ (Fig. 3-24) 
avoids this difficulty, at the expense, it is 
true, of greatly increasing the complexity 
of the instrument. Here the point source 
is formed, in the same manner as the probe 
in the scanning microscope, by an inverted 
electron microscope. Electrostatic lenses, 
similar to those of the previously described 
electrostatic microscope of Mahl, are em- 
ployed with a completely unfiltered voltage 
supply. A negatively biased grid restricts 
the operation of the microscope to the por- 
tions of the cycle during which the applied 
voltage differs from its maximum value by 
less than 5 or 10 per cent. 

The object in its mounting fits into one 
TK« electrodes of the final lens, 

IK.) By ponuissioitof ®ent m two directions. Furthermore, to 
thffAlieai^lc^ertyCuf^^ vary the magnification, the object can 
under Li(^^ dide up and down in the ehgtrode shell. 

Focusing is rendered unnecessary by the 
na^i^^ ^ instrument. Hie sphmcal aberration of the final lens 
” See Boenrii, 
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does not contribute to the unsharpness, but only to the distortion of the 
image. The presence of diffraction at the object, as well as the require- 
ment that the image detail be not distorted beyond recognition, leads, 
however, to the same expression for the ultimate resolution of the shadow 
microscope as for the standard instrument.®^ 

In Boei^ch’s instrument the pictures are taken on standard 32-millime- 
ter cine-film. The use of relatively low magnifications (about 1500 or 
less) is here particularly advisable to attain reasonable exposure times. 
These lie in general between 1 and 5 seconds. In view of the great 
sharpness of the pictures (provided that the source-forming inverted 
microscope is well aligned), they may be subsequently enlarged by a 
factor of 10 to 20. Boersch has obtained resolutions of 250 A.U. with 
the shadow microscope. 

3-6. X-ray Shadow Microscope. A relatively simple modification of 
the shadow microscope converts it into a projection microscope utilizing 
x-rays in place of electrons. It is only necessary to let the sharply 
focused electron probe impinge on 
a target, preferably of a heavy 
metal, so as to render the efficiency 
of x-ray production a maximum 
and the penetration of the elec- 
trons into the target a minimum. 

The x-rays formed at the point of 
impact are then employed for pro- 
jecting an image of a closely spaced 
object on a distant screen (Fig. 

3*25). Such an instrument has 
two advantages over the shadow 
electron microscope. On the one 
hand it is able to image relatively thick and dense specimens; on the 
other, the contrasts are almost entirely due to the absorption of the 
x-rays, so that background fog due to scattering at other points of the 
image is minimized. 

Its disadvantages are the necessity of focusing the probe, as for the 
scanning microscope, somewhat lower resolution for the same separation 
between source and object due to the longer wave lengths employed, pnd, 
most serious of all; extremely low image intensity. This is due to the 
low efficiency of conversion of electronic kinetic energy into x-ray 
energy as well as to the losses arising from the emission of the x-rays in 
directions which are not utilized. The fact that photogrs^hic materials 
are appreciably less sensitive to x-rays (because of their incomplete 
See section 


Rnil reducing lens 



Fig. 3-26. Principle of X-ray Shadow 
Microscope. 
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absoiption in the emulsion) than to electrons adds to this condition; 
specially thick emulsions or double-coated films must be rejected because 
df the resulting loss in resolution. These low x-ray intensities practi- 
cally exclude the use of the x-ray shadow microscope for obtaining high- 
resolution, high-magnification images.^^ 

3*7. Emission Microscopes. The emission microscopes . have the 
commqin characteristic that the object constitutes at the same time the 
source of the electrons, the latter leaving it with energies ranging from 
aero upward. Historically, they are the earliest of the electron micro- 
scopes. It is perhaps most convenient to divide them, on the basis of the 
origin of the image-forming electrons, into thermionic, photoelectric, 
secondary-emission, and field-emission microscopes. 

An estimate of the relative concentration of energy in an x-ray and an electron 
shadow image can be obtained quite simply. If the target is solid or thick enough to 
absorb the electrons fully — a condition which can be shown to make for greatest 
efficiency — the diameter of the source is equal at least to the depth of penetration of 
the electrons. Thus the operating voltage V is best selected so that the penetration 
is equal to the desired resolution d. For tungsten this becomes, according to Eq. 
19-38: 


d = 

Since the efficiency of conversion of electronic energy into x-rays is given, over a 
wide range, by I.VIQT^ZV * 8-10”®F (Compton and Allison, reference 16, p. 89), 
the energy in the x-ray beam is less than that of the electron beam by the factor 
0.2d^. Furthermore, this energy is spread over a solid angle 47r, whereas the elec- 
tron beam is spread over a solid angle ira^ = vd^/ (C/)^. As before, the spherical- 
aberration coefficient Cf will be set equal to 10 cm. Thus for the same magnifica- 
tion and resolution the energy incident on unit area of the x-ray image is less than that 
incident on unit area of the electron image by the factor O.Old^. This assumes also 
equal voltages for the forming of the spots in the two cases. Suppose, now, that the 
liiffiting resolution is to be 1 micron and the magnification 100. If it is assumed from 
Boersch's data (reference 15) that an exposure of 5 seconds suffices to form an image 
ia'.the electron iffiadow microscope with a resolution of 250 A.U. and a magnification 
of 1500, it would follow from £q. AlO that an exposure of 5/(15-40)^ »» 1.4*10~^ 
second should suffice to form the image with the smaller magnification and resolution. 
The anray energy per unit area of the image being less by a factor of about 10^^ (by 
,tiie fonnula just derived) than the electron energy per unit area, the exposure required 
to obtoin an x-ray image would be 140’Ss/Si second, if and Si denote the relative 
l en s jj bi vi ti es the idiotograpfijc material to x-ray and electron energy, respectively. 
His rsspBred operating voltage would be about 20,000 volts. 

No quantitative information hi avtilable regarding the magnitude of the ratio 
8m/8h It is generally accepted, however, as being considerably less than unity, as 
may, be csqiected from themore Complete absorption of tiectronic ed^igy in the emul- 
The exposUrC cl the x-ray shadow microscope, even with the moder- 

ats tesehitioii of 1 micron, must thus run into several, and probably a very large 
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The first application of the thennionic microscope was to the study of 
oxide cathodes. Both the electrostatic microscope with a single immer- 
sion lens, shown in Fig. 3-26, giving magnifications up to nearly 200 
with a cathode-to-screen distance of 24 centimeters^^ and the magnetic 
microscope with either one or two lenses®® have 
been extensively used for this purpose. Figure 
3-27 shows an early two-lens magnetic microscope. 

Since the electrons must be accelerated, the mag- 
netic lens action is here supplemented by the 
electrostatic lens action of the accelerating elec- 
trodes. Their shape and arrangement relative 
to the cathode are of critical importance for the 
attainment of good images. Both microscopes 
use accelerating potentials of the order of 1000 
volts. Johannson®* found that in the electro- 
static instrument the field aberrations, which are 
here especially serious,®® could be reduced materi- 
ally (increasing the diameter of the useful field 70 
per cent) by giving the focusing electrode Bi a 
funnel-shaped aperture, as shown in Fig, 3-26. scope. (Johannson.) 
Briiche and Johannson®^ have employed lenses of 
this type to obtain cinematographic records of the effects of long-time 
operation and overheating of oxide cathodes. An electron microscope 

permitting the observation of the 
cathode in vacuum with either 
electric, magnetic, or light lenses 
was constructed by Knecht.®® The 
electric and light lenses were at- 
tached to a shaft, which could be 
rotated from the outside, so that 
one or the other was in place in 
front of the cathode, the mc^etic 
coils remaining permanently in 
position. A right-angle prism 
attached to the light objective 


Fig. 3-26. Immersioii 
Objective for Electro- 



Fio. 3-27. Magnetic Emission Micro- 
scope. (Knoll, Houtermans, and Schulze, 
reference 19.) 


See Johannson, reference 17. More recently immersion objectives of the type 
employed by Johannson, used with accelerating voltages of. 20 to 30 kilovolts and 
with a second stage of magnification, have yielded thermionic-emission pictures with 
resolutions of the order of 200 to 400 A.U. See Mecklenburg, reference 18. 

See Knoll, Houtermans, and Schulze, reference 19. 

See sections 16-8 and 17-4. 

See reference 20. 

See reference 21. 
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served to make possible observation through a lateral window in the tube. 

Knecht found no differences between the magnetic and the electrical 
images, except for greater unsharpness of the electrical images in the 
marginal regions. He found, however, like other observers, that much 
detail, for example, the distribution of adsorbed barium on the surface 
and the crystal structure of the base metal, was well differentiated in the 
electron pictures, though invisible or barely indicated in the light 
pictures. 

A wider field was opened to the thermionic microscope when it was 
realized that the crystalline structure of heated metals could be rendered 

visible, even at moderate temper- 
atures, by evaporating a thin 
layer of barium on the surface.^® 
This technique has been utilized 
for following recrystallization 
processes in iron in passing from 
the a-phase to the 7-phase, as the 
temperature is reduced from 700 
to 665® as well as for a num- 
ber of other metallurgical proc- 
esses.^^ The last set of observa- 
tiwis was carried out with a single- 
lens magnetic electron micro- 
scope, the magnification being of 
the order of 20 and the accelera- 
ting voltages lying between 3000 and 6000 volts. A similar instru- 
ment was constructed by McMillen and Scott for examining ashed 
bidogioal specimens on a flat platinum eleiotrode.^^ 

All the studies described so far were carried out with flat, generally 
indirectly heated, cathodes. It is possible, however, to obtain satis- 
laatdry images even of wires^ or cylindrical cathodes*^ with a nonnal 
emission mierosoq^e. For this purpose an auxiliary electrode at nega- 
tive ^tential is placed behind the cathode so as to flatten the equipoten- 
tial surfaces in front it. Figure 3.28 shows the arrangement and the 
potentid distribution in the configuration emplqyed by Heinze and 
Wag^er^ for this purpose. . 

In addition to these ^nicroscopes of more or less conventional type 

*^Bee BrCche and Johannaon, reference 22. 

^ See JSrache md Kneehi^ refemnce 23. 

^See Buigen and Flooe van Amatel, reference 24. 

^Seejefereiu)e 26 . 

^ See IdaJd, r^erenoe 26. 

^Bee retonee 27. 



Fig. 3*28. Auxiliary Electrode for Elec- 
tron-Microscope Observation of Cylindri- 
cal Cathodes. (Heinze and Wagoner, 
reference 27.) 
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must be mentioned the thermionic projection microscopes of R. P. 
Johnson^® and S. T. Martin.*® Jolmson^s microscope (Fig. 3'29) is 
especially designed for studying the 
emission properties of wire surfaces; 
the wire is stretched on the axis of a 
cylinder coated with fluorescent ma- 
terial. If the wire is heated and a 
high potential difference is applied be- 
tween it and the fluorescent screen, in 
which a helical anode is embedded, 
the strong field at the wire surface 
causes the thermionic electrons to pro- 
ceed approximately rectilinearly to the 
screen, forming there an image of the 
wire surface on which die marks and 
crystal boundaries are clearly visible. 

Unlike ordinary microscope images, 
this image is magnified in one direc- 
tion only, that is, normal to the wire. 

S. T. Martin has modified Johnson^s 
arrangement by grinding and polishing 
a single-crystal tungsten sphere and 
placing it in a spherical envelope 
coated with luminescent material (Fig. 

3-30). The tungsten sphere is heated, 
by electron bombardment from a fila- 
ment inserted in it. A voltage applied 
between it* and the spherical screen 
causes thermionic electrons to travel 
along radial lines to the screen, on 
which they then produce a pattern in- 
dicating the distribution of emission oon on. • ^ n-r- 
over the surface of the tungsten sphere, Observing the Emiaaion from 

Since the work function of the surface Wires. (R. P. Johnson.) 
of a ciystal varies with its orientation 

with respect to the basic crystal-lattice, these patterns reflect the sym- 
metry properties of the crystal itself. Interesting modifications of 
the patterns result from the preferential adsorption of contaminants 
within the tube on differently oriented portions of the surface (rf the 
single crystal. 

** See reference 28. 

^ See reference 29. 
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The photoelectric microscope serves similar purposes as the thermionic 
microscope, making use of the fact that all metallic surfaces are photo- 
sensitive, to some extent, to ultravi- 
olet light. Frequently the fact that 
the photoemission is not dependent 
on the temperature of the specimen 
represents a material advantage. 
Although it was realized at a very 
early stage that photoelectrons could 
be employed for forming images, 
Pohl^® and Mahl and Pohl,^® em- 
ploying the instrument shown in Fig. 
3-31, may well have obtained the 
best results in this field. The object, 
acting as cathode, was illuminated 
by a quartz-mercury arc through a 
lateral window. Two diaphragms, 
as well as the blackening of the 
inside of the anode cylinder, which 
surrounds the cathode, prevent an 
appreciable amount of light from reaching the fluorescent screen at the 
end of the anode cylinder. To gain sufficient intensity in the image. 



Fio. 3‘30. Thermionic Microscope 
with Radial Projection. (S. T. Martin. ) 


/ 

/ 



an aeo^erating voltage of 30 kilovolts was used, the photocurrents 
having values of 10“^ to 10“^ ampere. MagnificatioiMfWiged up to 

See Knofl and Rueka, reference 30, and Brhche, reference 31. 

^ See reference 32. 
flee reference 33. 










Sec. 5-7] 


EMISSION MICBOSCOPES 


117 


about 30. This photoelectric microscope was employed not only for 
studying changes in crystallization of heated metals, but also for exam- 
ining effects of surface contaminations, low-temperature melting proc- 
esses, and semiconducting minerals embedded in Wood’s metal. 



Image of 
letter “A” 


Ruorescent 
screen / 



Fig. 3*32. ■ Imaging with Secondary Electrons. (Courtesy J. Franklin Inst., 
reference 34.) 


The possibility of utilizing secondary electrons for forming electron 
images was first demonstrated by Zworykin^ with the simple apparatus 
shown in Fig. 3 32. A simple electrostatic two-cylinder lens images the 
letter “A” scratched in a metal target, which is bombarded with 20-volt 
electrons from a thermionic cathode, on a fiuorescent screen. A modi- 
fication of this device, employing a ring filament as electron source so as 
to make axial symmetry possible and replacing the electrostatic lens by 
magnetic lenses, has been described by Meschter.®^ 

Very interesting pictures of metal foils, in part disintegrating under 
bombardment, have been obtained by Behne®^ with secondary electrons. 
Behne employed the secondary electrons given off on the side opposite 
to that on which the primary electrons are incident. For certain critical 
velocities of the primary electrons, corresponding to values slightly 
higher than the penetration velocity for the particular foil (Eq. 19*38), a 
large number of slow secondaries are given off on the far side of lie 
foil, accompanied by a negligible number of primary electrons. The 
imaging system (Fig. 3*33) consists of a simple immersion lens of the 
type described by Johannson.^ Voltages of the order of 10,000 volts 
are applied to the anode (B 2 and Z), focusing voltages differing only 
slightly from that of the foil (at zero potential) to the focusing elec- 
See reference 34. 

See reference 35. 

** See reference 36. 

See reference 17, 
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Fig. 3’33. Secondary Emiesion Microscope for the Study of FoUs. (Behne, 

reference 36.) 



Flo. 8<34. The Field-Emission Microscope. 
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trode Bi. For a 0.6-micron aluminum foil the proper accelerating 
voltage for the primary electrons was found to lie between 6 and 7 
kilovolts. Magnifications of the order of 60 were normally employed. 
From the sharpness of the images (about 0.6 millimeter) it was possible 
to conclude, making use of the formula for the chromatic aberration of 
cathode lenses (Eq. 16- 165), that the mean kinetic energy of emission of 
the secondary electrons was of the order of 2 volts, in harmony with the 
direct measurements of other authors. 



Fia. 3-36. Field-Emission Pattern for a Tungsten Point. 


The field-emission microscope remains to be discussed. This instru- 
ment, devised by E. W. Mtiller,®^ is in essence the previously discussed 
point projector microscope (section 3*5) with the object removed (Fig. 
3*34). The pattern appearing on the screen then shows the distribution 
of electron emission over the surface of the emitting point, the magmficar 
tion being approximately equal to the ratio of the distance of the sciesiD. 
from the point to the radius of curvature of tiie point. Figure 3*35 
^ See refoence 11. 
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shows a typical pattern formed by a tungsten point heated by conduction 
by passing a current through the supporting wires. The dark spots 
correspond to points of low emission (high work function) which are 
associated with specific crystalline orientations of the surface (the center 
spot corresponds to a 110-direction, the four lateral spots to 211- 
directipns). Mtiller,*® Haefer,^® and Benjamin and Jenkins®^ have 
carried out extensive studies on the complex variations of the patterns 
with adsorption of electropositive metals as well as of gases. The 
patterns have quite the same character as those obtained with the later, 
and more complicated, apparatus of S. T. Martin®® for studying the 
themionic emission from a single-crystal sphere. 
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CHAPTER 4 


ELECTRON OPTICS OF HIGH MAGNIFICATION 

4-1. Factors Influencing Resolving Power. One of the prime pre- 
requisites for designing a good instrument of any type is an understand- 
ing of the factors which will limit its performance. In the case of the 
electron micrpscope the logical measure of performance is the maximum 
resolving power attainable. 

In the present stage of development, the resolving power of the elec- 
tron microscope is influenced by a number of factors. Some of these 
factors are functional in that they depend on the precision of construc- 
tion and operation. Others are theoretical limits imposed by the char- 
acteristics of the lenses available. One factor at least, that is, the 
diffraction effect of the imaging pencils, is fundamental. This has 
already been discussed (section 3-1), and has been shown to limit the 
resolution obtainable with electrons as imaging medium to approximately 
six-tenths of a wave length of the electron radiation at the object, or, 
for an operating potential of 50,000 volts, to 0.03 A.U. 

Allusion has also been made to the fact that the aberrations of avail- 
able lens systems necessitate the use of very small imaging apertures, 
increasing the diffraction effects. Of these aberrations or imperfections 
one in particular — the aperture defect or spherical aberration of the 
objective — is unavoidable for lens systems of the general type employed 
at present. Acting by itself, it causes the spreading of an image point 
into a disk of confusion, whose diameter is proportional to the third 
power of the aperture angle of the imaging pencils. As shown in section 
19*3, p. 699, the simultaneous action of diffraction and spherical aberra- 
tion establishes a theoretical limit for the resolution of an electron micro- 
scope equal to about 5 A.U., the corresponding angular aperture of the 
objective being 0.01 radian. For the lenses employed in practice the 
spherical aberration is, of course, greater than that of the theoretical 
optimum lens. Thus the limits of resolution fixed by diffraction and 
spherical aberration may be higher by a factor 2 or 3 (10 or 15 A.U.) 
and the corresponding angular aperture lower by a similar factor 
(5 or 3-10“® radian). ^ 

Disregarding practical difficulties arising in the construction and 
operation and provided that the illuminating pencils have an adequately 
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small aperture, the attainable lesolution depends on the fourth root of 
the spherical aberration. For this reason, as well as because this defect 
appears to be relatively insensitive to the shaping of the fields of the pole 
pieces of magnetic lenses,^ relatively little effort has been expended in 
attempting to improve the performance of the microscope by reducing 
the spheiical aberration of the lenses. 

A second lens defect, which may influence the resolution and which 
has approximately the same value for all magnetic lenses, is the chro- 
matic aberration. Electrons which leave the object with a velocity 
differing from one particular value are not focused sharply in the image 
plane, but form a circle of confusion about the image point, whose 
diameter is proportional to the difference in velocity and the effective 
aperture of the objective. These differences in velocity have three dif- 
ferent origins: fluctuations in the applied voltage, variations in the 
initial velocities of the electrons as they leave the cathode, and energy 
losses experienced by them in passing through the object. For thin 
objects, which constitute the most favorable specimens for electron- 
microscope investigations, the energy losses within the object are 
negligible,^ so that only the other two sources ;*emain. Of these, the 
first necessitates a careful stabilization of the high-voltage equipment, 
and the second, the selection of a source, such as a thermionic cathode, 
which yields electrons of small initial velocities. Fluctuations in the 
coil currents of the magnetic lenses have the same effect on the image as 
fluctuations of the high voltage. In effect, they vary the value of the 
dectron velocity for which the image is sharp. Thus they require a 
constancy corresponding to that of the high voltage. 

There is one further source of local variations in the velocities of 
the image-forming electrons — in addition to giving rise to asymmetric 
d^ecting forces — and thus cause unsharpness: the charging up of 
surfaces within the microscope in the proximity of the beam. In any 
imj^ect vacuumi and hence in any demountable system, the passage 

an electron beam is accompanied by chemical reactions in the residual 
gases and vapors which cause the deposition of semiconducting sub- 
stances, dten of a tarry consistency, on neighboring surfaces, in par- 
ticular those right in the path of the beam, such as edges of apertures. 
tJndw bmnbardment by electrons these charge up and may exert forces 
cm the passing electrons which are great enough to impair materially 

^ It is flHtnd that magnetic objectives with approximately symmatnc fields and 
Qofi enrrents high enough for the pole pieces to i 4 >proach saturation have, in practice, 
aidwrioal abercatiQn coefficients which differ by ody a small factor from those of the 
favorade calculated field dis^utions. See section 17-2. 

^8ee section 19-2. 
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the quality of the image. The formation of such films around the edges 
of the objective aperture is a frequent source of trouble, resulting in a 
local deflecting field or in the formation of an irregular electrostatic lens. 
If this difficulty cannot be eliminated by doing without the objective 
aperture or by making it quite large, the objective diaphragm must be 
made readily exchangeable so as to permit periodic cleaning. 

Other sources of image imperfections are disturbing fields of a mag- 
netic character, such as stray fields from near-by transformers and 
variations in the earth^s field, which may deflect the beam at right 
angles to the plane containing the direction of the disturbing field and 
that of the electron pencil considered. The elimination of this effect 
requires careful shielding of the electron paths and judicious placement 
of the microscope so as to avoid strong stray magnetic fields from 
electrical machines. 

A very important cause of defective images which, however, cannot 
be classed as instrumental is found in the electrical, thermal, and me- 
chanical instabilities of a specimen itself during exposure (section 8-1). 

Finally, unless the several lenses of the microscope possess accurate 
axial symmetry and unless they are carefully aligned, the sharpness of 
the image will be impaired. This requires both precise mechanical 
construction and magnetic material of a high degree of homogeneity. 
Similarly, the mechanical construction must be such that relative dis- 
placement of different parts of the instrument — most of all, of the ob- 
ject support r^tive to the objective — will not take place. This 
implies both a highly rigid construction and a mounting which will 
minimize the effects of mechanical shock. In addition, care must be 
taken that elements incorporated in the rigid microscope assembly itself, 
such as the high-vacuum pumps, are not sources of shock. 

The results of present-day electron-microscope installations show that, 
if all these requirements are fulfilled simultaneously, the resolutions 
obtained approximate the theoretically expected optimum value. 

4*2. Electron Sources. It is the function of the electron source to 
provide a homogeneous, single beam of electrons diverging from a small 
area (the effective source) with a high current density per unit solid 
angle. Neither the velocity distribution in the beam nor the current 
density per unit solid angle® is affected by the subsequent refraction of 
the electron rays by the condenser lens. The current density per unit 
solid angle, in particular, determines the ultimate bri^tness of tibe 
image under given conditions of magnification and for a given illumi- 
nating beam aperture utilized for the image formation. 

‘ The invariance of the current density per unit solid angle is a consequence of the 
law of Helmholtz-Lac^wDge, Eq. lO SO. 
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Tlie beam of the electron microscope is produced by an electron gun^ 
which consists of the cathode, the electron source, and accelerating and 
beam-forming electrodes. 

Two types of electron source have found application in electron 
microscopes. The first of these is the cold-cathode gas-discharge tube. 
This electron source makes use of the secondary electrons ejected from 
a fiat or curved metal cathode by the impact of positive ions generated 
in a gas discharge. The ionization, which is produced by the electrons 

of the beam, causes the electrons 
to form a narrow pencil which is 
accelerated toward the anode and 
passes out of the discharge chamber 
through a narrow aperture in the 
anode. The ions are continuously 
regenerated by collisions between 
the secondary electrons and the gas 
atoms, the positive carriers so formed increasing their number by sub- 
sequent collisions with other gas atoms on their way to the cathode. A 
diagram of such a gas-discharge tube is shown in Fig. 4*1. The cathode 
is usually made of aluminum, as the cathode sputtering and the conse- 
quent gradual deterioration of this electrode under ion bombardment 
are extremely small few: this metal. Normally a gas pressure of the 
order of 10”* mm Hg is required in the discharge chamber, this being 
m ai nt ai n ed by a suitable leakage valve. The small aperture in the 
anode serves as a fiow impedance, making possible the maintenance, in 
the main part of the microscope, of a much better vacuum than in the 
discharge chamber. 

The source described is attractive from several points of view. No 
current supply is required for heating the cathode. It is insensitive to 
the admission of air into the instrument. The operation of the dis- 
charge is quite stable up to about 80 kilovolts. Relatively large beam 
^uirentp with a small angular divergence can be attained readily. Thus 
densities of the order of 1 milliampere per square millimeter for 
luia^sular divergmice of 0.01 radian have been measured on a system of 
Ijbe ^fpe iikowi in Fig. 41.^ 

Mother respects the ga&dischaige tube has certain drawbacks which 
lender it unsuitable as a source for an instrument designed for very bi gb 
r^irtion. Unless special provisions are made, the necessary presence 
of a ba&st resisUff causes voltage to fiuctuate with tlfhgas pressure 

in tlm^fiKshairge chamber (with the hardness of the tube). Further- 
moie^ ^ aoOOiKiMy ele^ eoiitted by the cathode have a wide range 
liftlMliyifffBnooe I* 



Air Inlet— ' 


Fig. 4*1. Cold-Cathode Gas-Discharge 
Tube. 
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of initial velocities, corresponding to accelerating voltages as ViigVi as 
10 volts. 

For the above reasons the ion-bombarded cathode, in modem electron 
microscopes, has been replaced almost entirely by the second type of 
source, the thermionic cathode. Although here, again, a choice presents 
itself between two alternatives — the activated (oxide-coated or thori- 
ated-tungsten) cathodes and the pure metal (tungsten or tantalum) 
cathodes — the conditions in the electron microscope are such that the 
plain tungsten cathode has been given preference, in spite of its higher 
operating temperatures and the correspondingly greater velocities of 



Fig. 4>2. Relation between the Specific Emission and the Mean Life of a 0.004-Inoh 
Tungsten Filament. 

emission of the thermionic electrons. The vacuum conditions in the 
electron microscope do not permit the maintenance of a good state of 
activation of an oxide-coated type of cathode, and, moreover, the con- 
tamination of parts of the microscope by fractions and products of the 
oxide coating would increase the difficulties from charging-up effects. 
A final point in favor of the pure tungsten cathode is the high specific 
emissicm attainable if the cathode is made readily intorchac^eable, so 
that a short life can be tolerated. Figure 4-2 shows the variatic^ <rf tiie 
specific electron emission of the surface of a 4-mil tungsten wire with its 
life, which is set equal to the time required to evaporate 12 pet oent of 
the metal of the wire. A Iffe of 10 hours may be ccmsidwod 




128 


ELECTRON OPTICS OF HIGH MAGNIFICATION [Chap. 4 


a practical electron microscope. However, the filament life is usually 
considerably greater than this. 

A favorable shape of the cathode is obtained if the filament is bent 
in the form of a “ V.” The vertex of this “ hairpin filament ** is roughly 
spherical. This vertex is its hottest part and forms an electron source 
of small 4iniensions, which can be centered easily in the aperture of 
the guard or the grid cylinder (Fig. 4*3). If the filament is heated with 



Fi<3. 4‘3. Hot-Cathode Electron Source for the Electron Microscope. 


alternating current, a symmetrical arrangement of the current supply 
leaves this critical point at a constant potential. The conditions are 
especially favorable if alternations of very high frequency are employed, 
as then the grid or guard cylinder provides an effective shield for the 
magnetic field of the heating current in the filament. Actually, the 
only effect of using alternating current is a slight elongation of the 
effective source. This is due to the deflection of the electrons as they 
leave tlie filament with low velocities by the magnetic field of the heating 
current. 

The apertured cylinder which surrounds the filament is considered 
either as a guard cylinder, if it is maintained at cathode potential, or as 
a Qontrol grid, if its voltage relative to the cathode may be varied. The 
second arrangement is desirable, in particular, if no condenser lens is 
provided for varying the convergence of the electron beam. Beyond 
tblfi blinder, at a distance determined by the operating voltage of the 
metrument, the anode is located. Its aperture, which is rarely made so 
narrow ae to limit the beam diameter, marks the entrance of the electron 
beam mto toe main body of the microscope. For practical reasons the 
anode and mAm body of the microscope are maintained at ground 
pot«^ial, whereas the pathode and grid or guard cylinder are connected 
to nege^ve termirnd ti toe high-voltage supply. 

The ^ diveigence of the beam leaving the anode are 

detemuned facto b j the position of the filament relative to toe guard 
effin^eror grid aperture and by toe pot^tial of the latter. They are 
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also influenced by the space charge in the neighborhood of the cathode. 
It might be pointed out that this space charge has the additional effect 
of reducing the consequences of the asymmetries of the cathode struc- 
ture, but, at the same time, lowers the effective intrinsic intensity di 
the source. 

Obviously, an exact analysis of the beam formation in this structure 
would be extremely complex. It is easy, however, to consider the 
situation qualitatively. For a flat cathode in the plane of the grid 
aperture, the latter being maintained at cathode potential, the focusing 
fields approximate those of an apertured accelerating electrode in front 
of a plane at cathode potential. If the diameter of the anode aperture 



a 



b 



•nd cut-off bias»^voit» 
c 


Fig. 4*4. Beam Current and Angular Concentration as Function of Cathode Posi- 
tion and Grid Voltage, (a) Beam Source, {b) Beam Current as Function of Grid 
Voltage, (c) Beam Current per Unit Solid Angle as Function of Grid Voltage. 
(Schwartz, Strttbig, and Paehr, reference 2.) 


is equal to its distance from the cathode, the principal rays appear to 
diverge from a point behind the cathode at about 2.4 times the (Stance 
between the anode aperture and the cathode (Fig. 13*24). This point 
represents the virtual crossover of the beam. As the cathode is (kawn 
back into the grid shell, the divergence of the principal rays passes over 
into convergence. The crossover then lies in front, rather than back, 
of the grid aperture. At the same time the current decreases because erf 
the reduced electrostatic field at the surface of the cathode and the 
correspondingly increasing effectiveness of the space-charge cloud in 
suppressing the emission of electrons. 

The effects of changing both the grid potential and the position of the 
cathode relative to the grid aperture are shown in Fig. 4*4 for the system 
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sketched at the left. This system, representing the beam source for a 
television projection tube,^ has properties fundamentally similar to 
those of an electron-microscope gun. The parameter in both sets of 
curves is the bias which must be applied to the grid to cut off the cathode 
emission completely, whereas the abscissas indicate the difference E 
between the actual grid voltage and this cut-off voltage. The first plot 
shows the total output current as function of E, the second the current 
per unit solid angle, which is the quantity of greatest importance in the 
electron microscope. It is seen that, although the total current in- 
creases indefinitely as the grid bias is made less negative, there is a 
definite^timum point for each position of the cathode (corresponding 
to the different cut-off voltages —37.5, —125, —330 volts) for the emis- 
sion per unit solid angle. Within the range considered, this optimum 
value increases as the filament is moved in the direction of the anode. 

The diameter of the effective electron source formed by the electron 
gun, that is, the crossover of the beam, is, according to Eq. 24, pro- 
portional to the square root of the ratio of the initial kinetic energy to 
the accet^ating potential. For particularly simple configurations and 
operating conditions the coefficient of proportionality can be determined. 
Thus, if the cathode may be regarded as flat and the anode is a disk 
with a small aperture a distance I in front of it, the radius of the (virtual) 


crossover becomes, by Eq. 12*315, Al 


Vr\^ 

•—1 , where eVr 


is the initial 


value of the kin^ic energy of the electrons associated with motion in a 
late^ direction.^ For a tungsten cathode the mean value of Vr is 
•3000/11,600 » 0.26 volt, 3(XK)®'A being the operating temperature of 
the cathode and 11,600® A the temperature for which the mean kinetic 
energy eVr is just 1 electron volt. By assuming that V = 50,000 
volts and I * 1 centimeter, it is found that the crossover diameter 
k abdUt 0.2 millimeter. In practice it may be either larger or smaller 
than value, depending both on the field strength at the surface of 
thf cathode and on the strength of the focusing field in front of it. 
Under the actual conditions of the electron microscope the surface field 
at 4^ vertex of the cathode filament is so strong that the diameter of the 
crbmver may be only about 0.02 .millimeter. 

A word fikould be added concerning the mechanical adjustment of 
the electron scnirce. It is essential that the axis of the beam should 


coincide^ exactly with the optic axis of the remaining lep^ of the 
mk^roeci^, Eos this rea^ it is desirable to provide means both for 
<Haplacing*the soupoe in a horiiontal plane, normal to the optic axis, 
^ ^jSaeS^warti, l^big, aadPaehr, i^erence^. 

' these ekeumstofiees thejeroseover lies a distance 31 behind the cathode. 



Sec. 4-S] 


THE CONDENSER LENS 


131 


and for pivoting the system about some point near the cathode aperture. 
The first displacement brings the effective source on the optic axis; the 
second tilts the beam about the source until it is properly aligned with 
the axis. 

4*3. The Condenser Lens. It is the fimction of the condenser lens 
to regulate the intensity and convergence of the electron pencils illu- 
minating the individual points of the object. In addition, it may serve 
the purpose of shifting from bright-field to dark-field illumination. 
These several functions can best be described by reference to the sche- 
matic diagrams in Fig. 4*5. In each case an effective source (crossover) 
0.05 millimeter in diameter is assumed to be located in a fixed position, 
close to the grid aperture. 




Fig. 4‘5. Effect of Condenser on Illumination, (a) No Condenser, (b) Condenser 
Imaging Source on Object, Large Condenser Aperture, (c) High Condenser Cur- 
rent, Large Condenser Aperture, (d) Condenses Imaging Source on Object, Nar- 
row Condenser Aperture, (e) Condenser with Ring Aperture for Dark Field. 
(/) Condenser and ^urce Shifted for Dark Field. 


The condition a represents an illuminating system without condenser. 
The aperture angle of the illuminating pencils is seen to be given by the 
ratio of the crossover radius to the separation d the crossover and tbs 
object; for example, for a separation of 10 centimeters the apertioe 
be^mes 2.5-l(r^ radian. This is quite adequately small for obtaining 
high-resolution images. However, without condenser, it is not posi^ble 
to attain a very high current concentration on the object. Even in the 
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most favoraUe case, namely, when the grid bias is adjusted to form the 
crossover on the object, the current density is small/ 

If a condenser lens of large free aperture is employed to image the 
crossover on the object (condition 5), the illuminated region of the 
object usually is of the same order as the area of the crossover. The 
corresponding beam divergence is large. This leads to high intensity 
wd, although resulting in images of limited resolution, lends itself well 
to visual observation. In addition, the relatively large angles of the 
im a gin g pencils make the image sharpness more sensitive to changes in 
the focal length of the objective, so that the determination of the correct 
focusing^ currents of the objective coil is simplified. The illumination 
is confined to a region of the object which is not too much larger than 
that observed at any one time so that little beam current is wasted in 
heating up the object support by bombarding regions outside that 
actusdly examined. The condenser aperture should be so dimensioned 
that the maximum intensity is attained consistent with no appreciable 
impairment of the image sharpness for visual observation and not too 
rapid destruction of the specimen. The physical aperture for achieving 
this is actually quite large. For example, even if the aperture of illum- 
ination is to be only 3- 10"”^ radian and if the distance between the con- 
denser lens and the object is 16 centimeters, the condenser aperture 
should be 1 millimeter in diameter. 

For optimum resolution in the photographic recording of an electron 
micrograph of the specimen after the objective has been focused, a 
smaller illuminating aperture is desirable. This may be attained either 
, by exchanging the condenser aperture for a smaller one (d) or, more 
conveniently, by either increasing or decreasing the coil current of the 
condenser lens. If the coil current is decreased, the condition o, cor- 
responding to the complete absence of the condenser, is reached in the 
limi^ tibe illuminating angle bdng given by the cone subtended by the 
crossover at a point the object. If it is increased, on the other hand, 
the angle of illumination is gjven eventually by the cone subtended by 
the reduced image of the crossover, formed by the condenser lens. 
IhuB smaller convergences can be attained than without any condenser 
leba. Figure 4<6 shows the variation of the intensity d illumination as 
weQ as d the cmivergenoe angle of the illuminating pencil at the center 
cf. the object with a change m the focal.length fc of the condenser. The 
latter is rdid»d to the coU current ie by 



^ lliisli due laalnbr to ike relative huge tise of this crossover. 


[ 44 ] 
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the constant k depending on the geometry of the pole pieces and on the 
number of turns in the coil. It is here assumed that the magnetic field 
intensities are too low to saturate the pole pieces, a condition normally 
fulfilled in the case of the condenser lens.® The value taken for the 



Fig. 4-6. Variation of Intensity and Aperture of Illumination with the Focal 
Length of the Condenser. 


crossover diameter is 0.05 millimeter, for the crossover-to-condenser 
distance, 16 centimeters, and for the condenser-to-object distance, 16 
centimeters. The value of the diameter Dc of the physical condenser 
aperture is indicated on the curves as a parameter. It is assumed 
throughout that the beam furnished by the electron gun has a uniform 
current distribution and a sufficient divergence to fill the condenser 
aperture. 

The arrangements of the condenser system shown in Fig. 4*5, e and/, 
serve to yield a dark-field image. The parts of the image field which 
are free from matter appear dark, since the ph3n3ical aperture of the 
objective is too narrow to permit the inclined direct pencils to participate 
in the image formation. In e this is accomplished by inserting an 
annular aperture in the condenser, the central stop being made so lar^ 
that the inclination of the illuminating rays passing through the clear 
part of the diaphragm is greater throughout than the aperture az^j^e 

^ In addition, the focal length of the condenser lens must be luge compared to 
the extent of its lens field if 4'1 is to apply. 
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acc^ted by the objective. Similar results could be attained by trans- 
lating a normal condenser aperture horizontally until its portion nearest 
the axis coincides in position with the rim of the central stop in e. A 
more intense illuminating beam can be obtained, however, by trans- 
lating both the condenser lens and the source until the beam strikes the 
object at t^e required inclination (f). 

As previously mentioned, the condenser lens differs in general from 
the objective and the projector lenses in having larger dimensions and 
simpler pole pieces. These are usually simply two cylinders separated 
by a nonmagnetic gap, forming part of the coil casing. This design is 
adequate since the focal lengths need not be so short as for the other 
lenses. The magnitude of the geometric aberrations as well as the 
constancy of the focal length of this lens are similarly of lesser impor- 
tance. Here, again, the necessity for alignment of the whole illuminating 
system with the objective makes it desirable to provide means for 
horizontally displacing the condenser together with the electron gun 
mounted above it. 



Fig. 47. El«otroii Microscope Objective (Schematic). (Ruska.) 


44. The Objective. As in the light microscope, the objective of the 
elec^rqiiVQicroscope is the most important element of the whole instru> 
ihent. Its properties determine, in particular, the ultimate limit of 
reeqlutkm which can be attained. 

like die c<mdenser wid the projector, the objective of a magnetic 
microscc^ is formed by an iron-encased coil with a suitable non- 
megn^ gmp. In the objective as well as in the projector, pole pieces 
of hi|^ p^meable mat^ial «re attached to this casing to Strict the 
effective gep to a very small region surrounding the dectron beam. 
An eady objective dei^ by Ruska^ is shown in Fig. 4*7. 
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The purpose of the casing and of the pole pieces is to increase the 
intensity of the magnetic field on the axis and to concentrate it on a 
small portion thereof, thus permitting the attainment of shorter focal 
lengths.^® If iron were infinitely permeable, the focal length of the. 
objective could be decreased'indefinitely by reducing the dimensions of 
the pole pieces, keeping the number of turns n in the coil and the current 
I flowing in it — in short, the number of ampere-turns nl — constant. 
As shown in section 14*2, the magnetic field corresponds in this case 
exactly to the electric field between electrodes of the shape of the pole 
pieces, between which a potential difference 4irn7/10 — the magneto- 
motive force — is applied. 

The above condition is approached closely for low values of the 
ampere-turns nl. The focal length of the magnetic lens is, in this case, 
very nearly equal to that of the field formed by a single circular loop 
of wire carrying a current of nl amperes and having a diameter equal to 
the clear diameter dp of the pole pieces.^^ This is illustrated by Fig. 4*8, 


Since the field integral along the axis depends only on the number of ampere- 
turns: 



~~ (7 in amperes) 


[4.2] 


the increase in field intensity is a direct consequence of the concentration. If the 
shape of the distribution remains unaltered the intensity must be inversely propor- 
tional, for a given number of ampere-turns, to the field length. As the focal length 
/ is given, for “ short ” magnetic lenses, according to Eq. 15-86 by 


1 0.022 , 

/ " V ^ 

the increase in the field resulting from its being concentrated into a narrow range, 
leaving J* ^ dz constant, causes an increase in the integral for l/f and a reduction 
in/. 

By Eq. 14*35 the axial field of a loop of radius a » d/2 is 

2imla^ 




10 (s* + 


and, hence, its focal length /« is given by (provided /« ^ a) 

1 0.022 Tjj, . 0.022 3T»n*/* 0.0206n*7* 

fo^ V J ^ “ F ‘ lOOd " dV 


It is thus possible to express the focal length of the iron-encased lens by 


/ 


48.4d,F 

n»/* 


•k 




where k « d/dp, d being the diameter of the equivalent simple loop, f^pfdying t^e 
»hort4en$ formula for the focal length. The factor k may be designated as ^e 
/orm factor of the lens. 
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hv Ruska from measurements on the objective ahowa in % 4- 
S length as calculated by the short-lens fonnula 4^ of a forma 

bya8ingleloopofequalcleardiametercarryii45Curre^^^ The^, 

apS for very small values of nl or large values of the fo^l lengthy 
The fact that the value of Ai increases as the pole-piece diameter i 
reduced may be ascribed to the simultaneous change in the shape of the 
pole pieces. In any case it is seen that the form factor k do^ not depart 
greatly from unity. The measurements were carried out with operating 
voltages of 40 to 60 kilovolts. 
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Fig. 4*8. The “ Form Factor ” k for Magnetic Lenses with Different 
Pole-Piece Diameters. (Ruska, reference 3.) 


Consider now the effect of increasing the current in the coil. If the 
permeability of the pole pieces and the casing did not change with the 
value the coil current (or the magnetomotive force), the focal length 
wotdd decrease continuously, though generally at a diminishing rate,^^ 
as illus^ted by 4<9. The abscissas are the ratio of the square of 
the m ax iVn u m magnetic held on the axis to the accelerating potential, 
wUch, in the absence of magnetic saturation, is directly proportional 
to tile square of the coil current, the ordinates, the values of the refrac- 
tive power, 1//, of the lens. , These values were calculated for cylindrical 
pole pieoes separated by a narrow gap. 

In piacttce tiie pameability of all known ferromagnet^ materials 


As the Itwal point (object position) comes to lie in the region beyond the field 
maadmum,^ local length continoee to decrease only if the rate of decline of the field 
along the lods is more raidd than exponential. For an exponentially decreasing field 
the foetilength remains constant in this region. 
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goes through a maximum with increasing fields as shown by Fig. 14-11. 
Thus, for extremely high fields, the iron becomes progressively less effec- 
tive in concentrating the magnetic lines of induction, and the maximum 
field strength on the axis presently ceases to increase with the coil 
current. Instead, the field distribution along the axis broadens. Under 



0 100 200 300 400 500 600 700 8Q0 9Q0 1000 1100 

V wM 


Fig. 4*9. B«fractive Power 1// and Object Position Zq of Simple Cylindrical Gap 
Lens as Function of Maximum Field Strength on Axis, Neglecting Saturation Effects. 

these circumstances the focal length of a lens for electron velocities high 
enough to cause the focal point to fall well outside the field distribution 
continues to decrease, though at a progressively less rapid rate. If, on 
the other hand, the focal point comes to lie within the field distribution, 
the broadening of the field distribution will cause an actual increase in 
the focal length as the coil current is increased above a certain value. 

Figure 4*10 shows this effect, for several voltages, for a lens with a 
clear pole-piece diameter of 5 millimeters and a pole-piece separation of 
4 millimeters.^® The abscissa h is the distance of the object from the 
center of symmetry of the lens, the distance of the image (screen) from 
the same point being maintained constant at 56.3 centimeters. The 

See Ruska. reference 3. 
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ordinates represent the image magnification and the coil current, respec- 
tively. The image distance being large compared to the object dis- 
tance, the focal length is given very nearly by the quotient of the image 



ObltctdlftMKacfii 


Fia. 4*10. Vaitoyon of Macpaification and Ck)il Current with Object Distance for 
Fbeed Image Diftimce. (Ruska, reference 3.) 


distance 00^3 centimeters and the magnification. It is seen that for 
highOT voKagee the maximum magnification is lees •— the minimum focal 
togtii greater ^ than !<»* lower voltages. This is a consequence of the 
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Fig. 41 1. Variation of Mini- 
mum Focal Length with Voltage. 
(Ruska, reference 3.) 


fact that a higher field strength is required to obtain the same focal 
length with the higher voltage, and the pole pieces are more fully satu- 
rated in the latter case. A plot of the min- 
imum focal length as function of voltage, 
from measurements on the same lens, is 
shown in Fig. 411. The same quantity, 
as a function of the pole-piece diameter 
dp, is plotted in Fig. 4- 12. The increased 
effect of saturation for smaller pole pieces 
is shown in the sharp rise of the ratio 
fmiJdp as dp is reduced to small values. 

The curves for the minimum focal length 
do not pass through the origin, but appear 
to approach a limiting value of /min equal 
to 2 or 3 millimeters as the pole-piece di- 
ameter is reduced indefinitely. Little weight should be attached to the 
value of this intercept, since it involves a somewhat uncertain extra- 
polation. 

It is clear that the same form factor k cannot be applied to the pole- 
piece lens when it is adjusted for its minimum focal length as when it is 
adjusted for long focal lengths. The curve k 2 in Fig. 4*8 shows Ruska^s 
determination (at 40 and 60 kilovolts, the curve representing mean 
values) of the form factor for the minimum focal length. This curve, in 
conjunction with Eq. 4-4, indicates the value of the coil current required 

to obtain the minimum focal length 
when this focal length can be esti- 
mated. 

Ruska^* found a ratio of 4/3 be- 
tween the pole-piece diameter and 
the pole-piece separation most 
favorable for attaining short focal 
lengths. For both smaller and 
larger separations the field distri- 
bution along the axis is flattened 
out to a greater degree. If the gap 
Ont diamttw of pole pieces dp. mm jg strength decreases 

Fig. 412. Variation of Minimum Fo- in it, and also on the axis, in in- 
cal Length with Clear Pole-Pie(5e Diam- >y0];>se proportion to the sepantion 
eter. (Ruaka, reference 3.) of the pole pieces. If it is small, the. 
leakage field of the gap contributes less and less to the axial fidd, so 
that, in the limit, the axial field approaches the distribution alcmg die 
See reference 3. 
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UO 

axis due to the coil in the absence of iron. It should be stressed that* 
Rudca's optimum ratio of 4/3 between the clear diameter and the pole- 
piece separation applies only in a very limited range. 

Some recent measurements^* 
have been carried out by Dosse 
on Siemens objective pole ^pieces 
of an early type (Fig. 4-13). His 
method is Ulustrated in Fig. 

4*14. The specimen cartridge 
is provided with a tubular pro- 
jection^rmitting it to explore 
the full length of the lens field. 


1 cm' 


Fig. 4«18i Profile of Pde Pieces 
of Objectiye Studied by Dosse. 



Fig. 4- 14. ^eseurement of the Focal 
Length of an Objective. (Dosse.) 


A dialf wii^ a fine aperture of known dimensions is mounted at the 
bottom of the projection and acts as object. With the projector pole 
pieces removed and the projector coil disconnected, the cartridge is 
displa^ until a sharp image of the object aperture is formed on the 
fiuoreSoent screen, a distance b from the center of the objective lens 
bttifig tested. The magnification M of the image, which is measured, is 
iecm to be given by (6 - /)//, so that the focal length/, in turn, is given 
byh/(Jf+l). 

The results of Dossers measurem^ts are collected in Fig. 4*15. They 
cover ibe ysiiatimi of the focal length with the number of af^re- turns 
in the Iw coil for four (Merent operating voltages ranging from 12.8 
to MTovdts. It is seen that, iot each operating voltage, a distinct 

^ Sec tloaee, xefemioe 4. 
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^iniTmiTTi is attained. In the range of voltages considered this minimum 
increases approximately in proportion to the square root of the operating 
voltage.^® 



Fig. 4*16. Variation of Focal Length with Number of Ampere-Tuma for Various 
Operating Voltages. (Dosse.) 


The significance of the dotted curve in Fig. 4*15, applying for an 
operating voltage of 12.8 kilovolts, may be explained with the aid of 
Fig. 4«16. Here electron rays are represented which, in the r^on 
beyond the objective, are parallel to the axis and a distance h from it. 
If the object is to be imaged sharply at a great distance from the lens, 
it must be placed at the intersections of these rays with the axis — ' the 
focal points of the lens. Furthermore, if the angle formed by theirays 

Measurements by v. Ardenne (reference 5) suggest that for voltages above 60 
kilovolts the Tninin nim focal length is more nearly proportional to the voltage than to 
the square root of the voltage. 
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with the axis at the point of intersection is Oo, the focal length of the 
objective lens will be, by definition, A/tan ao. Figure 4460 represents 
the normal condition, in which the focal point F is located somewhat to 
the left of the center of the lens. As the number of ampere-turns in the 
lens coil is increased, the focal point moves to the right. In Fig. 4466 
it lies just, at the center, so that the ray is parallel to the axis on both 
sides of the kns. For still greater exciting currents (Fig. 446c) the 
ray intmects the axis at two points, Fi and F 2 ; for these object positions 




Fio. 4*16. Ray Bal^ in the Field of a Magnetic 
Objective (Schematic). 

. f 

the foea|^n|ilths cf the lens become h/tBJX ai and h/tsjx a^, respectively. 
The toves in Fig. 4*15 i^te to the object position F or Fi, 

wfaei^ the dotted-line curve refers to the object position F 2 . The 
reaches a minimi^ for an exciting cuirent close to that 
Ihe condition shc^ in Fig. 4466. Beyond this point it 
wbereae ^ second focal length decreases from infinity 
wl^c^^cgkig to the flattening out of the field dis- 
ciirv% lies oonBidmd)l^ hi^ier th^ the minimum'^ the first 
Ided tegife Additional pc^ts Fa, Fi, * • ‘ and corresponding 
fycH Iciiilthir ttr^ as tiie oumnt in the lens coil is increased £md the 
i^^teiaeetiOQS of tiie imaging uys with the axis multiply. The normal 
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operating range is given by the declining portion of the full-line curves 
in Fig. 4-15. The region very near the minimum is unfavorable since 
here the portion of the objective lens field which lies between the object 
and the source causes the illuminating T&ys to converge on the specimen 
so as to make the aperture of illumination excessively large. 

The principle on which the pole pieces and the casing of the coil are 
designed is that the magnetic resistance offered to the flux by the iron 
part of the circuit is small compared with that offered by the gap.^^ 
At the same time, the cross-section area 
of the gap must be made large enough 
for the field on the axis in the center of 
the gap to attain the largest possible 
value. This has led to pole-piece designs 
of the general character shown in Fig. 

4*17.^® A relatively narrow channel 
through the pole pieces permits the pas- 
sage of the electron beam. The pole- 
piece tips are ground off flat to a diam- 
eter considerably greater than that of 
their free opening. In this manner satu- 
ration effects in the pole-piece tips are 
reduced to a minimum. In view of the 
large diameter of the casing and the low- 
er value of the magnetic induction Within Fig. 4-17. Typical Pole-Pieoe A«- 
it (resulting in a higher value of the per- semblyofaR^odernObjective orPro- 
meability ) its thickness need not be made 

very large, 5 millimeters being adequate for practically all purposes. If 
emphasis is to be placed on reduction in weight, disregarding all practical 
difficulties of production, the ideal materials for the casing and pole- 
piece base would be an alloy of extremely high permeability at moderate 
field strengths, such as Permalloy in Fig. 1441. The pole^iece tips, 
on the other hand, should be made of a substance maintaining high per- 

Mathematically this may be expressed by 



where dx is an element of length of the magnetic circuit, m the permeiibility, ^ tike 
cross-section area of the iron at any point, 8^ the effective cioss-seetioB BM (^Nlke |ip. 
iSm is here equal at any point to the product of the thickness of the irm and 2vlL 
R being the radial distance from the axis. The expression neglects lealaige flux. ^ 
Recent measurements have indicated that while the above |kieees are q(dlfce 
satisfactory for most practical ptuposes, they do not necessarily r^kiesent tike absp^ 
lute optimum. 
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meability even at large magnetic inductions, as represented by Permen- 
dur in the same figure. 

Figure 4*12 indicates the variation of the minimum focal length 
with the free pole-piece diameter for a particular lens type. It is found 
that, quite generally, the minimum focal length becomes smaller as 
the pole-piece opening is reduced. The least focal lengths attained with 
objectives of modem design at 50 kilovolts are of the order of 1 milli- 
meter, the corresponding pole-piece openings having diameters slightly 
smaller than this. To reach very much lower focal lengths with smaller 
pole-piece openings, it would be necessary to employ magnetic materials 
capable^f greater intensity of magnetization. If the diameters of the 
two pole-piece openings differ, as may be suggested by the necessity of 
accommodating the object cartridge in one of them, the larger of the two 
must be expected to play the more important part in determining the 
Tn ftvimiim field concentration. No great reduction in focal length can be 
expected from decreasing the size of just one of the pole-piece openings.^® 
Thus, a certain limitation in the focal lengths obtainable with the 
magnetic objective lens is imposed by the necessity of introducing the 
specimen into the field. Since the object mount cannot conveniently be 
rrfuced in size indefinitely, one of the pole pieces must either be given a 
sufficiently large clear diameter to permit the object to pass through it, 
or the possibility of placing the object at the point of the field correspond- 
ing to the minimum focal length must be sacrificed. Either procedure 
involves a restriction on the available refractive power over and above 
that imposed by the magnetic characteristics of the pole-piece material 
alone. For this reason the least focal length obtained with normal 
objectives is commonly two or three times as large as that reached with 
the projector, for wffich a similar limitation does not exist.®® The 
mtnimiim objective focal length, generally, lies in the range between 2 
and ,5 millimeters. The shortest objective focal length obtained so far, 
at ^70 Idlovoh^, is 0.9 millimeter.®^ This requires, however, object 
hoid^ ^ a special kind, which are considerably more difficult to handle 
tHu-w object holders. 

The<iuestion of lens coil design also merits some attention. The prob- 
bm m detennining the s^.pe of the coil cross section which will 

Uii|rtffili8hed meamirement^ by ,A. C. Schroeder (RCA Lalioratoriee) indicate 

Hie atitinnetio mean of the two diameters may be regarded as the ** effective 
diameter ^ eystem. The use of veiy smaD openings in one of the pole pieces is 
TinrifWIirsfiilc ss it mny bn nirpn^ndth inrmufffft the spherical aberratimi ofl^ objective. 

^ In th^idisenoe of leSbictions on the object position identical lenses will yield a 
d^Mler local Jength if used ae objectives than if used as projector lenses; 

aaeinelkih 4*9. 

Sae'von Ardemie, i^erenee 6. 
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lead to the maximum magnetomotive force (or maximum number of 
ampere-turns nl) and the least dissipation of energy. Let p be the 
resistivity in ohm-centimeters of the coil-wire material (normally 
copper), Rm the mean radius of the coil in centimeters, A the cross- 
section area of the coil in square centimeters, and 7 the voltage applied 
between its terminals. Then simple geometric considerations lead to the 
following formula for the number of ampere-turns: 


2vnRmP 


The power dissipation, similarly, becomes 


2Trn^RmP 


= ini? 


The last equation shows that the coil should be made as long and of as 
small inner diameter as possible. Once the outer diameter of the coil is 
large compared to the inner diameter, a further increase of the former 
does not alter the ratio Rm/A appreciably. On the other hand, the 
length of the coil enters the expression only through A, which is propor- 
tional to it; accordingly, the heat dissipation for a given magnetomotive 
force is inversely proportional to the coil length. 

Normally, the required number of ampere-turns n/, the resistivity p, 
the voltage of the available supply, and the inner diameter of the coil are 
prescribed, and the values of n, A, and Rm must be determined to yield 
the permitted power dissipation. Then Eq. 4*6 yields the ratio 

^ ^ 2h(Ro - Ri) 

Rm R>o + R>i 


where h is the length and Ro and Ri are the inner and outer diameters of 
the coil, respectively. For any permissible outer diameter Ro both the 
length h and the cross-section area A are thus given. Equation 4*5, 
on the other hand, leads to an expression for the resistance per unit 
length (F of the coil windings; 


pn ^ V 
A 2imIRm 


[4-5a] 


The number of turns n also follows from this last equation, aftqr ^ hod 
been established. The proper value of p is obtained by multiplying the 
resistivity of copper (1.7240”® ohm-centimeter) by the ratio of the total 
coil volume to that actually occupied by the copper of the windings. If 
the windings are staggered, the ratio of the total volume to that occn- 



146 


ELECTRON OPTICS OF HIOH MAGNIFICATION [Chap. 4 


pied by the windings becomes 2%/3 /t = 1.10. If an additional 10 per 
oent is allowed for the space occupied by the insulation, including the 
papw separators between windings, a suitable value for p becomes 
2.1»10“^ ohm-centimeter. 

Assume, for example, that a held of 10,000 gauss is required in a gap 
0.5 centimeter in length. If the magnetic resistance of the pole pieces 
and the casing as well as inhomogeneities of the field at the gap are 
neglected, a magnetomotive force of 47m7/10 = 5000 gauss-centi- 
meters or 4000 ampere-turns is required. If, now, 7 = 90 volts, A = 
50 square centimeters, Rm = b centimeters, and p = 2.1d0”® ohm-cen- 
timetePy Eq. 4*5 shows that 17,100 turns with a resistance per unit length 
of 0.000718 ohm per centimeter are needed. If B and S No. 23 wire, 
which has slightly smaller resistance per unit length and slightly greater 
diameter, is employed, the number of turns must be reduced to 15,900 
to be accommodated in the same space. The total resistance of the coil 
will now be 2v<rnRm = 353 ohms, the coil current 0.255 ampere, so that 
the total number of ampere-turns nl becomes 4050 and the energy dis- 
sipation in the coil, VI = 23 watts. 

So far no mention has been made of the aberrations of the objective. 
Measurements and calculations indicate that both spherical aberration 
(section 17.2) and chromatic aberration (section 17.6) — the only two 
lens defects which affect the sharpness of the central portion of the 
image and which are important for an electron-microscope objective — 
are very nearly identical for the different magnetic lenses employed at 
the present time, provided that the focal length and the clear diameter 
of the pole pieces are the same. If, for a given pole-piece assembly, the 
focal length is reduced, both the spherical and the chromatic aberra- 
tions decrease. The reduction in the spherical aberration, in particular, 
leads to a deci:ease in the least resolvable separation almost in propor- 
tion to the focal length (Fig. 17-7). Thus, if the magnification of the 
image is increased by increasing the coil current of the objective and 
disphtci^ the object correspondingly, the sharpness of the image is 
(bH^^^^tly decreased. Decreasing the pole-piece assembly to scale 
1 ^ as to reduce the focal length leads (if spherical aberration and dif- 
fiMwn are Ihe factors limiting the resolution) to an improvement in 
r^&tkm proportional to ^e fourth root of the scale factor if the pole 
pieeeB are unsaturated. In the region of saturation the resolution must, 
eventually, be expected .to dedine with decreasing pole-piece diameter, 
dnoe ^ reduction in focal Imigth lags behind the decreased the clear 
i^^Mrtore to aA increasihg degree. For a given pole-piece design the 
optiimim resdution fihopld be obtainable with very hi^ coil currents, 
of themlar of that giving the minimum focal length. * 



Sec. 4'5\ 


THE PROJECTOR 


147 


4*6. The Projector. It is the function of the projector to project on 
the screen or photographic plate a magnified image of the intermediate 
image formed by the objective. The general character of the lenses 
employed for this purpose is the same as that of the objective discussed 
in the preceding section. Its design is simplified slightly by the fact 
that no provision has to be made to accommodate the specimen holder. 

From this similarity of construction it follows that the aberrations of 
the projector are similar to those of the objective. Yet their effect on 


PrpiMtor 



a h 

Fig. 4-18. Imaging Pencils in the Objective (o) and the Projector (5). 


the image is entirely different. The reason for this becomes clear from 
a comparison of the ray paths in the objective and in the projector 
(Fig. 4'18). Distances and angles correspond to the case of two 4- 
millimeter focal-length lenses separated by 40 centimeters and forming 
a final image 5 centimeters in diameter with a total magnification of 
10,000, each lens contributing the same faetor 100 to the total. To 
represent the rays more clearly all radial distances have been multiplied 
by a factor 100 and 10, respectively, as compared to the axial distances. 
Only the portion of the object and the intermediate image, as well as 
the ray pencils, contributing to the formation of the final image are 
shown. It is seen that at the objective relatively wide-an^e pencils 
image an object area small compared to the lens area utilissed by the 
pencils, while at the projector very narrow pencils image an area of the 
intermediate image large compared to the lens area utilized by any one 
pencil. Thus the image defects resulting from the imperfections of the 
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objective are substanlially the same for all the object points imaged and 
equal, in particular, to those for the object point on the axis. The only 
d^ects which affect the imaging of this point are, as has already been 
mentioned, spherical aberration and chromatic aberration. These two 
produce an equal unsharpness throughout the, otherwise faithful, portion 
of i^e intermediate image utilized for the final image. 

At the projector, on the other hand, the aperture of the individual 
pencils is so small that the central point of the intermediate image is 
imaged, to all intents and purposes, without aberration. However, 
since the pencils imaging the marginal portions pass through the outer 
zonesLot the lens, they are affected by the lens defects. Whereas the 
aberrations of the objective determine, primarily, the sharpness of the 
center of the image, those of the projector may cause differences in 
sharpness between the axial and marginal portions thereof, as well as 
deviations from faithfulness in the reproduction of the image. Thus 
the outer pencils are brought to focus more rapidly (curvature of field) 
and asymmetrically (astigmatism), reducing the sharpness of the 
image.^^^ This effect, augmented by the corresponding aberrations of 
the objective lens, is generally too small to be significant. 

In addition, the principal rays of each pencil intersect the axis ahead 
of the paraxial focus of the lens, resulting in pincushion-shaped distor- 
tion,^ This second effect (supplemented by the rotational distortion 
characteristic of magnetic lenses) is the more important. If the pro- 
jector can be treated as a thin lens it becomes a direct consequence of its 
spherical aberration. If the distortion is measured by the ratio of the 
magnifications of the marginal portion and of the central portion of the 
image, it remains approximately constant (increasing slightly) as the 
projector magnification is increased, provided that the area of the inter- 
mediate image which is reproduced is held constant. However, if the 
area^ the final image is kept the same, the visible distortion increases 
rapidly as the projector magnification is reduced. 

It is hfnce advisable, if the observed images are to exhibit no more 
ihm a. prescribed amount of distortion, to provide an aperture above 
the projector, which limits the field. This aperture is usually cut into a 
fluorescent screen on which the intermediate image can be viewed. 
Hie value for the diameter of this ap^ure can readily be esti- 
mated if the projector is treats as a thin lens. If Sg (= MC/f) is 
the sphmical ab^ration coefficient of the lens and ilf is the ma^fication 
OQ, the axis, the increase in magnification for a point of the inrermediate 

See BocAUm 174. 

V P IBfes wetioii 17*8; altbough the di^iortion is normally of the pincushion type, it is 
4^ae0eMity so oidy the pmjeotor » a thin 
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image a distance r from the axis is given by assuming that the 

magnification M is large compared with unity. Hence the requirement 
that the increase in magnification in passing from the center to the edge 
of the image should not exceed 10 per cent leads to a field aperture 
radius r = (O.IM/Sg)^. With Sg/M = 3 diameter”^ (Fig. 17-5), r = 
0.18 clear pole-piece diameter. Thus the diameter of the field aperture 
should be about one-third of the clear diameter of the projector pole 
pieces. 

The effect of chromatic aberration, that is, of variations in the kinetic 
energies of the electrons forming the image, is to vary the magnification 
in inverse proportion to this kinetic energy. This causes a linearly in- 
creasing unsharpness of the final image from the center outward, to 
which projector and objective contribute equally. If the kinetic energy 
varies by 0.01 per cent, the unsharpness, due to this cause, at the margin 
of a 5-centimeter image becomes only 5 microns.^^ An additional effect 
of about the same magnitude arises from the variation in the rotation of 
the image with the kinetic energy of the imaging electrons. This 
unsharpness is less than half the axial chromatic defect due to the objec- 
tive (assuming a magnification of 10,000, an aperture of 3*10“^ radian, 
and a focal length of 0.4 centimeter) and can thus readily be neglected. 

A further interesting difference in the operation of the projector and 
the objective consists in the fact that the magnifying effect of the pro- 
jector is determined by the complete lens field, whereas that of the 
objective depends only on the portion of the field beyond the object. 
The field “ overlap” influences, in the case of the objective, only the 
conditions of illumination of the specimen. In the extreme case when 

Under the assumed conditions the ratio of the separation r' from the axis of a 
particular point in the image to the separation r of the conjugate point in the object 
(intermediate image) is given by 



Strictly speaking, the radial magnification at the margin is not given by r /r, but by 
dr'/dr, for which the deviation from Af is aSgr^ Thus the increase in the ooeraJl 
ntagniifxaU^ of 10 per cent, discussed above, corresponds to an increase of 30 per cait 
in the local radial magnification at the margin. It should \9c noted, furthermore, 
that, if the lens is thick and the object is near its center, the coeflScientt of distort!^ 
may deviate greatly from the value given. Here, in addition, the anisotropic dis- 
tortion, which vanishes for the very short lens, is likely to play an important rtde 
(see section 17*5). 

SB This figure, assumes thin-lens conditions. Foj the thick lenses nonnidly 

employed the unsharpness is, generally, less. See section 17*6. 
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the intermediate image falls in the center of a symmetrical projector lens 
(Fig. 4*166), that is, if the image-side and objectHside focal points coin- 
cide, the projector lens has no magnifying action whatever, although 
the same lens used as an objective with the specimen placed at its center 
might give a very large magnification.^® Thus the projector magnifica- 
tion ceases to increase with increasing number of ampere-turns in the 



m / ampert - turns ( V • 50 1w ) 

Fio. 4*19. Variation of Magnification with Coil Current for a Nonaaturating Mag- 
netic Lena XJaed aa Projector or Objective. 


Ugig coil even in the absence of pole-jnece saturation. This is illus- 
trated by Fig. 4*19. Here the variation of the magnification with the 
W ttmjw 'nf ampere-turns in the lens coil has been plotted for a lens 
formed by coas^ cylindrical pole pieces of equal diameter and infinite 
pertneMd>i&ty separated by a narrow gap (Fig. 17*3, System C) used 
eitheif as an objective or as a projector. The image distance has been 
aaenmed to be l(Mens diameters in either case. Although the objective 
nuignifioetioti is stiU rimstg at 4400 ampere-turns, the projector magnifi- 
ca^ni does* not increase ai^ireciably beyond 3000 ampere-i^lhis. Here 


^XJndCT these drcumstanoee the field abmations of the objective would be 
latge, so that, at least with the normal system of ilhirninatkm, the adjust- 
liiMiraeMhetmfav^ 
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Parallel beam of 


Fine mesh screen 


the focal length of the lens is approximately 0.35 diameter and the 
separation of the focal point from the center of the lens, 0.23 diameter. 

The focal properties of electron lenses employed as projectors can 
be examined conveniently with'the aid of the system shown in Fig. 4*20. 
The lens pole pieces to be tested are in- 
serted into the objective casing of an 
electron microscope from which the pro- 
jector unit has been removed. A fine- 
mesh screen of known mesh constant is 
placed above the lens, well outside the 
lens field, and is illuminated with a par- 
allel beam of electrons. The shadow pro- 
jection of the wire screen formed by the 
electrons on the fluorescent screen or 
photographic plate a distance b below 
the lens is measured out so as to yield 
the magnification factor M. The geom- 
etry of the figure indicates that M = 

■" /)//» so that, in turn, f - h/(M + 

1 ). 

This method of measurement has re- 
cently been applied in the study of the 
magnetic lens formed by the pole-piece 
system shown in Fig. 4-21. The shape 
of the lower pole piece was obtained in 
a search of a pole-piece design 3 delding 
the smallest minimum focal length for 
a fixed pole-piece separation of 0.236 
centimeter, the clear diameter of the 
opening of the pole pieces being 0.318 
centimeter. Both pole pieces were made 
of Armco iron. 

Figure 4-22 shows the results of meas- 
urements of the magnification of the 
magnetic lens formed by these pole 
pieces, varying both the spacing and the 
coil current. The operating voltage re- 
mained fixed at 47.5 kilovolts. It is seen that for moderate coil currents 
the pole-piece spacing L leading to the greatest magnification (shortest fo- 
cal length) is about one-third of the clear diameter. At high coil currents 
the magnification curve has secondary maxima at larger pde-pieoe iq[utc- 
ings. Thus, for a coil current of 180 milliamperes the most pronounced 



Fio. 4-20. Measurement of the 
Focal Length of a Projector. 
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secoDdary maTrimum is located at L — 0.236 centimeter. It should be 
noted that the greatest magnification attained in this series of meas- 
urements corresponds to a focal length of 1.67 millimeters, which is only 

about half as great as the clear di- 
ameter of the pole-piece openings. 

The more complex character of 
the curves for the higher coil currents 
must be attributed to magnetic 
saturation in the pole-piece tips. It 
was found that the magnetic-field 
distribution along the axis, for a 
particular coil current and pole-piece 
spacing, was fitted, within experi- 
mental error, by the formula 

H = — ^ I4.8] 

The focal length of this field distri- 
bution is directly proportional to the 
half-value width 2a if both the num- 
Projec- ampere-turns and the operat- 
• ing voltage are kept fixed.^^ Hence, 
if it is assumed that Eq. 4 8 repre- 
sents the axial field distribution throughout, the magnification curves in 
Fig. 4-22 can readily be translated into curves for the half-value width. 
This has been done in Fig. 4*23. It is seen that for coil currents up to 
120 milliamperes the half-value width increases only slightly with the 
exciting current. Here pole-piece saturation plays a minor role. For 
higher coil currents the width of the distribution increases more rapidly 
and, furthermore, becomes qmte sensitive to variations in pole-piece 
spacit^. The last effect may be ascribed to a variation in the distribu- 
tioii of th6 magnetization of the pole-piece tips. 

The mannft r in which the pole-piece shape here investigated was 
obtained suggests that the maximum of the refractive piower located at 
, L ^.236 cenlmeter is largely dq^dent on the exact shaping of the 
mntel surfaces of the pole pieces and the choice of the magnetic mate- 
iUi. This is confirmed by measurM^ts made on pole pieces with tips 
of Femendur (2 p^ cent yangilkim, 49 per cent cobalt, 4Qj^r c^t 
iron), both heat-treated and milfteated. The principal maximum of the 

£!q. 15,75 idth ib -* const.; Jb, for constant voltage, is proporttonal to oHo 
ahkh Is proportionid to the of amp«e-tums. 
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magnification located at approximately one-third of the clear diameter 
is obtained in all cases. At the same time, the shape of the magnifica- 
tion curves and the position of the secondary maxima vary greatly. 
The principal conclusion of this series of studies, which has embraced 



Fiq. 4*22. Variation of Magnification of Magnetic Lens Shown in Fig. 4*21 with 
Pole-Piece Spacing for Various Coil CurFents. 

pole pieces of different shape as well as of different composition, is that 
the effective half-value width of the field distribution is ciitioBdly d^ 
pendent on the diameter of the pole-piece opening and practksaily 
independent of the spacing. 
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If a large image field at low magnification is desired, a double pro- 
jector lens may be provided, as in Mahl’s electrostatic microscope 
(section 3*3). The preferable condition is here, also, to place the high- 
magnification (small pole-piece diameter) lens approximately at the 
focal point <rf the low-magnification (large pole-piece diameter) lens 



Fig. 4*23. Variation of Effective Half-Value Width of Field Distribution With 
Pole-Piece Spacing for the Magnetic Lens Shown in Fig. 4-21. 

above it, so that, the image field of the latter is not restricted by the 
fomm. This limits, it is true, the useful magnifications of the weak 
\em to a relatively narrow range. The flexibility of the high-magnifica- 
ticm lens is unaffected. A shift from one lens to the other may require 
slight rtfocusing d the objective if the attainment of high resolutions is 
dashed. 

More than two lenses, with intermediate images intervening, may 
be required ff very high magnification is to be combined with small 
Overall length of the microscope. Optically, the lenses bekgreen the 
first ak^ the last partake ^ tiie properties of both the objective and the 
* ^en hm, howerver, the objective will generally determine 
^ idtimate limits of perfonnenoe of the instrument. 
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4*6. Depth of Field. The very small angular aperture of the imaging 
pencils in the electron microscope results in a great depth of field. 
A sharp image is formed not only of the object structure lying exactly 
in the object plane, but also of that 
which lies some distance in front of 
and behind it. Let a (Fig. 4*24) 
be the aperture of the image-forming 
pencils leaving any one object point. 

It is seen that the pencils leaving 
a point a distance D/2 behind or in 
front of the object plane — that is, 
the plane optically conjugate to 
the plane containing the fluorescent 
screen or photographic plate — in- 
tersect the object plane in a disk of 
radius d, where d = (D/2) tan a. If, 
now, d is set equal to the maximum 
reduction in resolution due to imper- 
fect focusing which can be permitted, 

D becomes the depth of field or the 
axial extent of the object giving a 
sharp image: 


2d 

tan a 


m 



Fia. 4-24. The Depth of Field of an 
Electron-Microscope Objective. 


For a = 3*10”^ radian and d = 

30 A.U., D = 2*10“'* centimeter (2 
microns). Thus, with a magnifica- 
tion of 100,000 and an image diam- 
eter of 20 centimeters, the depth 
range of an object imaged sharply 
throughout may be equal to the diameter of the portion imaged. 
This stands in marked contrast to conditions in the high-magnification 
light microscope, where, with a having values as large as 70 degrees, 
the depth of field may actually be less than the least resolvable 
separation. 

Indirectly, the great depth of field reduces the stringency of the 
requirements on the stability of the voltage and the lens currents as 
wdl as the precision with which these quantities must be adjusted in 
focusing the image. Furthermore, it has the fortunate consequence 
that the quality of focus is, normally, unaffected by the current setting 
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ctf the projected*. The lens current of the projector may be varied 
arbitrarily to obtain a desired magnification without changing the sharp- 
ness of the image. Assume (Fig. 4*25) that the image has been focused 
sharply for the maximum magnification and that, subsequently, with- 
out altering either the current in the objective coil or the position of the 
object, the current in the projector is reduced so as to give a lower 



Fig. 4‘26. Independence of Focusing of the Projector Coil Current. 


magnification. Then the beam from the point of the intermediate 
image P, originally converging in P', intersects the plane of the final 
image in the circle of confusion AA\ Since the projector lens is in all 
cases positive, this is necessarily smaller than the circle PP' formed if 
no projector lens is present. If the aperture angle at the intermediate 
image is a' — a/Afi (Afi = magnification of objective) and the dis- 
tance between the projector and the final image is L 2 , 



wheite M 2 mmx ^ maximum magnification of the projector. Thus, 
fOT Lj = 40 centimeters, a = 3*10“* raefian, ilfi = 100, and M 2 > 1, 

PP' ^ 2*10”® centimeter 

is of the same order as the resolution of fine-grained emulsions. 
It lAouiki be noted that for low objective magnifications the dependence 
of the image sharpness on the projector magnification may become 
appreciable. 

4*7. Object Thldoiess and Jtesolution. In the initial sec^n of this 
dia^)er it was mentioiied that for the very thin specimens which pro- 
ifide the most favorable objects for electnm microscopy, the changes 
in wsiomiy eo^moioed by the dectrons in passing through the object 
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are generally of negligible effect. This is not the case for specimen 
thicknesses in the range of 1000 A.U. to 1 micron,^® where the limit of 
resolution, as determined by chromatic aberration alone, varies from 
50 A.U. up to the limit of resolution of the light microscope (about 1000 
A.U.) and, for dense materials, even beyond this value. If no physical 
limiting aperture is employed in the objective, the broadening of the 
angular distribution of the imaging pencils will give rise to a further 
loss of sharpness due to both spherical and chromatic aberration.^® 

The volume scattering of the electrons within the object is a further 
source of unsharpness which depends on the thickness of the object. 
Viewed from the objective, detail which does not lie near the surface 
closest to the objective appears clouded, like an object viewed through 
a plate of ground glass placed over it. The layer of matter between the 
interesting detail and the objective has an effect on the electrons similar 
to that produced by the irregularities of the ground glass on light. The 
resulting unsharpness is proportional to the 3/2 power of the thickness 
of the layer of matter intervening between the structure observed and 
the objective, as shown in section 19-6. 

Both the chromatic aberration due to velocity losses within the object 
and the diffuseness resulting from the volume gcattering of the electrons 
decrease with increasing applied voltage. The first is inversely pro- 
portional to the square of the voltage; the second, inversely proportional 
to the voltage itself. Figure 19*26 represents the change in the diameter 
of the circle of confusion due to both causes, with a change in the object 
thickness and for different voltages. For the usual operating voltages 
(about 50 kilovolts) and object thicknesses capable of leading to a 
satisfactory image the effect of chromatic aberration exceeds that of the 
volume scattering of the electrons. Only for very high voltages and 
thick specimens does the effect of volume scattering predominate. It 
is seen that the possibility of studying very thick specimens with the 
electron microscope is contingent on the application of very high accel- 


28 By Eq. 19-36o, 


AV 10“px 

— aj f- 

V 


40px 


for V « 50,000 volts, pz (p « density, z » thickness) is here the mass density of 
the object measured in g/cm*. Thus, for pz - KT® g/cm*, AV/V « 4‘l(r*. 
Accordingly, the diameter of the chromatic circle of diffusion for an object 1000 A.U. 
in thickness with unity density becomes, for an effective object aperture of 3*16~8 
radian and a focal length of 0.4 cm, 
aV 

•<*•/* SO A.U. 


28 See section 19*4. 
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erating voltages. An estimate of the resolutions that may be attainable 
under such conditions — taking account of the limitations of available 
electron-microscope objectives — is represented in Fig. 19*28. 

4 * 8 . Object Thickness and Contrast The fact that the recognition 
of detail in objects may be limited, under certain circumstances, by 
inadequate contrast was first emphasized by L. Marton.*® The eye 
cannot distinguish with certainty between two regions differing in 



Fio. i4*26. Mass Thidmesi Diff^^ces for 10 per Cent Differences in Intensity as 
Function of the Accelerating Voltage. 


biighth^ by less than a certain percentage. The latter, which varies 
from person to person as well as with the nature of the object, may 
aH^trarily be set at 10 per cent. Figure 4*26 shows a plot of the least 
difference in mass thickness that can be distinguished as a function of 
ihe aco^erating voltage. One curve applies to the case in which the 
objective aperture is adjusted for optimum resolution at each voltage 
wl^ the field is kept constant {J » 0.4 centimeter at ^S^ovolts). 
This lea^ distinguishaMe thickness difference depends on the overall 

rderenoe 7. 
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thickness of the object only for very thick specimens.^^ If the physical 
aperture of the objective is large, the contrast ceases to be a simple 
function of the mass thickness, but depends also on the sizes, contours-, 
and backgrounds of the objects, as is discussed in section 19*4. In 
general, the contrast will be found to be reduced by the employment of 
large apertures, particularly with relatively thick objects. 

An interesting question arising in this connection concerns the possi- 
bility of detecting the smallest fragments of matter, that is, individual 
atoms.®^ Since the size of the image does not change as the object 
becomes substantially smaller than the limit of resolution of the micro- 
scope, the object size, as well as its thickness and density, are reflected 
in the relative intensity of the image and its background. Thus defi- 
nite restrictions are placed by the limits of contrast recogmtion on the 
PTnalln ftas of the particle — or, in the case of an atom, on the smallness 
of the atomic number — which can still be detected. Under actual 
circumstances an estimate indicates that a particle, to 3 deld the desired 
contrast, would have to consist of, for example, at least 40 gold atoms, 
corresponding to a molecular weight of 8000.®* Limitations of a simi- 
lar character exist even when the particle is freely suspended in space 
and imaged by an aberration-free objective. .Considering the interfer- 
ence between the electron wave scattered by the atom with the unper- 
turbed wave in the image plane of the objective, Schiff shows that atoms 
must be heavier than the carbon atom to be detected. Only dark- 
field observation might permit the viewing or recording of the very 
light atoms, just as the light ultramicroscope reveals the presence of 
particles far below the limit of resolution of the light microscope. How- 
ever, the practical difficulties occasioned by the scattering of the elec- 
trons in the support which is essential to keep the atoms in a fixed 
position, augmented by the unfavorable intensity conditions in dark- 
field observation, make this road appear unpromising. 

4*9. Electrical and Magnetic Disturbances. The electrical and mag- 
netic disturbances which may affect the quality of the final image are of 
two types. On the one hand, fluctuations in the voltage and current 
supplies alter the optical constants of the microscope; on the' other, local 
electric and magnetic fields, unrelated to the lens and accelerating sysr 
terns, may affect the electron paths directly. 

The first, as has already been brought out in the discussion of the 
objective projector, cause several kinds of chromatic aberration. 
In the objective these result in unsharpness throughout the image; in 

See section 19-2. 

** See Hillier, reference 8, and Schiff, reference 9; see also section 19*8. 

” See section 19*8. 
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the projector, in an unsharpness increasing linearly from the center 
outward. An increase in the coil currents is identical in effect with a 
reduction in the accelerating voltage. Von Ardenne®^ has utilized this 
effect for constructing a manual stabilizer (for use with the scanning 
microscope) which simply allows maintenance of the proper relative 
strength of the voltage and of the coil currents. It is more convenient 
and safer,*® however, to stabilize the voltage and current sources indi- 
vidually as described in Chapter 7, the permissible fluctuations in the 
accelerating voltage and in the objective coil current being of the 
order of 0.01 per cent.*® 

The local disturbing fields which may affect the paths of the electrons 
originate either outside of or within the microscope. The effects of 
semiconducting or insulating contaminations within the instrument 
have already been mentioned in section 4*1. Care and cleanliness in 
assembling and operating the microscope as well as periodic cleaning 
of the critical parts, such as beam-limiting apertures, are the only 
remedy for these phenomena. The influence of external fields on the 
rays must be minimized, however, by shielding. The metallic con- 
struction of the microscope protects the interior adequately from 
external electrostatic fields. For magnetic fields, however, special 
provision must be made. Normally the entire ray path — at the very 
least the section between the objective and the projector lens — is sur- 
rounded by hollow cylinders of a material of high initial permeability, 
such as mu-^metal or Permalloy (Fig. 14-11). This reduces magnetic- 
field fluctuations within the microscope to values which are too small to 
impair the resolution of the instrument. 

As shown in section 16- lO, only the component of the magnetic field 
normal to the optic axis need be considered, the disturbing effects of the 
axial''component being small by comparison. The normal component of 
the magnetic field produces a deflection of the final image, which, for 
uniform fidd strength along the length of the beam, is proportional to 
this magnetio-field component and to the square of the distance between 
the object and the intermediate image. Furthermore, it is inversely 
proportional to the applied voltage. The relative sensitivity of the 
diffmat parts of the ray path to the magnetic field is shown in Fig. 4-27. 

6(|ual distances between the objective and the intermediate image 
and between the projector and the final image, the effect on the first part 
of tiie ray path is more than that on the second part by a factor equ^ to 

See reference 10. 

** In view of the different saturation properties of different lenses, resulting in vari- 
atioos in the rdation I » /(V) for which the focal length of the lens remains constant. 

^ See section 6-4. 



Sec, m ELECTRICAL AND MAGNETIC DISTURBANCES 


161 


the magnification of the projector. Again, the effect on the image of 
leaving the distance between the object and objective unshielded is 
smaller than that of leaving the distance between the objective and 
intermediate image unshielded by a factor equal to the reciprocal of the 
objective magnification — in reality, the coil casing and pole pieces act 
as an effective shield in the former region. 



Fia. 4*27. Variation of the Sensitivity to Disturbance by Magnetic Fields along 
the Optic Axis of the Electron Microscope. 


One source of magnetic-field disturbances is the fluctuation of the 
earth’s magnetic field as well as of fields induced by the earth’s field 
in ferromagnetic materials near the microscope. The fluctuation of 
the earth’s field in periods of the order of a minute will rarely exceed 
10“^ gauss. In the course of a day, it may attain a value as high 
as 7’10~^ gauss. In magnetic storms, a fluctuation of an amplitude of 
STO”® gauss has been observed.^^ A second source of magnetic dis- 
turbance, which is of great importance, is the 60-cycle leakage fields of 
near-by electrical machinery. Von Ardenne has measured a field strength 
of 6-10“^ gauss at a distance of 27 feet from a pair of 500- watt magnetic 
stabilizers. The effect of such leakage fields may be reduced by proper 
orientation of the machines and by increasing the distance between 
them and the microscope. In general, shields designed for static fields 
will be found to be even more ^eotive for alternating fields because of 
the generation of eddy currents within them. At radio frequencies the 
microscope body itself constitutes an effective shield for magnetic as 
well as for electric disturbances. 

See von Ardenne, reference 11, pp. 108-111. 
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CHAPTER 5 

THE MAGNETIC ELECTRON MICROSCOPE 


61. General Construction. In view of the fact that active research 
on the construction and improvement of magnetic electron microscopes 
has gone on continuously for well over a decade, it is not surprising that 
the instruments developed during this period differ in many details of 
construction even though they have in common all the basic elements 
described in the preceding chapter. Not all the designs have been 
equally successful. In particular, the earlier instruments tended to be 
uncertain in their results and difficult in adjustment. They demanded 
much skill on the part of the operator, so that their utility was confined 
to the laboratories of their origin. Only quite recently has it been 
possible to combine high performance with the compactness and simplic- 
ity of operation necessary in a successful commercial electron microscope. 
The extent to which this goal has been met in various modem micro- 
scopes together with their design features is the subject of this chapter. 
At the time of writing^ two microscopes have been on the market long 
enough to enable their respective merits to be judged. They are the 
RCA Electron Microscope and the Siemens Supermicroscope. Some 
laboratory instruments and some commercial instruments which have 
been introduced recently have special features which will also be con- 
sidered. 

The Siemens electron microscope^ is shown in Fig. 6»1. The micro- 
scope proper is a short column about three feet high mounted on a small 
table in front of a large stand containing pumping equipment a-nd a lifting 
device. The cathode of the instrument is enclosed in a large protective 
casing at the top of the column. The necessary controls and meters are 
mounted on the front of the supporting table. The high-voltage gener- 
ating equipment comprising a stabilizer, synchronous converter, high- 
voltage transformer, rectifier, and filter chain is set up in a separate room. 
This is essential here because of requirements of space and safety as well 
as to minimize the strength, at the instrument, of the low-frequency stray 
magnetic fields issuing from the electrical equipment. The lens coffs 
are sm a l l but require water cooling to compensate for the high power 

^ Written in 1044. 

* See V. Boiries and Eiuka, references 1 and 2. 
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dissipation. The coils, as well as the cathode filament, utilize storage 
batteries as their source of power. The filament battery is mounted on 
insulators within the high-voltage shield above the microscope. Control 
of .the filament current and the grid voltage from the operating position 
is made possible by the use of insulated knobs projecting through this 
shield. 



Fig. 5-U His fitemens Sflecstom Mforofloope. (v. Borries and Ruska, Ergelm. d. 
exak NiOmffisB., Vol. 19, pp 237-828, 1940. By penniasion of the Alien Property 
Oostodian in the public intereet under License No. A--563.) 

'Both the image and the intermediate image are observed through 

any one of three lar^ ports (for binocular viewing) in the final viewing 
pairs of prisms bring the intermediate image down to the 
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same viewing level as the final image. For the objective and projector 
pole pieces normally employed the magnification of the intermediate 
image ranges from 80 to 160 , that of the final image from 4000 to 40 , 000 . 
A focusing microscope with fourfold magnification is provided at one of 
the viewing ports. The pro- 
jection-lens pole pieces can be 
exchanged, making low-mag- 
nification survey pictures pos- 
sible, and the apertures in the 
instrument removed by using 
the lifting device incorporated 
in the rear stand. After let- 
ting air into the instrument, 
the handwheel shown at the 
left of the stand is actuated to 
lift the upper half of the micro- 
scope and to swing it sidewise, 
making the pole pieces of both 
the objective and the projector 
accessible. The illuminating 
system can be adjusted as a 
unit with respect to the rest of 
the microscope, whose elements 
remain in fixed relative posi- 
tion. The portion of the col- 
umn between the objective and 
the projector is shielded with 
mu-metal; the iron construc- 
tion of the microscope is 
deemed adequate magnetic 
screening for the remainder. 

Conveniently operated airlocks 
are provided for the insertion 
of both the object and the 
photographic plate. 

Ground grease joints are employed for transmitting motion to the 
inside of the vacuum chamber as well as at demountable junctions.. 
Other seals are made with the aid of rubber gaskets. The evacuation is 
taken care of by a gas-heated mercury diffusion pump, connected to the 
microscope throu^ a freezing-out trap and backed by a rotary oil pump. 

The RCA electron microscope^ also has been on the market for aev- 

* See Zworykin, HHIiw, and Vanoe, r^erence 3 and Hillier and Vance, Teferenee 4. 
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eral years. A view of the Type B model, in its entirety, is shown in 
Fig. 5-2. Figure 6-3 is a sectional diagram of the same microscope. 
An important feature of this instrument is the inclusion of all the elec- 
trical equipment in the one microscope unit. The high-vacuum oil 
diffusion pump is also included in the main unit, whereas the forepump 

and an auxiliary pump are placed 
in a separate soundproof housing 
to eliminate the difficulties arising 
from mechanical vibration. This 
compact arrangement is made pos- 
sible, for the most part, by the em- 
ployment of radio frequencies in 
the generation of the high voltage, 
which greatly reduces the bulk of 
the transforming and rectifying 
equipment and, simultaneously, 
simplifies the problem of stabili- 
zation. The use of radio frequen- 
cies also greatly aids in eliminating 
the disturbing effects of stray mag- 
netic fields from the high-voltage 
source. 

In the design of the Type B elec- 
tron microscope an attempt has 
been made to simplify the opera- 
tion and maintenance by avoiding 
,the use of elements requiring peri- 
odic attention. Thus the need for 
storage batteries is eliminated by 
deriving all the power required for 
the instrument from the regular 
alternating-current line voltage. 
Both the coU currents and the fila- 
ment current — in addition to the 
Fib. 6:3. The BCA Electron Micro- ^8^ voltage— aie obtained from 
ioope ^ Type B -- (Vertical Section), this source, dectronic stabilization 

being provided to maintain the 
required ccmstancy. The employment of an electrically heated oil 
^diffusion pump renders, a freezing-out trap unnecessary^ In order 
to duninat^ the need of servicing and the difficulties from internal 
surface contamination, ground grease seals are completely avoided, 
loirtead, vacuum seaJ^ at demountable joints are maintained by rubber 
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and neoprene gaskets compressed between metal flanges. The displace- 
ment of parts, such as the object, the plate holder, the filament, the 
shutter, etc., within the vacuum is accomplished by the use of flexible 
metal bellows. 

The dismounting and reassembly of the instrument are facilitated by 
its construction in a number of relatively short sections, each of which 
is seated on the preceding one, a neoprene gasket assuring a vacuum- 
tight junction. Where necessary, a special type of construction is used 
at these junctions, in which a metal-to-metal contact maintains rigidity 
and alignment and, in addition, 
minimizes the area of the sealing 
gasket which is exposed to the 
vacuum chamber (Fig. 54). 

All control knobs, switches, and 
meters are placed on a panel in 
front of the operator, so that the 
necessary manipulations can be 
carried out conveniently from the 
seated observing position. Six 
round ports in the viewing cham- 
ber permit binocular observation 
of the final image by a group of op- 
erators. Further observing ports 
enable the operator to use the in- Vacuum' Seal Employed be- 

termediate unage for centering the tween Sections of the RCA Electron Mi- 
illuminating beam and to observe croscope. 

the introduction of the specimen 

holder into the object stage. Easily manipulated airlocks speed the 
exchange of objects and photographic plates; provision is made for 
taking a number of pictures on a single 2- by 10-inch plate. A mu- 
metal shield consisting of three coaxial tubes protects the ray paths be- 
tween the objective and the projector from disturbing magnetic fields. 

The magnification obtained with ihe Type B electron microscope can 
be varied from 800 to 25,000. This variation is accomplished in two 
ranges, 800-3000 and 2000-25,000, corresponding to two possible posi- 
tions of the object. Since the photographic plates normally employed 
in electron microscopy allow a subsequent optical enlargement by a 
factor of 10, the upper limit is sufficient to reveal the finest detail fiiat 
can be resolved with the electron microscope, even if its resolving power 
should be made to exceed 10 A.U. 

The Universal Electron Microscope^ of von Ard^me is not a commeiv 

^ See von Ardenne, reference 5. 
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eial mstrument. However, it contains features that should be noted. 
It is shown, without the voltage supply, in Fig. 5*5. Source, condenser, 
objective, and projector are mounted in a column which, from the top of 
the bigh-voltage shield to the bottom of the camera, measures slightly 
over seven feet. The principal original feature of the instrument rests 



Ite. 6*6. The UnivOTeal Mectron Micro- 
of von Ardenne. (v. Ardenne, refer- 
ence 5.) 


in the possibility of removing 
laterally all the vital ele- 
ments, one by one, without 
dismantling the instrument 
as a whole: the condenser 
pole-piece unit with its ex- 
changeable aperture, the ob- 
jective pole-piece unit includ- 
ing the object stage, and the 
projector pole-piece unit. 
This facilitates exchanging 
the pole pieces and apertures, 
permitting even the replace- 
ment of the magnetic lenses 
by electrostatic lenses. Fur- 
thermore, the apertures can 
be centered and even ex- 
changed in vacuum. To 
niake all this possible, the 
pole pieces are offset verti- 
cally from the lens coils, 
which remain in the instru- 
ment when any of the several 
units are removed. In ad- 
dition to the usual ports for 
observing the intermediate 
and final images on ordinary 
fluorescent screens, light mi- 
croscopes are provided for 
observing the intermediate 
and final images on polished 
single crystals of activated 


sine sulfide. The system used for viewing the final image is located just 
bdow ^ projection lens so that the actual electronic magnification on 
the siueen is quite low and the intensity corresponcfingly high. The use 
of a kri^perture light microscope to view this image leaves its ap- 
pai^ brif^tndss unaltered even at considerable optical magnification. 
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Permalloy shielding surrounds practically the entire ray path from 
the anode aperture to the viewing chamber. A special, large-diameter, 
shield is provided for the region about the objective. It rolls along four 
vertical columns and can be brought into place after necessary adjust- 
ments have been made on the objective unit. Finally, adjustment 



Fig. 5'6. SmaU Electron Microscope (Experimental Model). (Courtesy 
J. Applied Phys.t reference 6.) 


screws on every unit make possible — in principle — perfect optical 
alignment. In view of the considerable height of the instrument and 
the very short focal length of the lenses (both objective and projector 
about one millimeter), direct magnifications up to about 500,000 can be 
achieved with this instrument — magnifications considerably in excess 
of the useful magnification even for a resolving power of 10 A.U.I 
It is not surprising that, in an instrument of such extreme adjustabil- 
ity, some degree of convenience of manipulation has been sacrificed. 
For instance, in place of the more usual object airlock, two greyed stop- 
cocks, placed one above and one below the objective unit, must be clos^ 
and the whole objective pole-piece unit removed in order to exchange the 
object. As in the Siemens instrument, greased vacuum joints, sources 
of frequent trouble, are employed at several other points as wdl. Hie 
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good lesults obtained with the Universal Electron Microscope must in 
part be ascribed to the great skill of the operator. 

The opposite tendency, namely, that of utmost simplification, both in 
construction and in operation, is represented by a compact electron 
microscope recently developed by the RCA Laboratories® (Figs. 5*6 
and 6*7). Instruments of this type may reasonably be expected to play 



Fiq. 5*7. Small Electron Microscope (Rear View, with Covers Removed). 
(Courtesy J. Applied Phys.j reference 6.) 


a major role in broadening the distribution and hence the utility of the 
dec^ron microscope. In the model shown the simplification is attained 
sac^cing resolution. However, both the operating voltage 
a^d theijmagnificatlon are kept at fixed values; the former is maintained 
at 30^^ kilovolts, the latter at either 600 (for survey pictures) or 5000. 
Since experience has shown that the majority of electron-microscopic 
ik^mtigations nxe carried out with fixed operating voltage and magnifi- 
eation, this does not, normally, represent a serious drawback. Further- 
more, if usual fine-grained photographic materials (with a resolution, 
lor exami^ of 100 lines per millimeter) are utilized, an eleotcon-optical 
magiiifieatkm of 5000 together with a li^t-opticai enlargement by a 
factor of 16 wiH reveal image deUul ^th a resolution of 20 A.U. Fudng 
imd HIlHer; refereDM 
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the magnification at a low value leads to the advantages of a short micro- 
scope column and of bright and large image fields. 

Unlike the larger instruments discussed here, this microscope is not 
arranged vertically. The shortness and rigidity of the microscope 
column permit its orientation to be selected simply on the basis of the 
convenience of the observer. It is thus placed, with its axis inclined at 
an angle of about 20 degrees to the horizontal, on a small-sized steno- 
graphic desk, so that the transmission-viewed screen is approximately 
normal to the line of sight of the seated observer. 



Fig. 6*8. Small Electron Microscope (Vertical Section, Experimental Model). 
(Courtesy J. Applied Phye., reference 6.) 


The interior arrangement of the microscope is evident from the sec- 
tional drawing in Fig. 5*8. It will be noted that, in place d a condenser 
lens, a focusing aperture with a variable bias potential serves to control 
the convergence and intensity of the illumination on the specimen; a 
shielding aperture screens the outer portions of the specimen support 
from bombardment and thus prevents overheating. The objective and 
projection lenses are formed by a single magnetic circuit, thus requiring 
only a single lens coil and power supply. The final image is fonn^ on a 
highly efficient fluorescent transmission screen or a photographic plate, 
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2 by 2 inches in size, which may be swung in front of it. It is clear that 
the image may also be photographed externally, at the expense of a 
greatly lengthened time of exposure and possible loss of detail. 

The vacuum within the instrument is created by a high-speed, single- 
stage diffusion pump backed by a rotary oil pump. No airlocks are 
provided since the time required for evacuating the complete microscope 
is only 1}<^ to 3 minutes, depending on the length of time it has been left 
open. 

The power supplies of the microscope, visible at the rear of the desk in 
Rg. 5*7, are constructed on the same general principles as those of the 
Type B electron microscope. Their complexity and space consumption 
are^lQwever, greatly reduced by the lower operating voltage, the smaller 



number of circuits, and the diminished 
demands on variability. 

Before proceeding with a more de- 
tailed description of the several parts 
of the electron microscopes discussed 
above, it is worthwhile to refer briefly 
to a number of other, largely earlier, 
magnetic electron microscopes which 
differ from those described in certain 
interesting details. 

The first high-magnification two- 
stage dectron microscope for the 
irtudy of specimens by transmitted 
dectrons was constructed by Ruska® 
in 1933. It was derived largely from 
the cold-cathode-ray oscillograph and 
is similar, except for two major differ- 
ences, to its successor, the latest 
Siemens microscope. The employ- 
ment of a cold-cathode gas-discharge 
tube as dectron source and the ab- 
sence of airlocks for exchanging the 
object and the plate constitute these 


Slady Magoetio Electro® differences (Fig. 6«9). A series of ob- 
Mloroee^. (Ruaka, retermoe 7.) jects could be placed in apertures 

drilled in a horizontal, eccentrically 
mount^ QOlF^hed. The oogwhed was rotated by a pinion, n^nipulated 
with tile aid of a greased jdtil, which brought the objects in succession in 
front of the objective. The final image, formed on a fluorescent screen, 
was photogn^died through a window. 


^ ^Sset^teeBcer, 
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In discussing the performance of this instrument Ruska pointed out 
the advisability of replacing the gas discharge tube by a steadier, hot- 
cathode, electron source.® He also recommended the use of an object 
airlock and the direct recording, of the electron image on a plate inserted 
into the vacuum. These latter improvements were incorporated in an 
electron microscope constructed at the University of Brussels by Mar- 
ton,^ who had the distinction of being the first to apply an instrument of 
this type to the examination of biological specimens. At a later date, an 
electron microscope differing in various details of construction from its 
predecessors was built in England by the Metropolitan-Vickers Electri- 
cal Company for Martin, Whelpton, and Parnum.® 

Meanwhile, Driest and H. 0. Muller,® working with Ruska^s instru- 
ment modified for internal photography, had demonstrated that the elec- 
tron microscope was, in fact, capable of a resolving power exceeding that 
of the best light microscope. Results obtained with more recent instru- 
ments removed all doubt regarding this matter. A highly successful 
microscope design, attractive in its simplicity, is represented in the disr 
grammatic cross section of the electron microscope constructed by 
Prebus and Hillier^® at Toronto (Fig. 5*10). Like the most modern 
designs, it possesses a hot cathode as source and magnetic shielding 
between the objective and the projector. Although no airlocks were 
provided originally, a plate airlock was added later. “ The vacuum 
junctions are largely greased joints. Provision is made for translating 
the several parts of the microscope relative to each other so as to make 
good alignment possible. A similar instrument, which has also yielded 
some fine micrographs, has been constructed by the Eastman Kodak 
Company. 

The microscope shown in section in Fig. 5*11 is an earlier construction 
developed at the RCA Laboratories. It deviates greatly in its mechan- 
ical construction from all other instruments, with the possible exception 
of Martin, Whelpton, and Parnum 's. Great stress is placed on rigidity. 
The whole optical system, including the coils sealed in copper cans, is 
mounted inside heavy, large-diameter brass cylinders. These are broken 
only by the object airlock and the viewing ports for the final image. A 
periscopic arrangement is provided for observing the intermediate image 
through the same ports. An interesting feature of this microscope con- 
sists in the introduction of the object, placed between two flat, apertured 
^ See reference 8. 

® See reference 9. 

* See reference 10, ► 

See reference 11. 

See Burton, Hillier, and Piebus, reference 12. 

See HaU and Schoen, reference 13. 

See Marton, Banca, and Bender, reference 14, and Marton, reference 16. 
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brass blades, into the region between the two pole pieces of the objective. 
The object film is thus mounted on a piece of wire mesh, which, within 
wide limits, may be arbitrary in size. Though it is capable of yielding 
pictures of high resolution, the great difficulty experienced in aligning 
and adjusting this instrument, as well as the relatively large amount of 
space which it occupies, render it unsuitable for general research 
purposes. 



Flo. 5‘12a. Magnetic Yoke Lens: External Appearance (Kinder and Pendsich, 
reference 16. By permission of the Alien Property Custodian in the public interest 
imder License No. A’-663.) 


A magnetic electron microscope which differs from those described so 
far primarily in the method of energizing its lenses is the yoke-lens micro- 
scope of Kinder and Pendzich.^^ In place of the usual axially symmet- 
ric arrangement of the lens coils, the latter are wound on the arms of a 
double yoke on either side of the pole pieces. The external appearance 
and a diagrammatic cross section of one of the lenses are shown in 
Fig. 5*12, a and b, respectively. The advantage of this arrangement lies 

See reference 16. 
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in the ease of both exchanging and cooling the coils. Difficulties arising 
irom the asymmetry of the relatively large stray fields of this type of lens 
are overcome by attaching soft-iron cylinders on either side of the pole 
pieces, which shield the region near the lens (Fig. 5*12a). It is also 
possible to replace the lens coils with permanent magnets with a mini- 
mum of effort. The focal lengths achieved with yoke lenses are of the 
same order as those obtained with the more conventional axially sym- 
metric lenses. 



Leakage Field Represented on One Side of Lens Unit Only. (Kinder and Pendzich, 
reference 16. By permission of the Alien Property Custodian in the public interest 
under License No. A-SOS.) 

Ah electron microscope which employs permanent-magnet lenses has 
idso been constructed by von Borries, Ruska, Krumm, and Miiller.^* 
Here the lens coils an ordinary Siemens microscope and their outer 
casing were i^laced by thirty-two parallel bar magnets. With this 
arrangement, slightly over one-third of the maximum refractive power 
attain^ with the coils was realized. Thus the focal lengtha«qf the objec- 
tive and the projector were 7.6 and 2.7 millimeters, respectively. Parti- 
cles with centers separated by 160 A.U. were found to be resolved. 

^^Seerelaenoe 17. 
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Focusing must here be accomplished by changing the beam voltage, by 
displacing the object relative to the objective, or by shunting the 
magnetic held. 

Satisfactory results with permanent-magnet excitation of the lenses 
have also been obtained with the small electron microscope already 
described.^® It is here an easy matter to replace the lens coil by a 
set of bar magnets. In this manner a total electron-optical magnifi- 
cation of 1500 is obtained. It should be noted that the simplification 
attained by rendering the power supply for the lens coil unnecessary is 
here compensated by the need of 
a new focusing control, requiring 
a variable high voltage, a pre- 
cision adjustment of the position 
of the specimen along the optic 
axis, or a mechanical means of 
varying the strength of the mag- 
netic field. For this reason per- 
manent-magnet excitation has 
not, to any extent, replaced cur- 
rent excitation of magnetic lenses 
in electron microscopes. 

5*2. The Electron Source. 

The purpose and the general ar- 
rangement of microscope electron 
sources have been outlined in the 
preceding chapter. Their con- 
struction varies, however, in the 
several instruments in a number 
of important details. 

A view of the complete beam- 
forming system of the Type B 
electron microscope is shown in 
Fig. 5- 13. Above the corona ring 
at the top of the gun are visible 
the connections of the filament 
and, at the center, the knurled 
nut which permits the raising and 
lowering of the filament within 
the highly polished cathode cyl- 
inder. The latter has a J4*inch 
aperture at the bottom. Below it is the concave copper anode cup with 
Sec Zworykin and Hillier, reference 6. 



Fio. 5*13. Beam-Forming System of 
Type B Electron Microaoope. 
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a aperture, whose support is provided with a set of large pump 

holes for accelerating the evacuation of the cathode region. Next to the 
cathode corona shield the adjustment screws for the two alignment 
blocks of the electron gun are visible. Below them a port makes 
possible the observation of the intensity distribution of the beam on an 
inclined apertured fluorescent screen. The assembly is terminated by 
the condehser>coil casing. 



, - 3 

Flo. 6-14. Cath9de Assembly of Type B Electron Micro- 
scope (Section). 

The, mounting of the filament in the cathode cylinder^t visible in 
greater detail in Fig. 5*14. It is seen how a rotation of the knurled head 
permits the a4iustment of the fllament mount, expanding or contracting 
the metal bdlows. The whole filament and cathdde assembly can be 
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withdrawn after the vacuum has been broken by loosening the set of 
screws at the top, which compress a neoprene gasket between two metal 
flanges. The bottom flange forms part of a brass ring sealed with picein 
to the glass insulator. The triangular tungsten filaments themselves 
are welded to sturdy metal stems mounted on mica disks and are inserted 
into the centering mount after the cathode cylinder has been slipped off. 

A second picein seal joins the glass insulating cylinder to the anode 
assembly and the beam direction adjustment block. A vacuum-tight 
connection between the latter and the condenser chamber is made by 
means of a second metal bellows. 

The underside of the beam direction adjustment block has a circular 
rim which rests on a spherical surface. The center of curvature of the 
latter coincides approximately with the tip of the cathode filament. 
The rim may be displaced along this surface with the aid of the upper set 
of adjustment screws visible in Fig. 5*13. This motion serves to orient 
the beam relative to the optic axis of the condenser without varying the 
position of the source. The spherical surface itself, in turn, forms part 
of the beam position adjustment block, which rests on the plane surface 
of the condenser coil chamber. With the aid of the second set of screws 
it may be translated horizontally, displacing the beam as a whole in any 
direction normal to the optic axis. The two sets of adjustment screws 
thus permit a complete alignment, in both position and direction, of the 
beam relative to the condenser. A further set of screws is provided for 
the horizontal displacement of the condenser, together with the gun 
structure mounted above it, relative to the object and the objective. 

The von Ardenne and Siemens instruments similarly employ easily 
exchanged hairpin cathodes, which, here, are precentered in porcelain 
plugs. The arrangement of the sources, however, differs from that of the 
Type B microscope in several details. Thus, in place of providing a pos- 
sibility of adjusting the height of the filament in the cathode cylinder, the 
cathode cylinder is given a variable negative bias. The vacuum seals, 
as previously mentioned, are largely greased joints. Furthermore, the 
adjustments for aligning the beam deviate materially in the two instru- 
ments. In the von Ardenne microscope tilting and horizontal displace- 
ment are provided for both the gun and the condenser coil. The tilting, 
however, is accomplished simply by the motion of vertical screws acting 
against atmospheric pressure compressing rubber rings placed between 
successive sections of the microscope. It is thus accompanied by a 
simultaneous horizontal displacement of the source, increasing the 
culty of alignment. In the Siemens instrument, on the other hand, the 
cathode system and the condenser form a rigid unit, as shown in Pig. 545. 
A large measure of reliance is placed on the ^tact precentering d the 
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cathodes in their mounts and on the maintenance of their original posi- 
tion during operation. Both horizontal displacement and tilt are pro- 
vided for the complete gun-condenser unit. The center of the tilt rota- 
tion is placed at the object instead of at the source. This arrangement 



Fie. 5tl5.^ Beam-Formiiig System of SiemexiB Eleetron Microecope <Section). (v. 
Bmxies and Ruska, Ergdm. d. excdU. Natunnss.f Vol. 19, pp. 237-^, 1940. By 
pdnnMon of the Alien Property Custodian in the public interest under License 

No;A-663.) 


is advantageous prhnarily for passing from bright field to dark field, this 
fequirhig merely a displacement of the upper (tilt-adjustment) screws. 
Aa seen in the figure, arubber collar, clamped at both ends between metal 
rmgBi mnintaha the vacuum-tight connection between the gun-con- 
doniar umt and ihe remainder of the microscope. 
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In the small electron microscope the cathode structure consists of 
a small removable capsule which includes the focusing aperture and 
an adjustable filament support for the hairpin filament (Fig. 546). 
When a new filament is inserted, it is first centered visually with respect 



Fiq. 5*16. Experimental Cathode Assembly of Small Electron Microscope. 

(Courtesy J. Applied Phya.f reference 6.) 

to the focusing aperture, then placed in the microscope and heated in 
vaicuum to the normal operating temperature, and finally removed and 
recentered. The resulting position of the filament is normally main- 
tained throughout the rest of its life. A slight amount of tilting adjust- 
ment is provided to perfect the alignment of the illumination with the 
optic axis of the instrument. The intensity and convergence of illumi- 
nation are controlled by a variable potential of 0 to —75 volts placed 
on the focusing aperture. This brings the virtual image of the source 
to a pomt close to the cathode assembly, leading to an angular aperture 
of illumination at the specimen between ICT® and 10"^ radian. Since, 
in the absence of a condenser lens, the beam cross section at the speci- 
men is relatively wide (about one millimeter) even imder the condition 
of maximum beam concentration, a shielding aperture (Fig. 5*8) is pro- 
vided which restricts the illumination to an area only slightly greater 
than that which can be observed with the microscope at any one time. 
Without this precaution the energy absorbed by the wires supporting 
the specimen may be great enough to cause the overheating, and hence 
the destruction of the specimen. 

5-3. The Condenser, Objective, and Projector Lenses. The magnetio 
electron microscope usually contains three magnetic lenses. The 
gen^ arrangement of those in the Type B elecison microscope is 
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evid^t from Fig. 5-3. In view of the weaker fields required, the con- 
denser lens is not equipped with pole pieces and is provided with a 
smaller coil than the two other lenses. It is located approximately half- 
way between the source and the object, so that, when adjusted to give 
maximum intensity of illumination, it forms an image of the source with 



Fig.« 6- 17. Objective Pole Pieces and Aperture Insert 
(Type B Electron Microscope). 


unity magnification on the object. The objective and projector coils 
are seen to be made relatively long and of small inner diameter, result- 
ing in very low power loss. Provision is made for the insertion of limit- 
ing apertures in both the condenser and the objective. Centering screws 
for the latoal displacement of the objective and the structure above it 
are provided to make possible alignment with respect to the projector 
c^. 

The pole pieces have the general character of those shown in Fig. 4*17. 
They fmm a single cylindrical plug, which fits exactly into the pole-piece 
^ipportr Figure 6*17 shows a typical pair of objective pole pieces 
together with the aperture system, which screws into the bottom pole 
piece. The whole unit may be lifted out of the support and out of the 
microi^pe through the object chamber by means of speci^CPtongs grip- 
pttfcg tbeeireolar ^oove near the top the upper pole piece, the object 
ahi!^ Imvi^ been removed beforehand. The aperture 

syiton eonabts of a long, nairow brass tube suspended by means of a 
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brass diaphragm in a wider brass tube. At the top of the narrow brass 
tube is a cap, which holds the aperture in place. The aperture itself 
consists of a hole, normally about Kooo inch in diameter, drilled into a 
small disk of sheet copper. Four centering screws at the bottom of the 
wide tube displace the aperture laterally by tilting the narrow tube rela- 
tive to the supporting diaphragm. The centering of the aperture in the 
pole pieces is verified by rotating the pole pieces, whose outer surface is 
machined with as great precision as its inner surfaces, in a V-block, 
observing the aperture with a light microscope. The centering screws 
are then adjusted until the aperture appears to remain stationary during 
the rotation. For many electron-microscopic investigations — particu- 
larly such as are concerned with relatively thin specimens — the use of 
an objective aperture is superfluous. In such cases the omission of the 
aperture system is advantageous, since contamination of the objective 
aperture, with consequent charging effects, is one of the commonest 
sources of defective images. 

Inasmuch as precise focusing of the objective is essential for the 
obtaining of good images, three control ranges are provided for the 
objective current, a coarse adjustment of 10 positions, a fine adjustment 
of 21 positions, and a continuous vernier adjustment. Normally the 
magnification produced by the objective alone is 100, corresponding to a 
focal length of 4 millimeters. With the specimen placed at the higher 
of the two possible positions, suitable for obtaining survey pictures, the 
objective magnification is about a third of this. The projector magmfi- 
cation can be varied from 25 to 250 (focal lengths from 16 to 1.6 milli- 
meters) in 20 steps. A continuous control is provided for the condenser 
coil current. Any one of the three coil currents, furthermore, may be 
read on a meter installed for this purpose. 

In general character, the lenses of the Siemens and von Ardenne mstru- 
ments are similar to those of the Type B electron microscope. In the 
Siemens instrument both the focal lengths (down to 2 millimeters and 
1.1 millimeters for the objective and the projector, respectively) and 
the image distances (32.5 and 26.5 centimeters) are shorter and yield 
slightly higher total magnification. If survey pictures of a magnificar 
tion of the order of 1000 are desired, the upper part of the microscope 
must be swung aside and the pole pieces of the projector removed. 

In von Ardenne’s electron microscope short focal lengths are com- 
bined with long image distances, leading to very high magnifications, as 
mentioned in the initial section. The most interesting feature, however, 
is the mechanical arrangement of the pole^piece units and the adjustable 
apertures. Figure 548 shows the complete objective pole-pieoe unit 
removed from the microscope. At the left are seen the pok pieces prq}er 
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with one of the three pushers serving to displace the object within the 
upper pole piece. The major part of the remainder of the assembly is 
covered by the clamping ring, which compresses a rubber gasket between 



Fia. 5- 18. Objective Unit of von Ardenne’s Universal Electron Microscope. 

(v. Ardenne, reference 5.) 

the pole-piece unit and a flange of the microscope body so as to secure a 
vacuum-tight fit. At the extreme right a micrometer head is visible, 
which is used to displace radially between the pole pieces a tongue bear- 
ing a succession of fine apertures. In addition, one of the two bolts for 
lateral centering of the aperture tongue may be seen at the left of the 



Fig. 5*19. Experimental System of Small Electron Microscope (Section). 


micrometer head. A metal bellows pennits the displacement of the 
aperture tongue without breaking the vacuum. Both the condenser 
and the projector units are similar to the objective unit, each having ah 
adjufitid^ i^)«rture system. ^ 

A det^fled dias^am of the objective and projector 1^ system of the 
d^tron microscope is shown in Elg. 5*19. With the fluores- 
e(pi| entire pole-jnece system of the two lenses 
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may be slipped out of its support after a few counterclockwise turns 
of the head at the left. With comparable ease, the pole-piece insert 
of the projection lens may be removed. With this insert in place the 
system has a magnification o£ 5000; without it, one of approximately 
500. Since all the parts of the two lens systems fit into a single accu- 
rately machined unit, adjustments for the alignment of the two lenses 
become quite superfluous. 
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of the specimen with a minimum loss of time between successive obser- 
vations of different specimens; on the other hand, it must make possible 
the controlled lateral displacement of the object during observation. In 
instruments having large volumes the use of an airlock becomes neces- 
sary if the first requirement is to be satisfied. 

Many ingenious solutions have been evolved for accomplishing both 
purposes with the greatest ease and certainty. The specimen chamber 
mechanism of the Type B electron microscope is shown in Fig. 5*20, A 
and B. In Fig. b-20A the airlock is open and the slide of the object 

cartridge (Fig. 5*21) has been in- 
serted with a pair of forceps 
through the open door into the 
cartridge support. The airlock 
control at the left has been screwed 
in until the flange connected to the 
metal bellows has made vacuum- 
tight contact with the rim of the 
brass cylinder forming the outer 
portion of the specimen chamber. 
Thus the specimen chamber is 
sealed off from the rest of the mi- 
croscope. After the insertion of 
the specimen cartridge the door is 
closed. A rotation of the door 
clamp through a 180-degree angle 
shuts off the connection to the 
outer atmbsphere and clamps the 

Ro. 6.21. Specimen Cartridge, Sped- A further rotation, through 

men Disk, and Cap (Type B Electron Mi- degrees, connects the chamber 
croBcope). to the auxiliary pump, resulting in 

^ its speedy evacuation. After the 

door clamp has been turned back 90 degrees into its neutral position, 
whero^both the auxiliary pump and the air connections are sealed, the 
airlock contrd is turned counterclockwise, opening the inner gate and, 
hy means of the indicated system of levers, dropping the specimen car- 
tridge into the object stage (Fig.> b>20B). The microscope is now ready 
for observation. Depending on the position in the cartridge of the car- 
tridge cap with the object support (Fig. images of high or of low 
maga^catdon are obti^ed. ^ 

The s^e itself rests on three ball bearings on the upper surface of the 
eiblective coil casing. It is displaced in two mutually perpendicular 
by a pair of screws acting against springs parallel to the screw 
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motion, as shown in Fig. 5*22. Figure 5*23 gives a full view of the 
object chamber assembly. 

The airlock of the Siemens instrument, which differs greatly from that 
just described, is shown in Fig.* 5*24, a and h. The cartridge, with the 




Fig. 6-226. Object Stage of the Type B Electron Microscope: 
Vertical Section. 


specimen mounted on a diaphragm at the narrow end, is inserted in the 
bore of a stopcock whose axis is at right angles to the axis of the instru- 
ment. Then the stopcock is rotated, so that the . bore is aligned with ■ 
the beam, the small volume of air within the bore diffusing into the 
wnaainder of the microscope. Finally, a pinion causes a plunger to 
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push the cartridge down toward the objective, until a flange on the 
object holder comes to rest on the upper pole piece, being pushed against 
it by a spring in the interior of the cartridge. The object motion is pro- 
duced by two right-angle levers actuated by vertical columns and op- 
posed by a pair of springs, the whole section of the ‘microscope above the 



Fig. 5-23. Specimen Chamber and Objective Unit of the Type B Electron Mi- 
croscope. 

object coil being displaced. This is practicable here, since the object area 
^Ch can be explored is much smaller than in the Type B microscope. 
Tlie object supports employed in both the Siemens and the von Ardenne 
Eoicroscopes are with apertures 0.05 to 0.1 millimeter in diameter, 
in the Type B instrument the area of object supporting screen 
whidi can be examined is approximately one millimeter in diameter. 
The direct pressure contact introduced by von Ardenne between the 
object mount and the pole pieces is intended to minimize the effect of 
meehlmc^ shook on the image. ^ 

As moationed b^ore, von Ardenne^s election microscope does not 
tore a true object sdrlock. The whole objective unit is removed after 
pOftito of the mioroscojipe cdumn occupied by it has been sealed off 
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from the remainder of the microscope by two stopcocks. The object 
mount is pressed by a spring against a plane pole-piece surface (Fig. 
5*25) . For the displacement of the specimen, it is pushed in any one of 
three directions differing by 12Q degrees, the pushing rod being retracted 



Fig. 5*24. Object Airlock of the Siemens Electron Microscope (Section): (a) In- 
sertion of Specimen Cartridge; (6) Specimen in Place for Observation, (v. Borries 
and Ruska, Ergehn. d. exakt. Naturwisa.f Vol. 19, pp. 237-322, 1940. By permission 
of the Alien Property Custodian in the public interest under Ldcense No. A-563.) 


after every operation. By this method von Ardenne seeks to exclude 
any possibility of motion of the object relative to the objective during 
exposure; for example, due to the thermal expansion of the displacing 
mechanism. This precaution may be significant in the long exposures 



Fig. 6*26. Object Displacement Mechanism, (v. Ardenne, referehoe 5.) 


required by dark-field pictures with the very high direct magnifications 
of which only the von Ardenne instrument is capable. 

In the small dectron microscope shown in Fig. 5^ tiie complete 
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object stage, including the object mount, is removed from the side of 
the instrument whenever the specimen is to be exchanged (Fig. 5-26). 
The stage proper consists of a movable plate mounted on ball bearings 
to permit motion normal to the axis of the instrument. The motion is 



Fio. 5'26. Experimental Object Stage of the Small Electron Microscope. 

(Courtesy J. Applied Phys.j reference 6.) 

controlled by two adjustment screws threaded into the body of the speci- 
men stage; which work against a helical spring under tension placed 
between them. The vacuum is maintained by seals of the packing 
gla^ type, 'Hie specimen rests on a tubular projection on the plate 
and is^secured by a cap. A specimen area approximately 2.5 milli- 
meters^ cUameter may be explored with this microscope. 

|[*C« Plate Chamber. The plate chamber also has a number of func- 
tions to perform. First of all, it should permit the insertion of photo- 
graphk i^tes into the microscope without unduly delaying operations. 
Second; {provision must b^ mack for removing the cover of the plate 
hdder after it hae been inserted into the microscope, so that the exchange 
of plates can take place In a lighted room. Finally, a shutekr has to be 
px0nde4 tot exposing tl^ plate after it has been brought into place 
and aft^ the interesting portion of the object has been selected and 
focahNod* . 
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The plate-chamber mechanism of the Type B electron microscope is 
shown in Figs. 3-27 A and B in section; Fig. 5*28 is a photograph of the 
complete assembly. In the first figure (5-27A) the plate carriage has 
been racked all the way to the- left by means of the pinion actuated by 



Fig. 6-27. Plate Chamber Mechanism of the Type B Electron Microscope 
(Section): {A) Plate Being Inserted; (B) Plate Being Exposed. 


the graduated head in front of the table in Fig. 5-2. The closed plate 
holder has been partly withdrawn from the plate chamber through the 
open door. The inner gate, between the microscope interior and the 
plate chamber, has been sealed by a metal door provided with a rubber 
gasket. The door is pushed against the gate by a counterclockwise 
rotation of the airlock crank. A metal bellows seals the plate chamber 
against the outside air. 

After inserting a holder with a fresh plate, the door is closed and the 
door clamp rotated through 270 degrees, causing the chamber to be 
evacuated by the auxiliary pump. In about a minute, the door clamp 
may be rotated backwards through 90 degrees into the neutral posi- 
tion and the airlock crank turned clockwise, op^ng the inner gate. 
During this the shutter, whose upper surface is coated with fiuo** 
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reseat material and serves as viewing screen, will normally be closed. 
The graduated head at the left of the table is now rotated clockwise, 
moving the plate into position under the shutter, the plate cover be- 
ing held back by a stop. Each graduation on the head corresponds to 



Fro. 5*28. Plate Chambw of the *iype B Klectron Microscope. 


a displacement of the plate by liich. The opening of the inner gate, 
acting as frame, is 3 by 2 inches. Thus three pictures of this size can 
be obtained on a single plate by rotating the head by six graduations 
betwe^ successive exposures. The exposure itself is made by raising 
thh screen, accompUfidied by rotating the screen control head (Fig. 5*29) 
whdAiretmets a boat rod engaging a bar attached to the screen. Here, 
connection is maintained by a metal bellows. A 
Ifiapi^ent, abo visible in Fig. 5-29| serves to adjust a mask determin- 
Mtgiibe pictime width. This ma s k consbte of a frame who(^ inclination 
be varied, the pmtion of the beam which is transmitted depending 
on, of inclinaticm. < The use of this mask in conjunction with 

iim gfaduhted plate displapement p^mits the taking of ei^teen >^inch 
pbtoes^ nine l-indi pictures, or five 2-inch jnetures, etc., on the 
plate^ ^ V 

The principie ci the plate lock is shown^n Fig. 5*30. At the 

top, lie hnw gate plate (yMcsh is abo coated with fluorescent material, 
as a second viewuig screen) b puriied up against the^ openkig 
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into the microscope by means of an eccentric cam and the plate ( 23 ^ by 
3H inches) is introduced through an open door. In the central figure 
the outer door has been closed and the plate chamber has been exhausted 
by the forepump. As a result, the inner gate plate drops down on the 



Fig, 5-29. Viewing Chamber of the Type B Electron Microscope (Section). 


plate holder and engages a projection in its cover as the cam is turned 
back. Finally, after the shutter, acting at the same time as a fluorescent 
screen, has been closed, a pinion engaging the rack of the inner gate plate 
moves it, together with the cover, to the right. Now the plate is ready 
for exposure. Ajs in the Type B electron microscope, as many operations 
as possible have been interconnected in this plate airlock, so as to sim- 
plify the procedure. Ground joints are employed in place of metal bel- 
lows for communicating external manipulations to the evacuated plate 
chamber. It is obvious that the arrangement here described does not 
lend itself to the taking of a series of pictures on the same plate. 

The plate lock of the von Ardenne microscc^ is identical in principle 
with ^t of the Siemens instrument, with the distinction that the plate 
covet k retained in fixed position and the open plate hdder, togeihi» 
with the mner gate plate, translated horiwmtally. Ihis makea it 
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poEBiMe to take four pictures (approximately by 1% inches in size) 
on a pair of by 2jf^inch Schumann plates placed side by side in the 
plate holder. No attempt has been made to simplify the manipulation 
by the c<Mnbination of different operations as in the two previously 
described plate chambers. 



Bte. Plate Look of the Siemens Electron Microscope (Section), (v. Borries 
Ergebn. d. exakt. NaturwUs., Vol. 19, pp. 237-322, 1940. By permission 
ai ^ Alien Property Custodian in the public interest under License No. A-663.) 

In smidl electron n^roscope, the plate holder, containing one 
21(7 24nch plate, is introduced into the bottom of the viewing chamber 
ftiougli ailoor bebw the fluorescent screen (Fig. 5*6). counter- 
ofedcwise JotaUon of a knob' on the right of the door rais^ the plate 
hsUst to a portion in front of the screen and, if continued, locks it there 
place, feteasing,^ simultaneously, the plate cover (Fig. 5*8), A rota- 
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tion of the knob in a clockwise direction then drops the cover down, 
permitting the exposure to be made. Reversing the direction of rota- 
tion once more, the cover is replaced and the plate holder is unlatched. 
A clockwise rotation returns the closed plate holder to its original 
position, from which it may' be removed through the door below the 
screen. 



Fig. 5*31 . Schematic Diagram of Vacuum System of Type B Electron Microscope. 


6*6. The Vacuum System. The gas pressure within the microscope 
should, during operation, be low enough that (1) gas discharges do not 
take place between the cathode and anode, (2) the life of the cathode is 
not reduced appreciably by oxidation or positive-ion bombardment, and 
(3) collisions between the beam electrons and gas molecules are sufla- 
ciently rare that electrons scattered as a consequence do not appreciably 
reduce the contrast of the image. It is found that all these conditions 
are satisfied if the pressure is reduced to approximately KT* mm Hg. 
The mean free path of the electrons is then nearly 3 meters. 

A schematic diagram of the complete vacuum system of the Type B 
electron microscope is shown in Mg. 5-31. It is seen to possess two 
separate pumping systems: the main pumping system for evacuating 
the body of the microscope and the auxiliary pumping eystem for 
exhausting the airlock chambers. This arrangement eliminates the 
possibility of a deterioration of the main vacuum during the pum|^ 
out of the chambers. 


106 


THE MAGNETIC ELECTRON MICROSCOPE [CAap. B 

The main pumping system consists of a rotary oil pump, capable of 
reducing the pressure in a vessel from atmospheric pressure (760 mm 
Hg) to approximately 10“* mm Hg, and an electrically heated oil diffu- 
sion pump, the two being connected by rubber pressure tubing. The 
forepump, together with the auxiliary pump for the evacuation of the 
airlock chambers, is set up separately in a soundproof housing at a small 
distance trom the microscope so as to prevent the communication of 
mechanical vibrations. The diffusion pump is rigidly connected to the 
body of the microscope. The employment of oils with low vapor pres- 
sure {ocM or apiezon oils) in the diffusion pump in place of mercury 
makes this possible, since the boiling of the oil is not accompanied by 
"buying.** With a mercury diffusion pump a flexible connection 
between the pump and the microscope is required. A further advantage 
of the employment of oil is that a freezing-out trap is not required since 
at room temperature the vapor pressure of the oils employed ranges 
between 10"® and 10“^ mm Hg, whereas that of mercury is about 
3‘lOr^ mm Hg. 

The speed of evacuation at low pr^sures is proportional not only to 
the difference in pressure between the vessel to be evacuated and the 
diffusion pump intake, but also to the cube of the diameter and the 
reciprocal of the length of the connecting vacuum conduit. Since, in the 
electron microscope, the channel is severely constricted at several 
places — especially at the lenses — it is advantageous to have a number 
of pump connections from a large-diameter manifold. As shown in 
Fig. 5<3, such connections are made at the viewing chamber, at the inter- 
mediate tube, at the object chamber, and. Anally, at the gun. The 
several junctions are connected by flexible metal bellows to permit the 
displacement of the sections of the microscope relative to each other 
during the alignment. A stopcock is placed between the two pumps to 
prevent forepump oil from entering the connecting tube when the fore- 
pun^ is shut off. In addition, a large valve is located between the 
diffusion pmnp intake and the exhaust manifold of the microscope 
(Fig. 5*32). This permits maintaining the diffusion pump at pumping 
temparlSture even when (for example, for exchanging the objective pole 
pieoes) air is admitted into the body of the microscope. 

Hie amdliaiy system consists of a second rotary oil pump, coimected 
(Srec^i by fle^bie tubing and metd pipes, to the two airlock chambers. 
TtuBse diainbm are at same pressure as the main chamber of the 
microscope during opera^n since they communicate directiy with it, 
the connection to the auxiBaiy system being closed off. ^ 

Two gauges measure the vacuum within the instrument. A thermo- 
eouple gauge k attached between the diffusion pump intake and the 
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m».in valve. It gives a continuous check on the operation of the diffu- 
sion pump. The gauge contains a thermocouple junction which is 
heated to a temperature of, at most, 300® C by a thin filament carrying 
about 100 milliamperes (Fig. 5*33o). The current generated in the 
thermocouple circuit is read on a galvanometer. Since, for constant 
heater current, a smaller proportion of the heat liberated within the 



Fig. 5'32. Oil Diffusion Pump and Main Vacuum 
Valve of Type B Electron Microscope. 


heater wire is carried off by colliding gas molecules at low pressures than 
at high pressures, the temperature of the junction, and, hence, the gal- 
vanometer current will increase as the pressure is reduced. The heater 
current and the galvanometer sensitivity are adjusted so that a fu^ 
deflection of the galvanometer needle corresponds to a sufficiently good 
vacuum. The sensitivity of this device becomes very small by the time 
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a vacuum of KT* mm Hg has been attained, so that the thermocouple 
gauge is not applicable for measuring pressures materially lower than 
this. 

In addition to the thermocouple gauge, a high-sensitivity ionization 
gauge is attached to the manifold near the electron gun, the vacuum 
conditions at this point being most important for the satisfactory 
operation 6f the microscope. The ionization gauge (Fig. 5‘336) is an 



Fia. 5-33. Vacuum Gauges: (a) Thermocouple Gauge; (6) Ionization Gauge. 


ordinary three-electrode vacuum tube with the grid made positive and 
the plate negative with respect to the filament cathode. Electrons 
leaving the cathode are accelerated toward the grid. In part, they are 
collected by the grid. A large proportion, however, flies through the 
grid into the retarding field in front of the plate, which causes the elec- 
trons to turn back towards the grid. These electrons, too, are finally 
collected by the grid, thou^ frequently only after a large number of 
oscillations. While passing through the space between the plate and the 
grid they may collicte with gas molecules and ionize them, the positive 
urns bdlng then drawn to the plate. At low pressures the number of 
such cdlisions will be directly pr(^)ortional to the gas pressure in the 
tuj^. Dius, if the grid current is a^usted to a fixed value (for example, 
5 mlDiamperes), the plate current be directly proportional to the 
pleasure in the tube. In a particular type df ionization gauge employed 
in the Type B electron microscope a plate current of 10 microamperes 
ooirespQ^ to a pressure of >3.5*l(r^ mm Hg. Any reading lower than 
tins may thus, here, be regarded as indicating a satisfactory vacuiun. 

As s^ntgicaied above, the Siemens and von Ardenne ojproscopes 
em|doy mercury diffusion pumps, heated by gas or electricity. This 
may consiatute a reascm f^ the desirability of establishing direct contact 
heMwn tibe dbject mount and the objective so as to reduce the sendtiv- 
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ity to mechanical vibrations. Both instruments rely on a single pump 
connection to the microscope to exhaust the whole system. The fore- 
pump is also used to evacuate the plate chamber. As check on the 
vacuum in the forepump system the Siemens microscope employs a 
simple mercury manometer; as indicator for the main system, a small 
discharge tube, to which voltage may be applied by pressing a button. 
If no discharge appears, the vacuum is regarded as adequate for the 
operation of the microscope. 

The distinguishing features of the vacuum system of the small elec- 
tron microscope are visible in Fig. 5*8. They are, in particular, a single- 
jet oil diffusion pump having a speed of 10 liters per second and per- 
mitting the achievement of an ultimate vacuum of 5* 10"* mm Hg 
and a valve mechanism which causes the whole pumping cycle to ,be 
traversed with the up-and-down motion of a single sliding member. The 
sliding member is a flat plate which, by means of cam surfaces and rods 
vacuum-sealed with packing glands, controls three individual valves. 
The valves are so interconnected that in the intermediate position the 
forepump is connected to the diffusion pump and the microscope chamber 
is s^ed off from both. In this position only can air be admitted by 
actuating a push button. In the lowest position the diffusion pump is 
sealed off and the forepump connected with the microscope chamber. 
Finally, in the top position, the microscope chamber is connected to the 
diffusion pump and the diffusion pump to the forepump. Only in this 
operating position is it possible to turn on the high voltage and the 
filament current. 

6 ’7. Controls and Adjustments. The procedure of putting an elec- 
tron microscope into operation varies relatively little f^om instrument to 
instrument. It will thus be adequate to outline that followed with the 
Type B electron microscope. If it is assumed that the instrument has 
not been in use for some time, so that all the stopcocks and valves are 
closed and the switches are open, the first step is to start the rotary oil 
pumps. Next the stopcocks in the pump lines and, then, the mmn valve 
between the diffusion pump and the microscope are opened. Now the 
flow of water through the cooling jacket of the diffusion pump is started 
and the diffusion pump heater is turned on. Any failure in the flow of 
water automatically cuts off the heater current, which in turn is indicated 
by a colored light on the control panel. The thermocouple galvanometer 
reading is now watched, the th^mocouple heater current having been 
adjusted to the proper value. As the reading approaches full sealOi the 
ionisation gauge is turned on. When the plate curr^t has dropped tq» 
an adequately low value (for example, 10 microamperes)^ the 
power switch is closed. After about a minute of permitting the tubes of 
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the power supplies to warm up (the process may be followed with the aid 
of a test meter mounted on the control panel), the high voltage, with the 
hi^-voltage selector adjusted to the desired point, is ready to be turned 
on and the switches for the lens currents closed. Overloads due, for 
example, to gas discharges in the microscope cause a relay to interrupt 
the high-voltage circuit and to light a neon lamp on the panel. A push 
button serves to reset the relay as soon as the cause of the overload is 
removed. With the voltage, lens currents, and filament current turned 
on the microscope is, finally, ready for operation. 



¥iq. 6*34. 300-Kilovolt Electron Microscope (RCA Laboratories). (Courtesy J. 
> Applied Phye.j reference 20.) 


6*8. lor High-Voltage Operation. It has been pointed 

out before^^ that the use of very high-spe^ electrons, or large accelerat- 
vdtages, is required if sul>-light-microscopic detail is to be distin- 
guiiAed in objects of the cnder of ,a micron in thickness. They become 
essential; in particular, in tdie study of biological sections, which can 
search be pr^)ared thinner than this. It is, Wee, not surprising that 
work looking toward an^aihianoement of the operating voljjage of the 
mimsoope has geme on in several laboratories. Thus von^Xdenn 

See section 4*7. 

^8ee reference 18. 
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gives a description of a 200-kilovolt Universal Electron Microscope. 
Similarly, Muller and Ruska^® report results obtained with a 220-kilo- 
volt installation utilizing a modified Siemens microscope. An experi- 
mental high-voltage microscopiB designed for a maximum voltage of 300 
kilovolts, constructed in the RCA Laboratories,®® is shown in Fig. 5*34, 
the high-voltage and x-ray protection having been removed to show more 
clearly the several parts of the assembly. 



Fio. 5-35. Three-Section Electron Gun for the High-Voltage Electron Microscope. 

(Courtesy J. ApTplied Phye.y reference 20.) 

The microscope column is the same as that used in the Type B elec- 
tron microscope with the exception of the electron gun. Owing to the 
much greater volume of the high-voltage generator, it was necessary to 
place it in a separate large oil tank, connection of the high-voltage ter- 
minal to the cathode being made by a polished aluminum tube. The 
driving circuits in the microscope cabinet, in turn, are coimected to the 
circuits within the tank by concentric cables and spark-plug connectpis 
passing through the tank wall. 

The gun shown in Fig. 5*34 is a two-stage gun, permitting stable 
See reference 19. 

See Zworykin, Hillier, and Vance, reference 20. 
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operation up to 200 kilovolts. The voltage is distributed between the 
stages by connecting a high-voltage divider across them. In order to 
utiUse the full available voltage (300 kilovolts), it became necessary to 
add one more stage, resulting in the gun shown in Fig. 5*35. The inter- 
mediate electrodes were shaped so that they would collect a minimum 
of electron current. Since, with the new, high, gun structure, the 
instrument became quite sensitive to mechanical vibrations, a special 
brace had to be provided between the cabinet in the rear and the inter- 



Fiq. 5-36. A Group of B. megaiherium Taken with 60- and 200-Kilovolt Electrona. 
Magnification: 6600. 

med&te tube and, in addition, both the microscope and the cabinet had 
to be placed on thick pads of sponge rubber. In addition, a large amount 
lead ridelding had to be provided, especially about the gun, to reduce 
the x-ray intensity around the instrument (at some points reaching a 
value ef KT® r per second) to a safe amount. The total installation 
weighs several tons, and required the reinforcement of the laboratory 
floor. 

Figure 5*^ diows pictures of the same specimen of BadUtis megathe- 
rium taken with 50-kilov61t ahd 200-kilovolt electrons. It isseeen that, 
conmderable intmal structure is brought out in the 200-kilo- 
vdt picture, none can be distinguished in the low-voltage micrograph. 
This is fonmd to be the case even if the micrograpli is printed very lightly. 
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However^ in the high-voltage picture the contrast of some low-density 
detail outside the bacteria has been reduced to such an extent as to render 
it invisible. 

The experience with this instrument indicates that, as might have been 
expected, the only advantage gained from the employment of higher volt- 
ages rests in the greater penetration of thick specimens. Furthermore, 
this advantage becomes significant only in passing from the usual oper- 
ating voltages of the commercial instruments (about 60 kilovolts) to 
150 kilovolts or beyond. Resolutions of at least 100 A.U. were obtained 
at 200 and 250 kilovolts. Magnifications up to 10,000 were achieved at 
250 kilovolts by employing a special projector lens. 
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CHAPTER 6 


ABERRATIONS AND TOLERANCES IN THE ELECTRON 
MICROSCOPE 


6 * 1 . Spherical Aberration and Diffraction. The two most important 
fundamental limitations to the resolution obtained with electron micro- 
scopes are those resulting from diffraction and spherical aberration. The 
limitation of the resolution of the instrument due to the first is propor- 
tional to the wave length X of the electrons and to the reciprocal of the 
effective aperture a of the objective: 


^ 0.61X 

“diff = 

a 


[ 6 - 1 ] 


The spherical aberration of the objective, on the other hand, limits the 
resolution to:^ 

dsph = OACfa^ [6*2] 

where C is a dimensionless constant characteristic of the objective and 
/ the focal length of the latter. Values of Cf as low as 0.2 centimeter are 
obtained in modem instruments.^ 

If the sum of these two defects is minimized by choosing the most 
favorable value of the aperture a, the limitation of the resolution intro- 
duced by these two defects is given, according to Eq. 19*506, by 

= 0.95X«(C/)^ 

Figure 6*1 shows dniu» as well as the corresponding values of the optimum 
effective aperture Oopt, as functions of Cf. 

With perfect alignment, shielding, and current and voltage stability 
and electrons of uniform initial velocity, these resolving powers may be 
approached under either of two circumstances: (1) with arbitrary con^ 
ditions of illumination, an object too thin to cause appreciable velocity 
losses on the part of a large fraction of the electrons, and a physical 
objective aperture just large enough to admit imaging pencils of the 
aperture Oopt; and (2) with parallel illumination (illuminating aperture 
much smaller than aopt), an object too thin to cause a large amount of 
scattering out of the cone with half-vertex angle Oopti wid either 

^ See secticm 19-3. 

* See, eg., y. Bomes and Ruska, reference 1, and Doese, reference 2. 
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physical aperture in the objective or one large compared to that required 
to the first case. If the illuminating angle (and physical aperture) is 
large compared to aopt> the resolution will be given simply by Eq. 6*2; 
on the other hand^ if the physical aperture of the objective is made small 
compared to that which will just accept pencils of aperture aopt» the 
resolution wfil be determined exclusively by the diffraction effect, that is, 
by Eq. 6*1.' The scattering through large angles, which takes place in 
thick specimens, has an effect similar to that of increasing the illuminat- 
ing aperture. 



Fig. 6*1. Variation of the Least-Resolvable Separation (imin and the Corresponding 
Optimum Objective Aperture oopt as Function of the Spherical-Aberration Coeffi- 
dent of the Objective Cf. 


^2. Oiromatic Aberration. It is brought out in section 16-6 that, if 
the raik2^‘of variation of the kinetic energy eV of the imaging electron is 
eAVf the diameter of the disk of confusion due to axial chromatic aber- 
ratkmis 

= .[6.3] 

where K is e constant which, to magnetic lenses, is slightlgi^Iess than 
unity and / is the focal length of the lens. If the representation in 
fig. 17*25 is utilised, it is reasonable to put K » 0.75 for the magnetic 
olileetives employed in electron micro6cq)es. The same figure suggests 
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that for electrostatic objectives with the center electrode connected to 
the cathode K is about five times as large as this. 

As previously mentioned, the three sources of velocity variations in 
the electron microscope are variations in the initial energy of emission 
of the electrons, velocity losses within the object, and the fluctuations of 
the accelerating voltage. 



Fig. 6-2. Maxwellian Distribution of the Electrons Emitted by a Thermionic 
Cathode. 

The initial velocities of the electrons leaving the thermionic cathode 
are distributed according to the Maxwellian law. If n{V)-dV is the 
fraction of electrons emitted with an initial kinetic energy between eV 
and e(V + d7), 

<r)-dV = (0,^ (- g) .F^F [641 

where k is Boltzmann’s constant (1.38*l(n^® erg per degree) and T is the 
absolute temperature of the cathode. This distributioii (Fie. 6*2^ has a 
majrimum at 

^ kT T 
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Thus, for an operating temperature of T = 2900® A, suitable for a tung- 
sten cathode, = 0.25 volt. For K = 0.75, V = 50,000 volts, 
/ =* 0.4 centimeter, and a - 3*l(r® radian, this leads, with A7 equal to 
to 


dohr = 0.75-l(r**0.2-3-l(r» = 5‘10r» cm (0.5 A.U.) 

With a thermionic cathode the initial velocities of the electrons thus do 
not appreciably affect the sharpness of the image. 

The effect of the object thickness (or, more strictly, object mass thick- 
ness) on the velocity distribution of the electrons and, hence, on the 
sharpness of the image has already been discussed in section 4-7. It can 
be minimized by favorable techniques of object preparation and the 
use of a very thin, or no, supporting film as well as by choosing physical 
object apertures of optimum dimension. Beyond this point it is a basic 
property of the specimen. 

The final source of chromatic aberration, fluctuations in the voltage 
supplies, may be controlled by properly stabilizing these sources of 
power. The degree of stabilization required to keep the consequent 
aberrations below a level which will appreciably affect the performance 
of the microscope will be discussed in section 6*4. 

6 * 3 . Field Aberrations. The aberrations discussed above affect all 
points of the image equally. They are introduced almost entirely by 
the objective. If the objective and projector have equal magnification 
and are otherwise similar, the projector contributes an amount less than 
the objective by a factor equal to the first or second power of the total 
. magnification of the instrument. However, as brought out in section 1*6 
and discussed in greater detail in sections 16-2 and 16*6, there are a 
number of other aberrations — coma, curvature of field and astigma- 
tism, distortion, and chromatic difference in magnification and in rota- 
which vanish on the axis and become increasingly prominent in 
proceeding from the center of the image outward. These field aberrations 
are due both theprojector and the objective, the projector playing the 
pE^ODiinant role in distortion, the objective in coma. For the other 
field id)errations the contributions of the objective and projector are of 
thelsaine order. In h^t optics this fact is utilized to correct chromatic 
. difference in magnification, curvature of field, and astigmatism intro- 
duced by the (^jective with the aid of the eyepiece (for example, in 
eornipensaUng eyepieces). • A mnilar balancing of spherical «]^rrations, 
ludai chromatic aberration, and coma (sine c<mdUiim) of the two lens 
eystems id not practicable, since their effects on the image are of two 
differeot orden of magnitude. These defects must be corrected in the 
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objective. The same holds for distortion, which must be corrected in 
the eyepiece or projector. 

Among the geometric (as distinguished from the chromatic) field 
aberrations, distortion is the most important. It results in an apparent 
displacement of the points of the object, as judged from the image, by 
an amount^ 

(idirt = K^M\r\ [6-5] 

Here u is the distance of the object point considered from the optic axis 
of the objective and Mi is the objective magnification. The displace- 
ment ddiflt nia-y he in any direction. At times it is nearly tangential, the 
sense of the tangential component reversing with the sense of the current 
in the projector coil. On this rotational or anisotropic distortion is super- 
posed an outward radial component, that is, pincushion ” distortion. 
A typical image obtained with excessive distortion of this kind is shown 
in Fig. 6*3. For weak lenses the rotational distortion recedes relative to 
the pincushion distortion. In the limit the distortion is pure pincushion 
distortion, and the factor Ki is given by C//^, where C is the dimension- 
less spherical-aberration constant of the projector and/ its focal length. 

Whereas distortion merely displaces the apparent position of any 
object point, curvature of field and astigmatism diffuse it into an elliptic^ 
disk. Its major axis, which is proportional to the square of the distance 
of the object point from the axis and to the first power of the objective 
aperture, may be expressed by^ 

d<5o = 2K2’T^*ot [6*6] 

The insertion of reasonable values for the several quantities in the equa- 
tion indicates that curvature of field and astigmatism are not at all 
serious sources of unsharpness in the electron microscope. For example, 
with K 2 '= 15 centimeter”^, fo = 2* 10”* centimeter (diameter of 
image = 4 centimeters), M = 10,000, and a = 340”® radian, dca = 

•isTi « {S\fM\ -1- S\lM\)^y where M 2 is the magnification of the projector and 
Si and S 2 are its coeflBcients of isotropic and smisotropic distortion, respectively (see 
section 16-2). The angle of the displacement with the radial direction is given by 
arctan {S 2 /S 1 ). In the example discussed in section 17-6, Ki * 6.9 (pole-piece 
diameter)"* and the angle is 71 degrees. 

For example, for M « 10,000, /i - 0.5 cm, the optical system described in section 17-4 
yiel^ K 2 16 cm”^. liie subscript 1 refers to the objective, the subecript 2, to Ifie 
projector. S^, and Si are the aberration coefficients of curvature, astigmatism, 
and anisotropic astigmatism, respectively. 
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3.6*l(r® centimeter (0.36 A.U.). The orientation of the ellipse is 
arbitrary. 

The coma of the objective also has very little effect on the quality of 
the electron-microscope image. It spreads an object point out into an 
aberration figure, whose maximum diameter is given by* 

dgoma ~ K^*r0*c? [6*7] 

The orientation of the aberration figure, again, varies from lens to 
lens. With = 3.5, Tq “ 2*1(P* centimeter, and a — 3*10“* radian, 
<fooma = 6*l(r® centimeter (0.6 A.U.). 



Fio. 6^. Electron Micrograph of a Uniform Taut Wire Showing Excessive Pin- 
oushion and Rotational Distc^on (0.001-Inch Tungsten Wires). 

The chromatic field aberration, compounded (A chromatic difference 
in magn^cation and chromatio difference in rotation, draws a^h object 
pmnt oiit^into a line whose leioigth is proportional to the range of kinetic 
eniKgifie «AF represented in the imaging pencils and to the distance of 

^ K% - -I- In the example cited above, Kz - 3.6. 
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the point from the axis:® 

A7 

^ohr.f. -^4* y *^o [6*8] 

For J ?4 = 1, A7/7 = ICT^, u = 2*10”^, dehri. ** 2«10“® centimeter 
(2 A.U.). It is seen that this source of unsharpness is more serious than 
curvature, astigmatism, and coma. The radial component of the dis- 
placement is due to chromatic difference of magnification. As long as 
the object is outside the lens field, this component is given by 

m 

. d7 A7 

dd.m. ^ * y [®'®] 

T 

This equation, furthermore, applies quite generally for the projector. 
For weak lenses, the coefficient {dM/dV)/{M/V) = — 1. 

For the objective, the coefficient in the expression for dd.m. first 
decreases numerically as the lens strength is increased, passes through 
zero, and then, though the magnification of the objective increases still 
further, changes sign and becomes increasingly positive. This behavior 
is made plausible by Fig. 6*4, a and 6. In Fig. 6‘4a the case of the object 
lying outside the lens field is illustrated. Increasing the Voltage 7 
causes the effective object plane (plane conjugate to the fixed image 
plane) to move backward from 0 to O'. Since the principal rays are 
parallel to the axis, the size of the effective object is unaltered, so that the 
image magnification is reduced by the same amount as though the object 
were moved physically back to O'. In Fig. 646, on the other hand, the 
object lies well within the lens field. As the voltage is increased, the 
effective object plane again moves back to O'. Now, however, because 
of the inclination of the principal rays, the size of the object pattern in 
o' is larger than the true object and the image magnification corre- 
spondingly larger than that obtained with a refocusing of the actual 
object in the plane O' at the higher voltage. The increase in size due to 
the inclination of the principal rays may easily outweigh the reduction 

• In terms of the chromatio-abeiration coefficients Ci and C 2 (section 16*6) ; 

^4 - I(C,1 + Ci,)» + (C,1 + 

The second indices refer to the objective ( 1 ) and the projector ( 2 ), respectively. The 
ex^ple h^ discussed (see section 17-6) leads to the value ^4 - 2.43 with an angl# 
of inclination of 68 degrees if the current flow has the same sense in the two lens coils. 
If the sense of flow is opposite, Ki ■« 0.98, and ffie an^e of to the radial 

direction is 11 degrees. 
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in lens magnification (with the object in perfect focus) at the higher 
voltage. For instance, in the special case of the strong magnetic objec- 
tive discussed in section 17*6, the coefficient in the expression for dd.m. is 
+1.1 as compared with the —1 applying for weak lenses. It is thus 
possible, for a particular value of the objective and the projector currents, 
to cause the c^omatic difference in magnification to vanish. 



Fso. Variation of Objective Magnification with the Kinetic Energy of the 
Electrons (Object in Fixed Position). 

The chromatic difference in rotation is universally given by 

y A7 
f^d.r. = 2 ’ “y * 

where x is the angle of ima^ rotation produced by the lens in question 
(Sq. 16-10^). It^repre^nts the tangential component of the chro- 
nmtie aboiwtion. Upper limits for the coefficient are here readily 
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established. For the objective (if no intermediate images are formed) 
X cannot exceed v (3.142) ; for the projector it cannot exceed 2t (6.283). 
If account is taken of the fact that the projector will always be operated 
with coil currents less than that required to yield the ma ximum magnifi- 
cation of which it is capable (Fig. 4*19), the limitation of x for the pro- 
jector will correspond closely to that for the objective. Here, again, as 
the value of x reverses sign with the direction of the coil current, the 
opportunity exists to compensate the chromatic difference in rotation 
introduced by the objective by that introduced by the projector by 
making the sense of current flow in the two lens coils opposite. The 
exact vanishing of both the chromatic difference of magnification and 
that of rotation at the same point — and hence the vanishing of in 
Eq 0.8 _ is made possible only by controlling the field distributions as 
well as the field strengths in the coils. The relation between the total 
chromatic field aberration and the chromatic differences of magnification 
and rotation is, of course, 

dchr.f. ” (dim. + dlr.)^ [6*11] 

64. Current and Voltage Stabilization Tolerances. Whereas the 
geometric aberrations depend only on the character of the lens fields 
and, to a limited degree, on the placement and size of eventual limiting 
apertures and on the conditions of illumination, the chromatic aber- 
rations are influenced as well by the unsteadiness of the high-voltage 
supply. Furthermore, variations in the currents within the lens coils 
have been shown to have an effect similar to that of unsteadiness of the 
high voltage. In fact, as long as the iron of the pole pieces and the cas- 
ings is unsaturated, a given percentage fluctuation of the coU current has 
just twice the effect of an equal percentage fluctuation of the applied high 
voltage. Thus in this range the diameters of the circles of confusion 
on the axis due to voltage and current fluctuations will be 


dy = 0.75/1 

[ 6 * 12 ] 

dl.= 1.5/1 (^‘)ai 

[ 6 * 13 ] 


Here the subscript 1 indicates that the quantity in question pertains 
to the objective; the subscript 2 , similarly, is used to indicate quantities 
pertaining to the projector. To include the effect of the pro^otor on 
the circle of confusion on the axis, it would be necessary to add a sunilaf 
term (with subscripts 2 in place of 1), divided by Jiff, to the above two 
expressions. The only effect that saturation of the lens pole pieces can 
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have on Eqs. 6*12 and 6*13 consists of a reduction in the numerical coe&r 
oient (1.5) of the second equation. Thus the tolerance arrived at on the 
bads of Eqs. 6*12 and 6*13 may be regarded as conservative. 

It may be stated in advance that the tolerances imposed by the axial 
chromatic aberration on the high voltage and on the objective current are 
sufficiently narrow so that no additional restrictions on them normally 
result from the requirement that the field aberrations should remain 
below a certain level. Field-aberration considerations fix, however, the 
permissible variations in the projector coil current. In view of Eqs. 
6*8, 6*9, and 6*10, it is possible to write 

[6-14] 

< 3.72(f),. 

The upper limit given here again represents a very conservative estimate. 

Equations 6*12, 6*13, and 6*14 show that the percentage tolerances in 
the applied voltage and in the objective current depend, apart from the 
permissible limitation of the resolution, only on the aperture and on the 
focal length of the objective, being inversely proportional to the latter. 
A reduction in objective focal length results in a proportionate increase 
in the peimissible fluctuations. The percentage tolerance of the pro- 
jector coil, however, depends only on the radius of the object area that is 
to be imaged with a variation in sharpness less than some prescribed 
amount. 

Assume the objective focal length to be 0.4 centimeter, the aperture to 
be 3*10r® radian, and the area to be imaged with the prescribed sharpness 
to be 4 microns in diameter (image area at 10,000 magnification; 4 cen- 
timeters in diameter). Let the permissible unsharpness introduced by 
eadi source of aberration be at most 10 A.U. Then from the above three 


eqtuttioDs: 




-^=1.1.10-* 

t6-15ol 

= 0.66-l(r* 

[6-156] 

• A/a 

■= i. 3 -i(r* 
fa 

[6-15c] 

two tokmiMs:— m particular that for the 

projector, current 
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(645c) — may be regarded as extremely conservative. Furthermore, 
since fluctuations in the projector current introduce only an unsharpness 
in the ry^nrg rinfl] portions of the image (this being directly proportional 
to the current tolerance), fluctuations larger than that given by Eq. 6*15c 
by a factor as large as 5 do not seriously detract from the performance 
of the instfument. 

Fluctuations in the condenser coil current affect the sharpness of the 
image only if no optimum physical aperture is employed in the objective 
and, even then, to a material degree only if the illuminating system is not 
well aligned. They may result in observable variations in the brightness 
of the image if the condenser is operated on the steep parts of the inten- 
sity curves in Fig. 4*6. To eliminate these inconveniences a certain 
amount of filtering in the condenser current supply is desirable if it is 
derived from an alternating-current source. A stability of 1 in 1000 is in 
all cases sufficient. 

Tolerances may also be established in the case of the electrostatic 
microscope. If, here, the center electrodes of the objective and pro- 
jector are connected directly to the cathode, the permissible fluctuations 
in the operating potential are determined by the relativistic aberration 
of the objective:^ 


= Kr^AV-fi-a [646] 

where Kr has a value of G-SfiTO""^ volt”^ for weak lenses, decreasing to 
2.4740"^ volt""^ for a favorable design, as the lens strength is increased 
by reducing the center-electrode potential to that of the cathode. If 
the same values are assumed for the permissible unsharpness (10 A.U.), 
for the objective focal length (0.4 centimeter), and the aperture (340r® 
radian) as before, the permissible voltage fluctuation becomes AV = 340 
volts or, with V = 50,000 volts, 

^ = 7-l(r® [6-17] 

If the potentials of the center electrodes are made variable, for focus- 
ing and varying the magnification of the instrument, the voltage ratios 
of the electrodes of the objective must be kept constant within about 
one-fifth the percentage tolerance for the applied voltage in the magnetic 
microscope since the chromatic aberration of the electrostatic lensee is 
greater by a factor of the order of 5 than that of the magnetic objectives. 
The peroentage tolerances for the projector voltage ratio and tbe prop> 
jector current in the magnetic microscope become aj^roximately eopiaL 

^ See section 18*2. • 



216 


ABERRATIONS AND TOLERANCES 


[Chap. 6 


6*S. Constructioii and Alignment Tolerances. Since the accuracy of 
alignment and construction obviously has a great effect on the quality of 
the images obtained^ it is of interest to estimate the maximum deviations 
frcnn perfect S3nnmetry which will still lead to a satisfactory image. 

Consider, first, the horizontal centering of the objective with respect 
to the intermediate image aperture. A deviation from center here 
signifies "simply a utilization of the outer parts of the image field of the 
objective. An examination of the several field aberrations of the 
objective indicates that, among them, curvature of field and astigmatism 
and the chromatic field aberrations are most serious. With dca = KT^ 
centimeter in Eq. 6*6 and with the same objective-projector combination 
as throughout the numerical examples in section 6*3, the permissible dis- 
placement of the objective relative to the intermediate image aperture 
becomes, for an objective magnification of 100, equal to 0.9 millimeter — 
if the voltage and objective-current stabilization is much superior to that 
prescribed by Eq. 6*15. For the same stabilization, the permissible dis- 
placement is only about one-tenth as large. The centering of the inter- 
mediate aperture relative to the projector should, similarly, be precise 
within a quantity of the order of 0.1 millimeter if no appreciable deterio- 
ration of the image is to be visible near its margin. 

A tilt of the objective with respect to the axis of the instrument has 
two effects. On the one hand, it causes the central point to be imaged 
with field aberrations; on the other hand, it causes marginal points in 
ihe plane normal to the axis of tilt to lie in front of or back of the plane 
of focus by a distance where B is the angle of tilt. In view of the very 
small aperture of the electron-microscope objective and its consequent 
great depth of field (equal to 2»10rV(3’10"®) = T-KT® centimeter for 
a resolution of 10 A.U.) as well as its small object field, the second 
effect is unimportant. The effect of the field aberrations may be esti- 
mated if it is assumed, (inaccurately) that they are equal to those for an 
(^^eet point a distance /5 from the axis of an untilted objective. Then, if 
curvature and astigmatism alone are considered, the permissible value 
oi B b^mes 0.9*l(r®/0.4 = 2*l(r® radian (0.1 degree) for the same ob- 
jectlire constants as before. Obromatic field aberrations will, again, 
riequjre even more exact angular alignment, unless voltages and coil 
currents are hdkl constant with extreme precision. 

As fhr as image sharpness is concerned, the angular alignment of the 
projector is lees critical than that of the objective by a factor of the 
cnto.irf the square root of the objective magnification. A^correspond- 
ing Inclination of 1 degm may, however, cause an excessive amount of 
image dfetor^mi, tnalnng more accurate angular alignment desirable. 

tSfealestpneidmon is needed, of course, in the shaping and the relative 
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placement of the pole-piece apertures; or, in the case of electrostatic 
lenses, of the electrode apertures. However, it is very diflicult to deter- 
mine or even to state the requisite tolerances quantitatively. Since the 
magnetic field near the axis is, Jit any one point, a function of the com- 
plete pole-piece contours, very small irregularities in the contours have 
relatively small effect, since they tend to average out. In general, the 
greatest precision in machining is required for the surfaces facing both 
the gap and the optic axis. Receding from this central region the shap- 
ing becomes rapi(fiy less important, especially if the iron is far from satu- 
ration. If difi&culty is experienced in obtaining adequately perfect align- 
ment of the two apertures, one may be made much larger than the other. 
In this case the lens field is relatively insensitive to the centering of the 
large aperture relative to the small one — an advantage achieved, it is 
true, at the expense of increased spherical aberration and reduced 
efficiency. 

6*6. Shielding Requirements. The disturbing effect of a uniform 
magnetic field acting on the electron beam is discussed in detail in 
section 16*10. It is shown here that only the transverse component of 
this field is capable of seriously influencing the electron image. ' The 
apparent loss of definition produced by the action of the field in four 
different sections of the ray paths (see Fig. 4*27) is marked down 
separately below: 

1. For the object-objective distance (length /i): 

/2 

di = 0.148H^ ■ [6-18a] 

2. For the objective-intermediate image distance (length Mifi): 

f2 ^ 

da = O.USHMi [6-186] 

3. For the intermediate image-projector distance (length / 2 ) : 

= 0-148 t6-18c] 

4. For the projector-final image distance (length ^ 2 / 2 ) • 

d, = 0.148H^^ ‘ t6-18d] 

Here H is the peak-to-peak variation of the transverse disturbing fidd^ 
fi the focal length of the objective, /s that of the projector, Mi the bbj^ 
tive magnification, and M 2 the projector magnification. The total 
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length (tf the line into which an object point appears to be drawn out is 
given by a vector sum of these four terms, the individual displacements 
having different orientation depending on the rotation produced by the 
two lenses; 6,2 and da are of opposite sign. It is seen immediately that 
the second term, that is, the effect on the ray path between the objective 
and the intermediate image, is by far the largest, so that along this 
portion of the ray path shielding is most essential. Assume, so as to 
obtain a quantitative idea of the magnitude of the several terms, that 
/i - /a = 0.4 centimeter, Mi = Afa = 100, and 7 = 50,000 volts. 
Ihen 


da = 0.0106H cm 

The next largest terms, di and d^, are only one-hundredth as laige as 
this. 

It has been brought out in section 4*9 that normally the short-time 
fluctuations of the horizontal field component in a laboratory, provided 
that disturbing electrical machinery is either shielded or placed at a 
sufficient distance, are of the order of lOr^ gauss. Thus, if the region 
between the objective and the intermediate image is surrounded by a 
magnetic shield which reduces the field intensity within it by a factor of 
100, the total defiection becomes approximately 

d = 3-ir® cm (3 A.U.) 

in the most unfavorable case in which the three significant displacements 
have the same direction. Even with a variation of the horizontal field 
component by as much as 3‘10“* gauss the total resulting deflection is, 
thus, less than 10 A.U. 

It is obvious that increasing the shielding factor in region 2 materially 
above 100 is useless as long as regions 1 and 4 remain unshielded. If the 
shielding is accoipplished by a single cylindrical sheath of radius r and 
tbicknesR d(d r), the transverse field component inside the shell is 
weakened as ccanpared to that in the absence of the shield by a factor 
(Eq. 14-66) 

2r , , 

9 = [6.19] 

M bdng the permeability of the material of the shield at low field 
strengths. For Permalloy (Fig. 14*11), for example, this permeability 
has Si value 10,000, so -that, for a shield radius of 2 centiqjeters, a re- 
duction factor of 100 is obtained if the thickness of the shield is made 
<ail^ 0.4 millimeter. 

& general, it la tkEorable to use a considerable factor of safety, to take 
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account of the weakening of the shielding action by the hole cut into the 
shield to permit the observation of the intermediate screen, as well as for 
chance variations in the permeability of individual shields. This may 
be accomplished, without an. increase in the amount of material 
employed, by subdividing the shield into several coaxial cylinders spaced 
a certain distance apart. Thus if, in place of the single cylinder, two 
cylinders of radius 2 centimeters and 1.5 centimeters, each 0.2 millimeter 
thick, are employed, Eq. 14-68 shows that the shielding factor becomes 
6.4-10"^, which contains the desirable safety factor. If the initial per- 
meability of the shielding material is only 3000, the shielding factor of 
the double cylinder becomes 6*10“^, as compared to 3.3-10"^ for the 
single sheath. It is seen that, with material of high initial permeability, 
a very light shield is sufficient to render ordinary external magnetic field 
fluctuations harmless. 

If relatively large voltage fluctuations are present in the electron 
microscope, as may easily be the case in the electrostatic instrument, a 
stationary transverse field Hoy such as the horizontal component of the 
earth's field, has the same effect on the image as a fluctuating field of 
peak-to-peak amplitude ()^)ifoAF/7, where A7 is the total variation 
of the operating voltage. For example, if the voltage fluctuates by 1 per 
cent and if the horizontal field component is 0.2 gauss, the equivalent 
oscillating field has an amplitude of 10“"® gauss, ten times as great as the 
usual short-time fluctuations of the magnetic field. Thus, unless an 
electrostatic microscope is provided with a well-filtered voltage supply, 
it is necessary either to provide a superior degree of shielding along the 
entire instrument or to eliminate a large fraction of the transverse field 
component with the aid of carefully adjusted compensating coils.® 

6-7. X-ray Protection. Wherever electrons strike matter, x-rays are 
generated. Since excessive exposure to x-rays is harmful to the human 
organism, giving rise to anemia, bums, and serious permanent injuries, 
precautions must be taken to reduce the quantity of radiation reaching 
the observer below a safe maximum. This is accomplished by interpos- 
ing between the source of the x-radiation and the observer materials 
which will absorb most of the x-rays. For low operating voltages (less 
than 20,000 volts) the x-rays are so soft (readily absorbed) that the wall 
of the vacuum vessel as well as the air outside of it fulfil this function 
quite adequately. For the higher voltages used in the electron micro- 
scope added x-ray protection is needed. 

The generally accepted measure of the x-ray dosage, that is, of the 
physiological action of a given amount of x-radiation, is the ionization 
pr^uced by the x-ra 3 r 8 in passing through a given quantity of air. The 

* See Mahl, reference 3. 
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fMgm (r) is the x-ray dose which will liberate one electrostatic unit of 
charge (3.3‘l(r^° coulomb) in passing through 1 cubic centimeter of air 
at a temperature of 20® C and a pressure of 760 mm Hg. The maximum 
safe exposure to x-rays is taken to be 10“^ r per second for 200 working 
hours per month.® 

The x-ray dose increases linearly with the electron current and with 
the atomic number of the target emitting the x-rays and somewhat more 
rapidly than linearly (in the range of 30 to 70 kilovolts) with the applied 
voltage. It decreases, furthermore (if the source is small in extent), as 
the inverse square of the distance of the observer from the source. The 
absorption of x-rasra by matter, per unit mass thickness, however, 
increases approximately as the fourth power of the atomic number of the 
absorber and as the third power of the effective wave length of the 
x-rays, which in turn is inversely proporti onal to the applied voltage. 

The x-ray emission from any target is highly inhomogeneous. Hence 
the dosage diminishes very rapidly initially as the thickness of the absorb- 
ing material is increased, the first layers absorbing practically completely 
the long wave-length components of the radiation, and more slowly 
afterwards. Figure 6*5^® shows the thickness of lead required to reduce 
the dosage to which an observer is exposed at a distance of 1 foot (30 
centimeters) from the tungsten target of an x-ray tube operated with 
1 milliampere beam current and at voltages ranging from 30 to 75 kilo- 
volts to 10^, lOr®, and KT® r per second. It is seen that 1.1 millimeters 
of lead is adequate to reduce the radiation to a permissible value 
(KT® r per second) at 70 kilovolts, 

The thicknesses of various materials equivalent to this amount 
(1.1 millimeters) of lead — at 100 kilovolts — are shown below 

Lead glass 6-9 mm 

Lead rubber 2.5- 4 mm 

Steel 7 mm 

Barium sulfate plaster 8 -22 mm 

For bi^^, such os is used to a large extent in the construction of the 
^eetron microscq)e, a slightly smaller thickness than that of steel 
(7 mpimeters) affords equal protection. 

"In the electron microscope the total beam current is only half as large 
as that assmned in the above example, wd, furthermore, the target 
materials are (tf lower atomic number than tungsten, so that a smaller 
amount of shielding would be sufficient. In particular, shielding 

^ See Mutsoheiler, reference 4. 

^ See Bode and Qldde, relWence 5. 

^SeeCbudc,refonDoe6,p. 146. 
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requirements become very small beyond the condenser and even less 
beyond the object, since here the original beam current has been reduced 
by a large factor. In the region between the intermediate image and 
the final screen it is usually only about 10”^® ampere. The only critical 



reference 6.) 


region is thus between the cathode and the condenser. Even here, up to 
70 kilovolts, the wall of the microscope offers sufficient protection. It is 
only necessary to make the port window, for checking the beam align* 
ment on an inclined viewing screen, of lead glass to be perfectly safe. 

At higher voltages greater precautions must be taken. Since con- 
siderable penetrating secondary x-radiation is emitted wherever the 
primary x-rays strike, the entire gun r^cm should be surrounded by 
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X-ray protection. However, here, also, the lower section of the micro- 
scope is adequately shielded by the microscope wall in view of the very 
small currents. To obtain an idea of the amount of shielding required 
near the gun, it may be brought out that, to reduce the dosage at an 
observer located a distance of a foot from a tungsten target bombarded 
with a 600-microampere beam to KT® r per second, it is necessary to 
place 4 millimeters of lead between the source and the observer at an 
operating voltage of 200 kilovolts and 15 millimeters of lead at an operat- 
ing voltage of 300 kilovolts.^^ 

With any electronic equipment employing very high voltages, such as 
those just mentioned, it is a wise precaution to explore the region sur- 
rounding the apparatus with an x-ray dosage meter.^^ A further pre- 
caution that may well be taken by the operator consists in carrying an 
x-ray dental him in his pocket. If, after the film has been exposed in 
this manner for two weeks, it shows definite fog on development, the 
shielding is inadequate. 
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CHAPTER 7 

ELECTRON MICROSCOPE POWER SUPPLIES 

7-1. General Requirements. All electron microscopes require a high- 
voltage source which possesses a certain degree of stability. Types 
utilizing electromagnet lenses demand an extremely stable source of 
high potential and, in addition, require one or more current supplies 
possessing the same or an even greater degree of stability. In Chapter 6 
the maximum variation which may be permitted in any of these sup- 
plies has been calculated on the basis of a resulting image diffusion of 
not more than 10 A.U. The calculations gave the following percentages 
for the maximum permitted variations in the various supplies necessary 
for a conventional magnetic electron microscope: 0.0055 per cent for 
the objective lens (Eq. 6‘156), 0.013 per cent for the projection lens 
(Eq. 6‘15c), 0.1 per cent for the condenser lens, and 0.011 per cent for 
the accelerating potential (Eq. 6-15a). The variations in the supplies 
need be less than the stated percentages only during the period between 
the final focusing of the instrument and the end of the exposure time. 
This interval is usually quite short, of the order of 30 seconds. It is, 
however, very desirable to obtain maximum long-time stability in or- 
der that the focus can be found readily and can be re-established with 
a minimum of adjustment. It is also desirable that the regulation of 
the high potential be good, that is, that changes in electron current, 
corona leakage, etc., result in the least possible changes in the voltage. 

Electron microscopes using electrostatic lenses require much less 
stabilization of the high-voltage supply. In section 64 it is shown 
that the maximum variation which may be permitted in electrostatic 
instruments using 50,000-volt electrons is about 0.7 per cent. Such a 
degree of stability is easy to obtain in a conventional high-voltage 
supply such as that described in section 3-3. 

7*2. High-Potential Supply. The accelerating potential required for 
an electron microscope varies according to the particular t 3 rpe of speci- 
men being investigated and may have any value from a few to several 
hundred kilovolts. At present the range of 30 to 300 kilovolts has been 
explored, as indicate in Chapter 5. Most researches carried out with 
the larger, standard instruments utilize accelerating potentials between 
50 and 100 kilovolts. The newer, compact electron ini^*OBCopes an- 
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ploy lower voltages, generally in the range of 30 to 40 kilovolts. Volt- 
ages of several hundred kilovolts, finally, find application in special 
research with special instruments. The maximum beam current which 
the high-voltage source must supply is usually 1 milliampere or less. 

The accelerating potential supplies for early electron microscopes 
were quite elementary. They consisted of conventional high-voltage 
step-up transformers and rectifiers of the type used in direct-current 
x-ray generators. The ripple of the output voltage was reduced by a 


Surge - limiting 



Flo. 7‘1: Block Diagram of Conventional High-Voltage Supply. 

resistance-capacity filter of one or more stages. In a supply of this 
type the output volta^ depends directly on the primary voltage. Thus, 
to nullify the effect of line fluctuations on the sharpness of the image 
during exposure, the time constant of the filter would have to be made 
several times as large as the maximum exposure time. The consequent 
bulk and cost of the filters are such that this condition may well never 
have been fulfilled. Instead, at a later date, a line-voltage regulator 
erf the saturated-core type was added. This reduced the line-voltage 
fluctuations by an order of magnitude and, hence, greatly increased the 
number of successful exposures. Even under these optimum condi- 
tions the elementary supply described remains bulky, cumbersome, 
expensive, and incapable of producing absolutely consistent results. 
Furthermore, the employment t)f the resistance-capacity filter results 
in POPP regulation, that is, a close dependence of the operating voltage 
on ^e operating current. Also, the large amount of energy stored in 
the filter condensers may cause the flow of dangerously large currents 
bn short circuit. Thus a voltai;e breakdown in the electron microscope, 
due to vacuum failure, may severely damage the instrument. Even so, 
most European electron microscopes, commercial models included, are 
powered by gyst^ns of this general type.^ Figure 7*1 stipws a block 
diagram <rf such a high-voltage supply. 

* A satisfactory solutiem to the stable-accelerating-potential problem 
^See Himka, referme 1; 
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is found in the electronically regulated rectifier using a high degree of 
inverse feedback. This method of regulation, well known in television 
and other electronic arts, operates by comparing a portion of the output 
voltage with some standard voltage such as that of a battery or glow 
tube, and by amplifying and appl3dng the difference to control the 
current fed into the input. It renders the output voltage insensitive 



Fig. 7-2. Low-Frequency Excited High-Voltage Supply with Electronic Feed-Back 
Stabilization. 


both to input voltage changes and output load changes. With large 
inverse feedback the output stability is limited only by the stability of 
the standard voltage and by drift conditions in the sampling and ampli- 
fying means. A 20- to 100-kilovolt regulated supply utilizing the inverse- 
feedback principle was developed in the RCA Laboratories in 1939.^ 
The power was here supplied by a conventional x-ray generator for 
20 to 100 kilovolts. 

Figure 7*2 is a schematic diagram of this regulated high-voltage 
system, showing only the essential components. The high-voltage 
rectifier is enclosed by dotted lines and is marked A. A lOOO-megdma, 
100,000-volt carbon resistor, forming the high-voltage portion of the 
voltage divider and shunted by a compensating condenser, is mounted 
in the generator tank under oil. The high voltage leaves the generator 

* See Vance, reference 2, 
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through a shockproof cable and enters another oil-filled tank containing 
the resistance-capacitance filter shown. The wire-wound resistor ele- 
ment of this filter serves as a current limiter for the system and prevents 
serious overloading of the generator in case of breakdowns and dis- 
charges in the microscope. The capacitance of the filter is made up of 
an oil-filled condenser plus the capacitance of 50 feet of shockproof 
. cable leading from the high-voltage vault. The lower-voltage portion 
of the voltage divider is adjustable between 5 and 25 megohms for a 
voltage range of 100 down to 20 kilovolts and is used as the sample 
voltage for the regulator. This resistance appears at the remote-con- 
trol position and is .shunted by a condenser in order that the capacitance 
ratio of the divider approximate its resistance ratio. 

As shown in Fig. 7*2, the sample voltage is opposed by the standard 
voltage, provided by a 500-volt dry battery, and the difference is im- 
pressed on the first tube (Type 1N5--G) of a direct-current amplifier 
system. This tube is direct-current-connected to a Type 6L6 dkect- 
current amplifier actuated by a floating direct-current supply. The 
last tube drives, in parallel fashion, the grids of two Type 203-A power 
tubes, the plates of which are connected in push-pull to the secondary 
of a plate transformer. The primary of the plate transformer is shunted 
by an impedance-limiting resistor and is connected in series with the 
alternating-current input supply to the main generator. The Type 
203-A tubes act as a variable resistance across the secondary and thus 
vary the primary impedance as the common grid voltage changes. 
Since the grids of the Type 203-A^s are driven somewhat positive when 
the lowest impedance is attained, it is necessary that the grids be isolated 
from each other by the resistors shown in their grid circuits. These 
lessen the effect of the grid current in the tube whose plate voltage is, 
at the moment, negative on the positive swing of the grid in the other 
tube. The Type VR X50-30 glow tube serves to maintain the cathodes 
t)f the Type 203-A^s at 150 volts positive with respect to the Type 6L6 
(»thode. The whole system is an inverse-feedback circuit with one 
pdii^ heavily by-passed. All the high-frequency attenuation is pro- 
duced at that point. Since the loop gain of this system passes through 
UQity at about 90 degrees phase shift and has no lower cut-off, it is 
inherently stable. 

The network Z, connected across the input to A, serves to correct the 
power facto and keeps the input impedance of the generator within 
leMonaible limits as required output voltages are vg^^ed over a wide 
range. 

The stability of the output voltage in the circuit shown in Fig. 7*2 ^ 
is limited by a number of factors. On a straight loop-gain basis the I 
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regulator should reduce the effect of line-voltage fluctuations several 
thousand times. Very fast line-voltage variations are reduced much 
less effectively, since the regulator is limited in speed by the power-line 
frequency. The standard battery has been measured to have less than 
five parts in one million variation within the 30-second period. How- 
ever, in this unit the divider is oil-immersed and the circulation of the oil 
about the resistor causes the effective ratio of the voltage divider to 
vary because of the establishment of thermal and electrical gradients. 
The capacity divider, also, is affected by oil circulation. These last 
phenomena constitute the main causes of instability in this circuit. 
Drifting of the direct-current regulating amplifier is a further possible 
source of output variations. This effect has been reduced to negligible 
proportions by supplying plate, screen, and filament voltages for the 
input tube (Type 1N5~G) from a small electronically regulated power 
pack which maintains its voltage constant within less than 0.1 per cent 
at all times. Since the gain of this stage is about 100, the drifting in 
the following stages is negligible in effect. The peak of the ripple, or 
alternating component, of the output voltage, measured by means of a 
capacitance divider, is found to be 0.0016 per cent of the constant com- 
ponent. The regulator maintains the voltage across the voltage divider 
essentially independent of load so that the circuit impedance at the end 
of the resistance-capacitance filter is nearly equal to the value of the 
filter resistor. With proper control of corona and leakage at the micro- 
scope and storage-battery filament supply, no serious variations due to 
change in load current are observed. 

Feedback-regulated supplies of this type, when operated from a 
fairly steady power line, may show variations of less than 0.006 per 
cent. This can be improved to the order of 0.004 per cent or better by 
wax-insulating the voltage divider. This system, therefore, provides 
sufi&cient stability for successful electron microscope operation. Its 
regulation, though superior to that of the elementary system, is, how- 
ever, still limited by the resistance-capacity filter which lies outside the 
feedback loop. Furthermore, like the elementary system, it is bulky, 
expensive, and cumbersome. To a large extent, these and other draw- 
backs are inherent in the use of low-frequency (60-cycle) currents for 
generating the high voltages required. Thus all 60-cycle systems pro- 
duce strong stray fields, frpm which, because of their low frequency, the 
microscope can be shielded only with difficulty. This circumstance 
makes impossible the combination of the microscope and its power 
supplies into a single, compact unit. The required large number of 
turns of the secondary and the impossibility of reducing wire size beyond 
a certain mi n imum render 60-cycle high-voltage transfonneis neoee- 
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sarily bulky. Finally, the filter condensers must be large to reduce 
adequately the ripple voltage and other high-frequency fluctuations, 
whi^ the regulator cannot compensate. 
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Fiq. 7*3. Simple Resonant Circuit Corresponding to Quarter-Wave Line. 


These several disadvantages may be removed by employing much 
higher frequencies, in particular radio frequencies, to drive the high- 
voltage rectifiers. Some of the gains resulting from this mode of operar 
tion, attained at the expense of a certain increase in the complexity of 
circuit design, are listed below: 

1. Relatively small capacitors are required to reduce the ripple to 
a prescribed level. At the light loads involved, the principal com- 
ponent of ripple current flowing through the rectifier tubes is sinus- 
oidal capacity current. The output shunt filter reactance can be 
made up advantageously of a network of coils and capacitors which 
presents zero reactance to the fundamental driving frequency and a 
low capacitative reactance to all the harmonics. 

2. High impedance may be realized by low-loss resonant coils pf 
TninimiiTn size and weight. This high impedance results in a minimum 
of exciting power and improves the overall power efficiency of the 
high-voltage supply. 

3. Radio-frequency operation imposes negligible limitation on the 
j^gulator speed. 

'"4. The radio-frequency fields of the radio-frequency circuits can 
be easily confined within the high-voltage generator, permitting the 
generator to be placed as^close to the microscope as desired. 

5. Only the simp^t series-resonant circuit is required to produce 
necessaiy ventage multiplication. Such a resonant circuit is 
Bbxmn in Fig. 7*3^ 

7*8« RediO^lrequMicy Circuits. The main criterion used for the 
determination of the operating frequency of a radio-frequency supply^ 
Si tdio of'the power losses in the coil due to ^dy currents.^ 
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This power loss P is given by: 
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where E is the voltage produced in the coil and Z is its resonant im- 
pedance, which is closely approximated by the expression: 


Z = 


L 

C(Rl + Rc) 


[7.2] 


Here L is the coil, inductance, C the total capacitance across the coil, 
Rl the effective series resistance of the coil, and Rc the effective series 
resistance of the capacitance. C is maintained at a minimum and Rc 
is usually made small compared to Rl- The impedance Z is then essen- 
tially determined by L/Rl. At low frequencies Rl is very nearly equal 
to the direct-current resistance of the coil, and L/Rl is practically 
independent of frequency for a coil of given shape and size. As the 
frequency is raised a point is reached where Rl begins to increase owing 
to eddy currents and P increases. The operating frequency should be 
set at a point where there is only slight increase in coil loss due to eddy 
currents. Litz wire is usually employed to raise the operating fre- 
quency at which this slight increase in coil loss occurs. 

In general, the higher the voltage required, the lower the operating 
frequency which is most suitable. The reason for this is that the 
capacity of high-voltage generators is necessarily larger, and, therefore, 
the conductor size in the coil must be larger. Since it is more difficult 
to reduce eddy currents in these larger conductors, a lower frequency is 
necessary to keep coil loss down. A list of high-voltage supplies of 
different developed alternating-current voltages, and their operating 
frequencies, follows: 



A-c voltage 

Rectifier circuit 

D-c voltage 

Frequency 

1 

16 kv 

Voltage doubler 

30 kv 

76 kc 

2 

17 kv 

Voltage tripler 

60 kv 

76 ko 

3 

30 kv 

Voltage doubler 

60 kv 

32 ko 

4 

60 kv 

Voltage doubler 

100 kv 

24 kc 

5 

76 kv 

Voltage quadrupler 

300kv 

19 kc 


The voltage ratio of the simple circuit shown in Fig. 7*3 is simply 
2t/L/ (Rc + Rl) or the Q of the circuit. This circuit inay also be con- 
sidered as a quarter-wave line with lumped constants. Such a line is 
called an impedance inverter because, for no dissipation, it has the 
characteristic that, if the input voltage is held constant, the output 
current remains constant, regardless of the load. It is of littie con- 
sequ^ce that in this circuit the output voltage is sensitive to changes in 
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the load, since the inverse feedback of the regulator reduces the overall 
sensitivity to load changes of the supply to negligible proportions. 
In fact, this impedance property is useful, in that it protects the 
other components of the system by causing the driving generator to 
unload and tend to approach an open circuit whenever the final output 
is short-circuited. 



Fig. 7-4. Driving Osciliator for Series-Resonant Circuit. 


The voltage ratio of this circuit varies critically with the driving 
frequency, which requires that the circuit be driven at its resonant 
frequency at all times. Since C consists of stray capacitance including 
that of the small rectifier, it usually has a high temperature coefficient, 
80 ihai the resonant frequency changes considerably as the circuit warms 
up. This makes it desirable that the resonant load determine the 
freq^cy of Ihe driving oscillator. Since the load to be driven is 
series-resonant — and not parallel-resonant, as usual — a special oscil- 
lator circuit must be used, in which the feedback to the input is pro- 
pmrtioaal.to the output current instead of to the output voltage. Fig- 
ure 74 shows such an oscillator. It consists of a twonatage amplifier 
driving Ihe series-resonant load LA through the small feedback resistor 
Bf» The voltage across this resistor is fed to the amplifiennput through 
tte transformer Tp whkh has a broad frequency response and negligible 
phase shift ovw a broad frequency band centered on the resonant 
fiequciicsr of th6 loari. The tank circuit L 2 C 2 is paralld-resonant at 
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the approximate frequency of the load, but its L/C ratio is so high that 
it has negligible effect on the oscillator frequency. Hence, as the feed- 
back gain is high enough and in the proper phase to produce oscillation 
only at or near the resonant frequency of the load, the circuit as a whole 
is constrained to oscillate at this frequency. The amplitude of the 
oscillation is controlled by the screen voltage of the output tube 72- 

Many variations of this circuit are possible and are used on occasion. 
For instance, the oscillation amplitude may be controlled by the plate 
voltage if desired and the oscillator circuit may contain one to three 
stages. The principle of current-controlled feedback, however, is 
utilized in every case. 

74. Rectifier Circuits. As indicated above, a series-resonant input 
to the radio-frequency high-voltage supply is employed in anticipation 
of the use of a voltage-multiplying rectifier circuit instead of, for ex- 
ample, a simple half-wave rectifier. A number of considerations mark 
out multiplying circuits as most suitable for this application. Two of 
the most Important among them are the questions of physical size and 
weight and of the power input required for a given output voltage and 
current. 

If size is an important consideration and if the output voltage is quite 
high (60 kilovolts or more), the use of oil insulation is advantageous. 
This greatly reduces the difficulties of corona shielding and also permits 
smaller dimensions of various parts, such as the rectifier tubes. As 
compared with air-insulated units, oil-insulated units have the draw- 
backs of greater weight and greater fire hazard. In air-insulated units 
for moderate voltages the exaggerated size of air-insulated high-voltage 
rectifier tubes makes "the employment of voltage-multiplying circuits 
and two or more small rectifying tubes an essential condition for compact 
construction. The fact that in voltage-multiplying circuits the maxi- 
mum peak alternating-current voltage appearing anywhere in the cir- 
cuit is limited permits further savings in space and leads to reduced 
stress on the insulation. 

Voltage-multiplying circuits, as compared with a simple half-wave 
rectifier, also appear advantageous with regard to the power input 
required. Since, in the type of circuit considered, the whole rectifier 
system, regardless of type, is part of the series-resonant load, the exciting 
power* can be expressed in the form 


El ^ ElCR 
2Z 2L 


17-31 


* ffince the output power adds the same amount to the ii^ut power required, irre- 
speotive of the character of the circuit, it is omitted in the above 
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where Eo is the peak input voltage, Z is the impedance of the resonant 
circuit, R is the series resistance, and C and L have the same significance 
as, for example, in Fig. 7*3. Since, for a given output voltage, Eo varies 
inversdy as the number of multipl 3 dng stages and C increases linearly 
with the number of stages, while L and R remain substantially constant, 
it is obvious that the number of multiplying stages should be as large 


R-F Input 
for rectifier filament 



Fig. 7*6. Voltage Doubler Rectifier. 


as possible. However, voltage-multiplying circuits require separately 
insulated filament power supplies, so that, in practice, the final decision 
regarding the number of multiplying stages must be made by balancing 
this extra complication against the saving in power, insulation, and space. 

* lit the range of 50 to 100 kilovolts an oil-insulated doubling circuit 
is most commonly employed. Figure 7*5 shows a representative circuit 
for su^;^ system. The first rectifier tube, Fi, in this circuit acts as a 
peak half-wave rectifiw charging the capacitor Ci to the peak voltage Eo 
d ,the radio-frequency input. The filament of the second rectifier tube. 
Vs, is comieotedto the capacitor €i and hence is at a potential consisting 
ol ^^lectrcurrent potential £« and a supeTixnposed alteimting-cui- 
lent potential of peak value Eo* Thus ^2 acts as a peak half-wave 
rectifier ami charges the capacitor C 2 to the peak voltagti^ which its 
filament rdative to ground, that is, 2Eo, 

It is of interest to note that the filament of the rectifier tube F 2 ki also 
excited hy radio frequency. Ihe reason for this is that radio-frequency 
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transformers can be made with very low interwinding capacity, which 
further helps to conserve the exciting power required for the rectifying 
circuit (Eq. 7*3). Moreover, it is quite simple to attain the high- 
voltage insulation in radio-frequency transformers* 


R-F R-F 



Fig. 7 6. Voltage Quadruple! for 300-Kilovolt Electron Microscope. 


For lower operating voltages -- for example, 30 kilovolts — a quite 
similar circuit, mth air insulation in place of oil insulation, is suitable. 
For very high voltages, however, more complex multiplying circuits are 
desirable. Thus Fig. 7«6 shows an oil-insulated quadrupler circuit for 
the production of 300 kilovolts.^ It is seen to consist of two voltage 
doublers in cascade with separate radio-frequency filament trans- 
formers and exciting oscillators for the rectifier tubes F 2 > aJid V 4 . 
Voltage-tripler circuits have recently found application in air-insulated 
SWdlovolt supplies. 

7*6. Regulating Circuits. The electron-microscope high-voltage sup- 
plies described above would, in themselves, be satisfactory for operation 
with elertrostatic instruments. However, if they are to be used in, , 
conjunction with the magnetic type of electron microscope it is neces- 

* See Zworykin, Hillier, and Vance, reference 8. 
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saiy to add fiCHne regulating circuit which maintains the output voltage 
within the narrow limits defined in section 7*1. 

The schematic diagram of a t 3 rpical inverse-feedback regulated high- 
vdtage supply^ is shown in Fig. 7*7. The rectifier circuit is of the 



Fio. 7*7. Schematic Diagram of Radio-Frequency-Actuated, Feed-Back-Regu- 
lated, High-Voltage Supply. 


doubler type^ which has been described in the preceding section and 
whiol\ is shown in Fig. 7*5. It is driven by an oscillator such as that 
in Big. 7*4. The sample voltage is obtained, as in the previous cases, 
from the low-voltage end of an output-voltage divider consisting of a 
lOfimnef^ihm wax-enclosed carbon resistor and a wire-wound sesistor of 
10 megohms. This divider is shunted by capacitors so that the alter- 
naisg-clirrent and duect-current ^tios are approximately equal. The 
difiterence between the sample voltage and the 550 volts of the standard 
batt^ is impressed on the grid of tube Vu which acts as a direct- 
cuira^t voltage amplifier. This voltage amplifier actuates^ direct- 
eiUT^ po^ amplifier ccmsisting of the two tubes Vg aim Fio in 
pandld. The latter amidifim' conkols the screen-grid voltage of the 

. and Vance, referrace 4. 
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driver-oscillator output stage (four tubes Fs, Fe, F 7 , and Fg in paral- 
lel), which, in turn, controls the power input to the rectifier circuit. 
The inverse-feedback loop formed in this way forces the sample volt- 
age to be very nearly equal to that of the standard battery at all times. 

There are a number of points of interest in the complete circuit, such 
as the following. The parallel arrangement of tubes in the power 
stages is a device which permits the use of a number of small, common 
radio tubes in place of single tubes which would have to be large and 
special in construction to meet the impedance and power-dissipation 
requirements. The resistance network connecting Fn to the following 
stage is arranged so that the current flowing from the negative 350-volt 
supply causes a voltage drop across the 1 -megohm resistor sufficient to 
place the necessary negative bias on the tubes F 9 and Viq. The fila- 
ment-heating power for the rectifier F 2 is supplied by the simple oscillar 
tor F3. The 200 , 000 -ohm resistor shown in series with the output acts 
as a current limiter in case of breakdown, protecting both Cg and the 
microscope. 

The components shown within the dotted rectangle are enclosed in a 
copper-lined steel tank and submerged in insulating oil. The alternat- 
ing-current section of the tank is separated from the direct-current 
section by a copper shield which is also indicated by a dotted line. The 
second rectifier tube F 2 passes through a hole in this shield. In spite 
of this shielding there is sufficient capacity across Fg to produce con- 
siderable ripple voltage. The filter circuit L3C3 is introduced in order 
to reduce this ripple voltage to a negligible value without the employ- 
ment of an unreasonably large filter condenser Cg. The components 
L 3 and C 3 are chosen so that the effective inductance of the combination 
series-resonates Cg at the driving frequency, providing a very low 
impedance path to ground for the ripple voltage. The circuit is, 
in itself, parallel-resonant at a frequency between the fundamental and 
the second harmonic of the ripple frequency and thus acts as an in- 
ductance for the fundamental and as a capacitance for the second 
harmonic and all higher frequencies. Since the ripple is essentially 
sinusoidal, the harmonic content being low, the condition of series 
resonance is effective and reduces the ripple output to less than 0.0015 
per cent of the output voltage. 

The high-voltage supply shown in Fig. 7*7 and described above is 
capable of maintaining the output voltage steady to better than 0.006 
per cent over the required time of 30 seconds. circuit is, iii essence, 

that which is used in the large RCA electron microscope (Model B)* 
A photograph of the mtemal structure of the high-voltage oil tank d 
this instrument is shown in Fig. 7*8. 
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The small RCA electron microscope, which is described in section 
6-1, possesses a high-voltage supply which furnishes 1 milliampere at 
30 kilovolts with a maximum voltage fluctuation during an operating 
cycle of 0.005 per cent. The circuit of this supply is the same in prin- 
ciple as that shown in Fig. 7*7. Certain simplifications, such as the 
employment of air insulation and of a single-stage, single-tube oscillator, 
are made possible by the reduced demands on the circuit. 



Eio. 7*8. High-Voltage Unit of the Type B Electron Microscope. ‘ 


7*6* Ikbgnetic^Leais Current Supplies. Early electron microscopes 
of the magnelic type used storage batteries to supply the exciting cur- 
' lOTt for the lens fields. , The current flowing through the lens windings 
was determined by the resistance of the winding itself and the external 
wdstaitee wMch provided-a means of control. In spite of tWact that 
storage battles e^bit excellent voltage stability it was difficult to 
obtain saiasfaototy current stability because of the thermal changes of 
ladst an ce ci the si^Btem. ' The thermal changes arose from the heat 
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dissipation in the system and were difficult to eliminate because of the 
large bulk of the coil windings. 

The required current stability can be attained quite simply by the 
use of a regulated current supply. Such a supply, employing conven- 
tional tubes, is shown in Fig. 7 -9. In this circuit the voltage drop across 
the control resistance is compared with the voltage of a standard battery 
and the difference mplified and applied to the control grid of a power 
tube in series with the positive side of the main power supply, thus 
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Fig. 7-9. Regulated Coil-Current Supply. 

completing a powerful inverse-feedback loop. The main series resistor 
(eventually a number of resistors) is wound with wire having zero 
temperature coefficient. The rough control of the current is obtained 
in the case of the Type B electron microscope by varying this main 
series resistor in steps, whereas the fine control operates by slightly 
adjusting the fraction of the voltage drop compared with the standard 
battery. The output current of this type of regulator is almost entirely 
independent of the load resistance so that the whole system is insensitive 
to thermal changes caused by the current itself. 

The direct-current input to the objective-lens current regulator is 
derived from conventional regulated low-voltage supplies. The heater 
current of the objective direct-current amplifier stage is also regulated 
so that it is steady to within 0.6 per cent. With these precautions the 
current in the lens coil can readily be held constant within 0.002 per 
cent. The single lens coil in the small RCA microscope is also excited 
by a circuit such as that shown in Fig. 7*9. Continuous controls ar^ 
provided for the coarse and fine adjustment, which cover much smaller 
ranges than in the laige instrument. 
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7*7. Fikment Supplies. In early microscopes using hot cathodes to 
supply the electron beam batteries were used to heat the filament. 
Hie obvious inconvenience of insulating and controlling such batteries 
led to the development of alternating-current filament excitation. 
Exhaustive tests have shown that it is possible to use alternating-current 
excitation ci an electron microscope filament with no detrimental 
effect on the image if certain precautions are taken to eliminate the 
effects of the alternating magnetic field which must be associated with it. 

As an electron leaves the filament of an electron microscope it has a 
very low velocity and yet has to pass through the strongest part of the 
magnetic field associated with the heating current of the filament wire. 
As a result of these two conditions, the electron undergoes an appreciable 
deflection in a direction parallel to the axis of the filament wire. In an 
electron microscope using a direct-current excited filament this phe- 
nomenon appears as a constant displacement of the electron source, and 
compensation is made for it by realignment of the electron gun. How- 
ever, in an electron microscope usii^ an alternating-current excited 
filament the deflection of the electrons results in an apparent elongation 
of the eli^tron source in a direction parallel to the axis of the filament 
wire. Optically this causes the effective aperture of the objective® to 
be elliptical with a resultant loss of resolving power in one direction in 
the image. If alternating-current excitation of an electron microscope 
filament is to be used, this effect must be reduced to the point where it 
has no observable effect on the image. This can be accomplished by 
the use of sufficiently fine filament .wire (for example, tungsten wire 
with a diameter of 0.10 millimeter). 

. Rgure 7*10 shows a microscope filament supply operating with 
flO^cle current, such as is employed in the small RCA microscope. 
Tlie filament current is supplied by an insulated step-down transformer 
from the flO^ycle line which is stabilized with the aid of a saturated- 
core wdtage regulator. The transformer is provided with electrostatic 
dueldiug between the primary and secondary. Furthermore, the con- 
stancy ctf'Uie potential of the filament tip, from which the electron beam 
is emitlied, is assured by applying the high voltage to the center of a 
reinstaiipe shunting the filaiment. The diagram also shows the manner 
in whi^ a Uas is implied to the focusing aperture in front of the filar 
jaent. The currmt from the high-voltage supply to the filament 
passes throu^ a variiy^le 100,000-ohm resistor. The voltage drop 
amsB resistGr is apidied to the focusing aperture. Tbmk for the 
beam current of 1 ndlUampere the focusing aperture may be 
given a negative potential up to 100 volts. 

^ it iB hen aammed that, as’ifl usually the case, the “ effective aperture of the 
ol^liqtive is small compared to its physical aperture. 
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Even with the eniplo 3 ^ent of a very thin filament the magnetic field 
of the filament circuit may have a slight effect on the beam in the region 



i 

Regulated 
110 -volt 


60 - cycle 
line 


Fia. 7*10. Filament Circuit for Low-Frequency Excitation. 


below the cathode aperture, resulting in an asymmetry of the effective 
source. This may be eliminated practically completely by the employ- 



Fig. 71 1. Radio-Frequency Filament-Supply Circuit for ISectron Microscope. 

ment of radi(>frequency excitation. Figure 7'11 shows a typical 
radio-frequency filament-supply circuit. Here the tank circuit of the 
driving oscillator is seen to constitute the primary of the step-down 
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transformer. With this arrangement considerable reactive power is 
stored in the transformer primary, enabling it to overcome the poor 
coupling with the secondary and to supply sufficient secondary voltage 
and current. At the same time it is not necessary for the leads of the 
traiwformer primary to carry the heavy circulating currents that would 
exist if the primary were only part of the tank circuit. Since a tuned 
secondary would require a large capacity, and hence would be expensive 
and cumbersome, an untuned secondary of several turns is employed. 
The heating current is controlled by varying the plate voltage of the 
oscillator and may thus, as for the low-frequency supply previously 
discussed, be conveniently adjusted by a resistor on the panel. 
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CHAPTER 8 

MANIPULATION OF THE ELECTRON MICROSCOPE 


8*1. Preparation of the Specimens. Specimens must satisfy a number 
of conditions if they are to yield satisfactory images in the electron micro- 
scope. First of all, they must be thin enough to transmit a large fraction 
of the incident electrons with only minor changes in velocity and direc- 
tion. For organic matter with a density of approximately unity the 
upper limit of the thickness at an operating voltage of 60 kilovolts is 
about one micron. This -upper hmit of thickness is inversely propor- 
tional to the density of the specimen. Greater specimen thicknesses 
may be tolerated if higher operating voltages are employed, as is brought 
out by the curves in Figs. 19-27 and 19-28. 

Second, the specimens must maintain their character in vswjuum and 
under the amount of electron bombardment essential for the formation 
of the image. Only the hardiest organisms (bacterial spores) have been 
observed in the electron microscope in a living condition.^ Normally, 
specimens are freed of their volatile components before observation, 
signifying, in the case of bacteria and tissues, a removal of their water 
content. This does not, however, necessarily result in a basic change of 
the geometrical structure in the case of smaller entities. 

The classes of objects that can be studied thus are: large organic mole- 
cules and viruses; finely divided matter, such as dusts, smokes, powders, 
and colloidal suspensions; substances forming thin films, such as soaps 
and plastics; bacteria; and, within limits, fine organic tissues and 
sections. In addition, the surfaces of etched metallographic specimens 
and other compact substances may be investigated indirectly by observ- 
ing thin-film replicas of the surface. 

Regardless of the character of the specimen, it must be mounted on a 
suitable support. Two types of specimen supports are in common use. 
The first consists of a disk, of some relatively inert metal, with a central 
aperture a few thousandths of an inch in diameter. This has the disad- 
vantage that the specimen field which may be explored is rather limited. 
The other type, more widely employed at present, is free of this objec- 
tion. It consists of a disk of fine-mesh metal screen, which may be 
either woven or electroplated. Most commonly the screen possesses ‘ 
^ See V. Aidenne and Friedrich-Freksa, reference 1. 
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approximately 200 meshes per inch. With this t 3 rpe of mount a large 
number of mesh apertures may be studied on a single specimen. In par- 
ticular, if the specimen in one of the meshes is damaged by the electron 
bombardment, the observer can shift quickly to the next.- 

Some specimens require no support apart from this metallic base. 
Thus smoke particles caught on the wire-mesh disk by passing it over a 
flame tend to form chains reaching out from the edges of the mesh aper- 
tures toward the center of the holes. Other objects suitable for study 
form thin films covering the mesh openings. Plastics are examples of 
these. The metal disk need merely be dipped in a solution of the 
material having the proper concentration. After withdrawal, the mesh 
openings will be sealed by a liquid film, which solidifies as the solvent 
evaporates. 

More frequently, the specimen requires a support in addition to the 
mesh wires. This support is most commonly provided by a strong, thin 
film , which, within the limits of resolution of the electron microscope, is 
structure-free. Numerous organic preparations are available which will 
form films with the required characteristics. Among them collodion 
and polyvinyl formal have gained the widest acceptance. Both of them 
yield Structure-free films only about 100 A.U. in thickness, which have 
the requisite mechanical strength and are not readily destroyed by 
normal electron bombardment. A third supporting film, which is not 
quite so free of structure and has not quite so low a mass thickness as the 
collodion and polyvinyl formal films, is the aluminum oxide film. Its 
value resides primarily in its extraordinary stability under bombardment 
and when subjected to high temperatures. These advantages are 
shared by silica films prepared by evaporation on microscopically smooth 
surfaces of a plastic such as polystyrene.^ 

A collodion film* suitable as supporting membrane for electron micro- 
scope specimens may be prepared as follows. A single drop of a well- 
filter^ 2 per ceiU^ solution of collodion in amyl acetate is placed on the 
clean surface of carefully distilled water. When the water surface is 
torched drop spreads over a fairly large area and the amyl acetate 
evaporates, leaving the desired collodion film floating on the surface of 
the water. A check on the quality of the film is available in the charac- 
ter of the interf^ence colors whidi are seen as the amyl acetate evapo- 
rates. These interference colors should appear uniform either over the 
whole of the surface of the film or in fairly broad circles. In the last 

^ For details of their preparatioD, see the paragraph on the prepara^n of silica 
r^icas, p. 

’ Siidi cdlodion films were first introduced by Kirchner (reference 2) as specimen 
st^iiiorts hi electron diffraction work. 
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stages of evaporation the thickness of the film is much less than the 
minimum which will give interference colors. However, when the 
evaporation is completed the remaining film may be detected by a differ- 
ence in the sheen of the water surface. 



Fig. 8*1. Removing the Object Support from the Water Surface. 


After a film has been obtained on the surface of the water, a number of 
screen disks are placed around the surface, as shown in Fig. 8‘1. These 
can be picked up in a circular loop from below, as shown in the same 
photograph. In order to leave undisturbed all the film except the part 
being used, a needle is run quickly around the edge of the loop, thus 
cutting out that portion of the film. As it is lifted out of the water, the 
wire loop carries a screen disk supported in its opening on the collodion 
membrane and a certain amount of water which still adheres to the lower 
side of the membrane and the loop. This is inverted and passed over a 
small cylinder with a flat top, as shown in Fig. 8*2. A pair of forceps is 
now used to lift the cylinder through the loop so that the loop may 
be taken off the bottom. After this operation the screen disk rests on 
the top of the cylinder and is completely covered by the collodion mem^ 
brane to which adhere, usually, a few drops d surplus water. Tlie 
surplus water is then drawn off immediately by means (rf a micit^ipette. 
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As water does not readily wet collodion, the water drawn off by the above 
method ccHnes (£ very completely and takes all foreign material which 
does not adhere to the collodion membrane with it. The specimen 
mount is then ready for the addition of the specimen (Fig. 8*3), unless, 
indeed, the specimen was suspended in the collodion solution and is thus 
already embedded in the film. Collodion films prepared in the manner 
described safe found to be extremely clean and free from structure appre- 
ciably above the limit of resolution of the electron microscope. 



1^0. JDepositing the Object Support on the Cylinder and Removing Excess 

Water. 


pdyvinyl formed,^ which exceed collodion films in mechanical 
stren^ and durability, may be prepared by a procedure described by 
Sdiaefer and Barker.^ A glass slide cleaned with magnesium oxide 
powder or chromic acid cleaning solution is dipped into a 0.1 per cent 
pdyvinsd formal solution la dioxane or ethylene dichloride wad with- 

^ Polyvinyl fonnsl is marketed under the trade name Foimvar 1&-06 by Shawini- 
gan Empire State Building, New York City. 

^SnerderoioeS. 
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drawn, letting the solvent evaporate. After evaporation (comuniing 
1 ..^= than one minute) the film is scored with a needle around the ed^ 
and crosswise, so as to subdivide the film into areas of the requ^ size. 
The plate is then held vertically over a tray containing water with a clean 
surface and quickly plunged under the water surface. After beu« su^ 
merged for about a minute the plate is withdrawn slowly, permitting the 
water to peel off from the surface, and then lowered again at a slower 
rate. The film will then float off on the surface of the water and can 
be utilized for forming an object support in the same manner as a coUo- 
dion film. 



Fig. 8-3. Placing the Specimen on the Object Support. 


AliiTTimiim Oidde films have been introduced as object supports by 
Hass and Kehler.® The following detailed instructions for preparing 
filma 500 to 1500 A.U. in thickness are given by von Ardenne and 
Friedrich-Freksa.^ A strip of aluminum foil, 1 to 2 centimeters wide 
and 6 centimeters long, is placed as anode in a 10 per cent sulfunc ^d 
solution. The cathode is formed by a similarly shaped sheet of pmti- 
num placed at a distance of 2 centimeters from the anode foil. Employ- 
ing a voltage of 10 volts, yielding an initial current of 0.01 ampere, an 
invisible aluminum oxide film, not yet showing interference colors, is 
formed in 1 minutes. K thinner films are to be obtained, the fcmning 
voltage must be reduced. The aluminum strip with the film is the^ 

• See reference 4. 

^ See reference 1. 
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imffierBed in saturated mercuric chloride solution, which, in a few 
minutes, dissolves the metallic aluminum. The mercuric chloride 
adhering to the film is removed by subsequent washing in alcoholic 
iodine-potassium iodide solution. Finally, the film is washed with 
alcohol and placed on the object support. The film appears trans- 
parent by transmission and slightly grayish or yellowish under vertical 
illumination. Since the film readily swims off the object support, it is 
ctften advisable to increase its adhesion by placing minute droplets of 
rubber cement on the edge of the object support. The electron diffrac- 
tion patterns obtained from these films® indicate that they are amor- 
phous. 

OndTthe object support has been covered with one of these films, the 
specimen may be deposited on it either in a dry form or from a liquid 
suspension or solution. In the first case the material is simply dusted 
onto the film, collected on it by passing the object holder through an 
atmosphere® holding the substance in suspension, or evaporated or sput- 
tered onto it in vacuum. If the material is suspended or dissolved in a 
liquid, a jlroplet of the liquid is placed on the holder, as shown in Fig. 
8’3, and the liquid is permitted to evaporate. In the latter case great 
caution must be exercised to minimize the amount of foreign material 
present, rince the dried residue of that material may greatly affect the 
image obtained. Also, care must be taken that the liquid is one which 
does not harm the supporting film. 

The methods of xjarrying out the process of purification in the case of 
oiganic substances, such as bacteria and. viruses, are highly specialized. 
Normally, the specimens are finally obtained suspended in distilled 
water which, if sufficiently pure, leaves no residue. 

In the case of inorganic (colloidal) suspensions, both the choice of the 
medium and its h 3 rdrogen-ion concentration are of great importance, if 
the specimen is to be well dispersed. Several methods have been 
adqfli^ for preventli^ the aggregation particles on the film. Thus 
von Ardcnne® places the Epecimens during the drying period on the 
prongs ofia IQQ-cycie, electromagnetically excited tuning fork. The 
Cohuhbian Gari>on Company,^® oa the other hand, has found it advan- 
tage^.ta subject deposits of dry particles to a discharge in air of a Tesla 
cqH ^vueuuttl^eak tester) or to an air jet. Schaefer and Harker^^ 
dq>orit ainmiomolecular layer oi a protein, such as insulin or egg albu- 


* of vapor of aaolvsiit of the film material promotes adtgsion of the 

particles^ film. 

*Bee jefMiDse 5. 

^^Soemferaasee* 

^^flserelOteaoe^. 
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men, on a mounted film. This protein causes the aqueous suspension of 
the material to be studied to wet the surface evenly, preventing the 
formation of droplets, and consequent clumps of material, on the film 
during drying. 

If the material is suspended or dissolved in a liquid which does not 
mix with water, such as collodion solution or oil, the suspension or 
solution may be spread on a water surface like a collodion supporting 
film and the spread film may be placed on a prepared mount in the 
same manner as the original supporting film. If the spread film solidifies 
and is mechanically strong, an additional supporting film becomes 
superfluous. 

It is obvious that innumerable modifications of the techniques of speci- 
men preparation here described may be employed to advantage in 
specific cases. A few of these are described briefly in Chapter 9, in 
connection with the electron microscope investigations in which they 
were used. Much additional information will be gained by reference to 
the original articles. 

In almost all instances certain precautions must be observed to pre- 
vent rupture of the supporting film during bombardment by the elec- 
tron beam. The consequent motion of the object during exposure is a 
frequent source of defective micrographs. Rupture results from two 
causes: the electrostatic forces between different portions of the speci- 
men which charge up under bombardment and overheating of the 
supporting film caused by excessive energy absorption in the specimen. 
Both effects are most likely to be observed if the object material con- 
tains some very large particles or constitutes a very heavy deposit on 
the film. Finally, the employment of old collodion solutions in the 
preparation of the film may lead to rupture under bombardment as a 
consequence of reduced mechanical strength. A reduction of the beam 
current lessens the likelihood of film rupture in all cases. 

A number of effective procedures are available, also, for the prepara- 
tion of surface replicas of thick specimens, such as metallographic sec- 
tions. The use of surface replicas was first suggested by Mahl,^* who 
obtained, in particular, very fine pictures of etched aluminum speci- 
mens.^® The polished and etched aluminum is oxidized anodically in a 
saturated borax solution with boric acid added. Then, after the sur- 
face has been subdivided into several sections with needle scratches, the 
specimen is immersed in saturated mercuric chloride solution. 'Die 
mercury liberated at the scratches, where free aluminum is 6Q>osed to 
the solution, lifts up the sections of oxide film. These, after the raw 

See reference 7. 

See Majhl, reference 8. 
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nants of metal adhering to them have been washed off with dilute hydro- 
chloric acid, are ready for observation. The top contour of the.oxide 
film follows the original etched surface, and the film is of uniform thick- 
ness (normal to the surface — Fig. 8*4) except insofar as the rate of 
formation of the oxide depends on the crystallographic orientation of the 
underlying surface. As a result the crystal surfaces appear darker in 
proportion' as their slopes relative to the plane of the specimen surface 
are steeper. This gives the pictures a very plastic appearance. 



Fig. 8*4. Character of the Oxide-Film Replica. 


Mahl has investigated a considerable number of other methods of 
forming surface replicas as well.^^ They include the formation of a thin 
plastic film on the surface to be studied, its oxidation by heating in the 
presence of air or oxygen, forming a thin oxide film, the deposition of a 
foreign oxide film by sputtering in an oxygen atmosphere, and the evap- 
oration or electroplating of a thin metallic film on the surface. In all 
cases the film is separated by dissolving the base. Rtidiger^® has suc- 
cessfully employed evi^rated aluminum and beryllium films as rep- 
licas of etched steel surfaces. Beryllium films may be separated from 
the steel specimen by immersing the specimen for a few minutes in 
waited ^ghtly acicUfied with sulfuric acid. With the exception of the 
plastic film method, all these methods are applicable to a restricted 
raage of>>epecimens and result in repficas with ** grain ’’ or character- 
istic structure which may obscure the finer detail of the surface structure 
tal[^ studied. 

Amonig the more general methbds of replica preparation three have 
proved particularly valuable. The first of these is the silver-collodion 
meihod.^^ The specimen, prepared in the same manner as for metallo- 

“Sec Radiger, Bennek, Stdfalem, and Volk, reference 10, and Rudiger, reference 

U. 

Zwoiyldn and Rambeig, reference 12. 
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graphic-light-microscope observation at high magnifications,^^ is placed 
in a vacuum chamber with one or several spirals of 15-mil tungsten wire 
loaded with small pieces of silver mounted above it. After a vacuum of 
the order of 10“^ mm Hg has been attained, current is passed through the 
tungsten filaments, whose temperature is raised gradually until most of 
the silver has evaporated. After the vacuum chamber has been per- 
mitted to cool, air is admitted and the specimen is removed. It should 
be coated with a film of silver thick enough to be readily pulled off the 
specimen with forceps after the edge has been scratched with a razor 
blade. The difference in the coefficient of expansion of the silver and 
the specimen often causes the surfaces to separate during cooling, facili- 
tating this process. 

Collodion solution is now flowed over the side of the silver film which 
was in contact with the specimen surface, care being taken — for exam- 
ple, by resting the bottom of the silver film on filter paper — that none 
reaches the opposite side. The concentration of the collodion solution 
should be such that the first interference colors (yellowish and then blu- 
ish) are barely visible. After drying, the silver film is immersed in 2-3 
normal nitric acid, with the free silver side up. After a few hours most 
of the silver should be dissolved. Frequently, the film is found to float 
on the surface. It may now be washed by replacing the nitric acid by 
several changes of distilled water. Residues of foreign material may be 
removed by immersing the film in a solution of iodine in hydriodic acid.^® 
The replicas so obtained are positive replicas. Ridges on the original 
specimen are reproduced as similar ridges on the collodion replica, valleys 
as valleys (Fig. 8-5), Surface tension causes the free surface of the 
collodion film to remain approximately flat over any small region of the 
specimen, so that the thickness of the replica becomes a measure of the 
elevation of the surface structure of the specimen over the average level 
of the surface. Accordingly also, with due allowance for the peculiar 
contrast conditions in the electron microscope,^® the relative darkness 
of different parts of the image indicates the relative heights of the fine 
structure of' the specimen surface. 

A procedure which is incomparably faster than that just described, 
but requires considerably greater care and dexterity, has been out- 
lined by Schaefer and Harker.^® It constitutes, in a sense, a refine- 
ment of Mahl^s plastic-film method. A negative polyvinyl fonnal 

This refers to the polishing and etching. The specimens should ruft be mounted 
in plastics, which may readily disint^rate during the evaporation process. 

Drs. Simard and Nelson of the Battelle Memorial Institute recommend 2 g 
iodine in 5 cc concentrated hydriodic acid diluted to 1 part in 10 of water. 

See section 19-4. 

See reference 3. 
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replica is obtained by direct stripping from the specimen surface. Great 
care must be taken to have the surface completely clean. It may be 
impossible to remove the film from an etched metal surface if more than 
five minutes elapse between the drying after the etching of the specimen 
and the formation of the pol 3 rvinyl formal film. Accordingly, directly 





Fio. 8<5. Character of the Eeplioa Obtained with the Silver-Collodion Process. 


after the final polishing with magnesium oxide powder and the etching, 
the surface is dried quickly with a jet of filtered air and lowered face 
dowii into a petri dish ccmtaming a 0.5 per cent solution of polyvinyl 
fonnal ip dioxmie. The specimen is then swung up into a vertical 
position^above the dish and permitted to dry. The resulting film should 
have a thidkness range d 500 to 750 A.U., except at the very bottom, 
liAere the hquid accumulates. Then the specimen is immersed in water 
to a depth about 3 centimeters and the thick end of the film is care- 
fifily teased until it piles up in a small roll. This rolled end is gripped 
with tweeaers and the film is pulled toward the thin end. The sepa- 
rated fi|in> or portion of the fihp, is swung up so that it reachhi the sur- 
&j0e in an esdi^ided condition, where it will shed water and float. The 
r^ca is now ready for mounting. Ibis entire operation may con- 
smim only a few minutes. ' 
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Schaefer*^ has devised a number of methods of obtaining polyvinyl 
formal replicas which make unnecessary the immersion of the specimen 
in water and are, thus, particularly adapted for specimens which are cor- 
roded by water. In the first a 20 per cent solution of gelatin dissolved 
in warm water is applied to the surface coated with polyvinyl formal 
(about 0.5 drop per square centimeter). The gelatin then is dried 
with a stream of warm air. During the drying it either cracks off, 
taking the replica film with it, or may be split off with the aid of a razor 
blade. The film is placed, gelatin side down, in a tray and washed with 
several changes of warm water. After this treatment the replica film, 
floating on the surface, may be mounted. 

Alternatively, a dilute, 0.5 per cent solution of gelatin is placed over 
the polyvinyl formal film on the specimen in a drop several millimeters 
thick. This is set on the freezing coils of a refrigerator. After freezing, 
the lower part of the specimen is placed in liquid air and left there until 
the gelatin and replica film split off because of unequal contraction of the 
materials. The film, including the drop, is lifted off and placed on filter 
paper. After being warmed to room temperature it is floated on a water 
surface and mounted. 

In the last method, which is the simplest of all, moist air is breathed 
on the replica film coating the specimen and a disk of wire mesh is 
pressed immediately on it. Then a strip of cellulose Scotch tape is 
placed over the disk and the surrounding film and is pulled off. Under 
appropriate conditions the disk with the replica film over it comes off 
with the Scotch tape and, after being removed from the tape, may be 
examined in the electron microscope. In all cases, the polyvinyl formal 
replica being negative, ridges on the original surface correspond to valleys 
in the replica and, hence, bright portions of the electron microscope 
picture; depressions in the specimen appear dark. 

A final process, described by Heidenreich and Peck*^ of the Dow 
Chemical Company, yields positive replicas of silica with excellent resolu- 
tion and contrast. The specimen is placed in a molding press with 
enough polystyrene molding powder above it to give a final molding one- 
half inch thick. The mold is heated to 130® C before applying pressure. 
Then a pressure of 2000 to 5000 pounds per square inch is applied, and 
the temperature is raised to 160® C. The mold is now cooled at constant 
pressure until the temperature has dropped well below 80® C. The 
polystyrene is now sawed off the edges of the specimen. If the specim^ 
does not readily jar loose frcmi the remaining polystyrene molding, the 
excess of the specimen is sawed off and the remainder dissolved in an!^ 

See reference 13. 

** See reference 14. 
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appropriate acid. Any mineral acid (other than sulfuric acid) in a con- 
centration less than 1 :3, acetic acid, or a caustic may be used without 
injury to the polystyrene. 

After careful washing the polystjo^ne replica is placed in a vacuum 
chamber with a pressure lower than ICT^ mm Hg. Silica is evaporated 
onto it ^rom a conical tungsten filament made of 0.020-inch wire, into 
which quartz splinters are placed. The amount that must be evapo- 
rated depends on the roughness of the surfaces of the polystyrene block, 
on its distance from the filament, and on its total surface area. For a 
typical specimen of pearlitic steel and a separation between the apex 
of the filament and the surface of 6 centimeters, the proper amount to 
be evaporated is about 3 milligrams. 

As the silica has a very high mobility on the polystyrene, it will cover 
all sides of the pol 3 rstyrene block. Before the block is placed in the 
solvent (ethyl bromide), the film is removed from the bottom and the 
sides with fine emery cloth. Then the surface is cut up into sections 
about an eighth of an inch on the side and immersed in the solvent. 
The block is pushed against the bottom of the vessel to make it adhere 
there. Within five minutes the replica films of silica will float off. 
They may be caught on mounting disks, then dried on filter paper and 
washed in fresh ethyl bromide. After the final drying they are ready 
for observation in the electron microscope. Electron diffraction pat- 
terns indicate that the silica films are vitreous. 

Not all these replica procedures are equally applicable to all types of 
specimens. Their sensitivity to heat, pressure, and vacuum, as well 
as the available equipment, may influence the choice. The results 
obtained with the various methods in the past may serve as a guide to 
one entering upon metallographic research with the electron microscope. 

8*2. Alignment of Magnetic Electron Microscope. In the alignment 
of the electron microscope the operator adjusts the position of the 
varibus Imses nntil all their axes of symmetry coincide. The behavior 
of the intermediate and final images in response to variations of the 
vanoua iens currents is used as the criterion of the adjustment. 

For aligning the microscope, a convenient test object (for example, 
magpeaium oxide smoke or carbon smoke adhering to the screen utilized 
as object support) is introduced into the specimen chamber. Adjust- 
ments are made until a sharp image is obtained on. the viewing screen of 
the photo|;raphic chamber. If, now, the instrument is aligned perfectly, 
a change in the objective current will result merely in a rotaUbn of the 
inteimediate inmge — hence also of the corresponding final image — 
about its center, accompanied by a change in magnification and a loss 
in j^iarpoess* A change in the condenser current is refiected in a 
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change in brightness of the imag^. With a misaligned instrument, how- 
ever, a change in the objective current will cause the image to change in 
magnification and sharpness and to rotate about some point which may 
lie well outside the image field. -As the objective current is reduced, the 



image contracts about the image point Pi (Fig. 8*6) corresponding to the 
object point Po in which the illuminating ray aimed at the center of' 
the objective intersects the specimen. The center of convergence 
describes at the same time a circle whose center lies on the optic axis 
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of ike objective, since the inclination, to the axis of the ray passing 
through the center (or, more precisely, through the nodal points) of the 
lens is not altered by the lens. 

Accordingly, the following is a suitable alignment procedure. Using 
very parallel illumination, that is, with the current in the condenser 
coil set well above the value at which the image of the filament is fo- 
cused on the specimen plane, the final image is observed as the objec- 
tive current is varied about the value for the best fgcus. In general, 
the image point will be seen to follow approximately circular paths 
about a center of rotation which lies outside the field of view. This 
center of rotation is not stationary, but shifts as the image is being 
focusech-- The first step consists in making the center of rotation for 
the sharply focused image coincide with the center of the field of view 
by a displacement of the objective adjustment screws. This adjust- 
ment is a first approximation to making the axes of the objective and 
projection lenses coincide. Unless the condenser lens is already accu- 
rately aligned, those points of the image which are at the center of rota- 
tion at exact focus will be seen to wander off the field of view as the 
objective current is varied. As can be seen in Fig. 8-6, the condenser 
can be aligned by displacing it in the direction which returns the out- 
of-focus image points to the positions which they occupied in the fo- 
cused image. Since this adjustment will have changed the position of 
the center of rotation of the focused image, the first adjustment must 
be repeated. If the objective lens is accurately symmetrical and clean, 
alterhating repetitions of the above two adjustments will quickly place 
the condenser, objective, and projector lens systems into accurate 
.alignment. This condition exists when the point of the image at the 
center of rotation of the focused image does not move for any value of 
the objective current. 

As these adjustments have been carried out at high condenser current 
and more or less, arbitrary adjustment of the electron gun, it will be 
found on reducing the condenser current that the image of the electron 
source not faU within the field of view of the objective. To correct 
this Qond^ion the following procedure is adopted. The intermediate 
scnsen is observed as the condenser current is reduced. Unless the 
elecih)n gim is^accurately aligned the illumination will be seen to become 
mare intense but also to move dfi the field of view. It is then returned 
by tlie appropriate translation of the electron gun, which is repeated 
with fm^^ reduction d the condenser current until the iny^ of the 
ebotrcMx soufce is formed in the center of the field of view. 

The focilaii^ of the filament, while not truly a part of the alignment 
progedui^ is nevcrthdw one of the most critical phases of the adjust- 
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ment of an electron microscope. This adjustment involves either a 
variation of the potential on the cathode shield or a mechanical adjust- 
ment of the position of the filament relative to the cathode shield in 
the direction of the axis of the instrument. In either case, the aim of 
this adjustment is to provide the smallest, most intense, and most sym- 
metrical. source for the electron microscope. The adjustment procedure 
is as follows: The negative potential on the shield or the position of the 
filament is adjusted until, with the appropriate values of the condenser 
and the objective currents, an enlarged focused image of the filament 
wire characterized by the die marks is observed on the intermediate 
screen. This adjustment is quite easily found and gives a reference 
point from which the final adjustment of the filament can be made. 
The filament is then moved farther away from the cathode shield or the 
shield potential is made more negative with re8p)ect to the cathode until 
the illuminated area of the specimen is about 50 microns in diameter, 
as determined from the intermediate image. This dimension is deter- 
mined vfith the condenser current adjusted to make the illuminated 
area of the specimen a minimum. This method has been shown experi- 
mentally to give satisfactory illumination with maximum intensity and 
to be relatively insensitive to the electron gun configuration. The 
alignment of the gun is completed by adjusting the beam direction 
screws to obtain maximum symmetry of the specimen illumination and 
to eliminate any extraneous sources which may appear. The adjust- 
ments described above can best be accomplished with a large aperture 
in the objective and with the objective current reduced to about half 
its focal value. 

8*3. Focusing. The focusing in the standard magnetic electron micro- 
scope is carried out by adjusting the objective current while observing 
the image of the specimen on the final-image screen. The accuracy of 
this focusing adjustment may be increased in Several ways. Thus it is 
generally advantageous to augment the brightness of the image during 
visual observation by adjusting the condenser current so that the effec- 
tive source is approximately imaged on the specimen. Apart from 
enhancing the brilliance of the image, this increases its sensitivity to 
HTTifl ll changes in the objective current, the depth of focus being reduced 
by the increased aperture of the imaging pencils. With the usual, 
relatively large, physical aperture of the objective the position of opti- 
mum focus is indicated by a slight reduction in contrast, contrast maxima 
being attained both at somewhat higher and somewhat lower objective 
currents (Fig. 19-18). This facilitates finding the exact focus^ 
current. 

After this current has been set, the condenser current is increased or 
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reduced so that the aperture of the illuminating pencils becomes sub- 
stantially less than the effective aperture of the objective (normally 
about radian) and a picture may be taken. As indicated in 

^tion 4*3 the aperture of the illuminating, pencils may also be reduced 
by mechanically exchanging the condenser aperture. Obtaining the mi- 
crograph at the reduced illumination and convergence of the illuminating 
pencils has two advantages: On the one hand, the employment of these 
narrower cones of illumination makes possible the attainment of the 
optimum resolution; on the other hand, it increases the depth of field 
and thus reduces effects of imperfect focusing. For an effective object 
aperture of 3'lOr^ radian the depth of field at the object which corre- 
sponds“to a circle of confusion with a radius of only 10 A.U. is 0.7 
micron. If the focal lei^th of the objective is 3 millimeters the permis- 
sible variation A7 in the objective current I leading to this degree of 
defocusing becomes, neglecting saturation effects. A/ = 1.5*10^/. 
The saturation of the iron of the pole pieces increases this value con- 
siderably. 

With objects which, themselves, have relatively low contrast, such as 
organic niolecules or viruses on a thin film, the presence of heavy-metal 
or metallic-oxide particles greatly increases the ease of visual focusing. 

If there is slight motion in the object, its effect on the image may be 
minimized by reducing the magnification after focusing^® and, conse- 
quently, the required exposure time. This reduction in magnification 
may subsequently be compensated by Ught-optical enlargement of 
the electron micrograph. 

. For the attainment of the highest resolution in the image, it is advis- 
i^ble to take a series of exposures, changing the objective current in very 
small steps with the aid of a vernier adjustment. The best micrograph 
of the series is then selected for optical enlargement. With this pro- 
cedure the sharpness of the images obtained becomes independent, 
withln^limits, of the accuracy with which visual focusing is possible. 

An alternative practice consists of focusing the image visually under 
the same paging conditions (illumination, focusing, and electron-optical 
magitnfieation) as those prevailing during the exposure and employing 
light-optical magnification to bring out the finest image detail without 
loss in the apparent brightness oi the image. This is applicable, in 
particular, to dbctron microscopes with fine-grain transmission screens 
whieh facilitate close examination with a high-power (for example, 20 X) 
magnifier^ The small RCA* Electron Microscope described in action 5*1 
is an example. The magnifier increases the 'iq)erture angle of the li^^t 

does not 4 i^;Mreoiably affect the sharpness of the image, as is shown in 
aeotiott 4*6. 
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pencils leaving the fluorescent image and ultimately passing through 
the pupil of the eye by a factor equal to the magnification and, hence, 
the amount of light reaching the retina from a particular section of the 
screen by the square of the magnification. Since this light is spread 
over an area larger than that covered by the same image portion without 
the use of the magnifier, the apparent brightness of the enlarged image is 
(except for unavoidable reflection and absorption losses in the magnifier) 
equal to the apparent brightness of the image on the fluorescent screen. 
With this procedure it becomes relatively immaterial whether the focus 
of the microscope is affected by changes in the illumination and magnifi- 
cation or not. 

Essentially the same procedure, in a rather extreme form, is employed 
by von Ardenne^^ in his Universal Electron Microscope. Here a light 
microscope with a magnification of 100 
is provided, which bears, in front of the 
objective, a minute right-angle prism 
coated on one side with a fine-grain 
fluorescent screen with a carefully 
ground single-crystal plate of activated 
zinc sulfide in the center. This fluo- 
rescent single-crystal plate, which is 
only about 0.001 inch thick, permits 
the resolution of separations in an 
image formed oh it which are less than 
0.01 millimeter. For focusing, thi? 
light microscope with its special fluo- 
rescent screen is pushed into the ray 
path a small distance below the pro- 
jector, the vacuum seal being main- 
tained by a metal bellows. Thus, al- 
though the gain in apparent brightness obtainable with a stage of light- 
optical magnification is fully utilized for focusing, the magnification of 
the micrograph is here much larger than that of the fluorescent image 
formed on the single-crystal screen. 

If specimens which are very sensitive to electron bombardment, 
such as living substance, are to be micrographed, it may be desirable to 
carry out the focusing on an adjoining portion of the specimen, shading 
the remainder from the electron beam until the exposure is to be made. 
The arrangement employed by von Ardenne^^ for this purpose is shown 
in Fig. 8*7. The aperture A above the specimen restricts the Uluminat^ 

** See reference 16. 

** See refoence 16. 



Fig. 8*7. Shading Arrangement 
for Protecting Sensitive Specimens 
during Focusing. (v. Ardenne, 
reference 16. By permission of the 
Alien Property Custodian in the pub- 
lic interest under License No. A-663.) 
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ing beam to a mnall region of the specimen, protecting the latter from 
x-rays generated where the beam strikes the object holder, which, here, 
has a single opening. To begin with, the shading blade, which glides 
on an oiled plane, is moved up to the axis of the instrument, the object 
motion being adjusted so that the holder aperture is completely in the 
shadow of the blade. Then the specimen is translated carefully until a 
part of it is outside the shadow of the blade and the specimen is focused. 
Finally, the blade is withdrawn and the plate exposed, resulting in a 
picture containing an image of a shaded and an unshaded portion of the 
specimen. The mounting of the blade is entirely independent of the 
pole-piece specimen-holder unit, so that the motion of the blade does not 
communicate motion to the specimen. 

8 * 4 . Determination of the Magnification. A number of methods are 
available for the detennination of the magnification of the electron 
microscope. The earlier ones measured, in general, the magnification 
of the two stages separately, the total magnification being then equal to 
the product of the magnifications of the individual stages. One of 
these^^ methods requires scales inscribed on the intermediate- and final- 
image screens and an object support consisting of a single centered 
aperture in a metal disk. The diameter of the latter is first measured in 
a light microscope. The ratio of the diameter of the luminous area on 
the intermediate screen to this measurement gives the magnification 
of the objective. Furthermore, the diameter of the aperture in the 
intermediate screen having also been measured by the light microscope, 
the ratio of the observed image diameter on the final screen to the above 
diameter yields the magnification of the second stage. A second 
method^^ determines, with the aid of a micrometer screw, the displace- 
ment of the specimen which corresponds to a given observed image shift 
on ihe intem^ediate screen. A second micrometer movement on the 
intermediate screen makes possible a similar measurement for the second 
stag^ of magnification. Although this second method is freed from 
oeiiam limitations on the type of object support and the size of the 
int^mediat^ image aperture inherent in the first method, both of them 
Idad to'tbtal relative errors of the order of 20 per cent. 

The method most widely used at present consists of taking micro- 
giraidiis of the same ^)ecimen with a light microscope and with the elec- 
Wa mkaoBcope at comparable magnifications. This is facilitated if a 
** short-mounted ” object holder^ is employed which increases the dis- 

**Se6,y. Borries and Ruska, 

^Bee Coturntnan Oaii)on ComiiBny, reference 6. 

^ Such Sfl the iq>eoinien oartri^ ^own in Fig. ‘5*21 with the specimen in the 
uppert kw-BuignifiMktioai postion. 
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tance between the object and the center of the objective and thus 
decreases the objective magnification, increasing, simultaneously, the 
object field imaged. Thus electron micrographs with magnifications as 
low as 800 may be prepared with the Type B electron microscope. The 
ratio of the separations of two corresponding object, points may then be 
determined on the two micrographs. The magnification of the electron 
microscope for the values of the objective and the projection coil currents 
and the operating voltage used becomes equal to this ratio multiplied by 
the known magnification of the light microscope.^® The magnifications 
under all other operating conditions may then be determined by compar- 
ing corresponding object distances on different electron micrographs. 
The great sharpness of the electron micrographs makes such comparisons 
highly accurate. When the short-mounted holder is used, this method 
results in an error which may be as low as 1 per cent. 

Another method capable of high accuracy^® utilizes a replica, pre- 
pared by one of the procedures described in the first section, of a spectro- 
scopic grating. So as to compensate for any conceivable scale distor- 
tion experienced in preparation of the replica, the grating constant is 
determined by measuring angles of diffraction obtained with the replica 
mounted in a spectrometer, both before and after taking an electron 
micrograph of it. The ratio of the line separations as measured on the 
electron micrograph to the grating constant is equal to the magnification 
of the electron microscope. Here also the accuracy of the method is 
increased by the; use of the short-mounted holder. 

8*6. Sensitive Materials. The photographic materials which are 
employed to record light images are also used to advantage for yielding 
a permanent record of electron images. The choice of the material, 
normally in the form of a plate or a film, depends primarily on two 
factors: its sensitivity and its resolution. 

The sensitivity of a photographic material to electrons may be 
defined as the reciprocal of the exposure E required to produce a pre- 
scribed density D, development being duly standardized. The den- 
sity D is here the common logarithm of the ratio of the fraction of light 
transmitted by the exposed portion of the film or plate to the fraction 
transmitted by an unexposed portion. Exposure on the other hand, 
is defined as the product of the electron current density striking the 
sensitive surface and the time during which the surface is exposed. It 
is thus measured by the amount of charge that has reached unit asea 
of the sensitive surface. Since, for high-speed electrons, the reciprocity 

** The magnification of the light mioroscope is determined with an objeot mioiome- 
ter. 

*® See Burton, Barnes, and Rochow, reference 18. 
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law is fulfilled within a very wide range, the density obtained depends, 
for fixed electron velocity, solely on this product and not on the current 
denfflty and the time individually. It is evident that for photographic 
materials having different shapes of curves representing the density as 
function of the logarithm of the exposure {H and D curves) the relative 
values of the sensitivity will depend on the choice of the standard den- 
sity. For materials with similar H and D curves, this dependence does 
not exist. 

The resolution of a plate or film may be defined as the least distance 
dpk between two electron spots of infinitesimal extent for which their 
records on it, duly enlarged, still appear separated. This quantity 
depends on both the grain size of the photographic material and the 
spreading of the beam within the emulsion. The latter effect is a func- 
tion of the velocity of the electrons and the thickness of the emulsion. 
For very slow electrons the penetration distance is so small that the 
spreading is, of necessity, slight. It increases with increasing velocity 
until the penetration distance becomes larger than the thickness of the 
emulsion. From this point on, the spreading may be expected to 
decrease again, since a progressively larger proportion of the electrons 
passes through the emulsion without large angular deflection. The 
efficiency of x-ray production is so low that x-rays produced in the plate 
have, ’normally, no appreciable effect either on the resolution or on the 
intensity of the image. 

A suitable figure of merit Fm of a sensitive material employed to record 
electron microscope images is the ratio of the sensitivity S to the square 
of the least resolvable separation dp^: 



This becomes evident from the following. Assume that the limit of 
readlution of the electron microscope for the type of object being exam- 
ined is dmin and that the smallest separation which is readily distin- 
guish^iwith the naked eye is d« ('^0.2 millimeter). Then the useful 
oiagnification of the instrument is do/dmin* A micrograph with this 
magnification is obtamed by enlarging the plate, with the electron- 
o^cal magnification by the factor My, 


MevMo 


iL 

dnain 


Snce, Jmwever, Mo must be no greater than dp/ dpk if the limited 


See Bothe, refareode 19.. 
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resolution of the plate is not to have an adverse effect on the final 
picture, 

M,i>^ [8-2] 

At the same time, the exposure time T required to give a record of a 
given density is inversely proportional to the sensitivity S and to the 
current density at the image. Since the current density, in turn, is 
inversely proportional to the square of the electron-optical magnification. 

The figure of merit is thus, quite properly, given by the reciprocal of the 
leas4 exposure time which will yield an image, of prescribed density, 
containing all the information which the electron microscope can 
furnish. 

Comparative measurements of the sensitivities to 60-kilovolt electrons 
of a large number of commercial emulsions, var3dng greatly in sensitiv- 
ity, graininess, and contrast properties, indicate a rather small variation 
in the figure of merit. This is brought out by a visual comparison of 
pictures whose optical enlargement has been made inversely proportional 
to the square of the measured sensitivity of the original negative. 
Ordinary lantern slide plates were found to be among the most satis- 
factory of the materials tested. If high image contrasts arq desired, 
commercial process plates may be found more suitable. 

A considerable gain in the resolution, without an accompanying loss 
in the sensivitity, was found by von Ardenne®^ to be obtainable with 
plates on which the silver bromide grains are deposited without a binder 
(Schumann plates). The figure of merit of such plates is claimed to be 
thirty-six times as great as that of ordinary emulsions. The handling of 
Schumann plates is simplified if the silver bromide grains are deposited 
on gelatin instead of directly on glass. 

If the sensitivity of plates for electrons at different voltages is com- 
pared, it may be expected that, for given current density, the rate of 
blackening will increase with the voltage until a large fraction of the in- 
cident electrons passes all the way through the emulsion. Beyond this 
point the laws of energy and current absorption (Eqs. 19*35a and 19'41) 
are such that a reduction in sensitivity with increasing electron velocity 

•* See reference 20. More recent measurements by v. Borries (references 21-23) " 
indicate a much lower sensitivity for the Schumann plates. The d^repancy is to be 
ascribed in part to differences in the development of the plates (v. Ardenne, refers 
ence 24). 
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is to be expected. This has been confirmed by an experimental study 
of the sensitivity of Eastman Medium Lantern Slide Plates at operating 
potentials ranging from 40 to 212 kilovolts.^® It was found that in this 
range the Hurter and Driffield curves had, within experimental error, 
identical shape. Thus the relative sensitivities at different voltages do 
not depend appreciably on the choice of the standard density. These 
curves ar6 shown, with the exposure measured in coulombs (or ampere- 
seconds) per centimeter, in Fig. 8-8. Figure 8*9 indicates the variation 
of the sensitivity with the accelerating voltage. 

In the development of the plates the same principles apply, in general, 
as in the development of light pictures. The curves of Figs. 8*7 and 8*8 
wererobtained with a development of 3 minutes at 19° C in Eastman D-72 
developer diluted 1 :2. A shorter development will, at the .expense of a 
certain reduction in density, result in a plate capable of greater optical 
enlargement. Similarly, fine-grain development will improve the 
photographic resolution of the image, reducing the effective sensitivity 
of the material simultaneously. 

At first sight it may appear surprising that the photographic plate, 
being bombarded by high-velocity electrons, does not charge up nega- 
tively. It is well known that at the voltages in question the secondary 
emission is inadequate to compensate the electrons absorbed in the 
material bombarded. However, when it is considered that the total 
current received by the plate rarely exceeds ampere, it is seen that, 
even if the plate has a surface resistance of 10^" ohms, no part of it will 
chaige up relative to the holder by an amount greater than a fraction 
of a volt. 

8*6. Electron Stereomicroscopy. An electron micrograph represents 
a ma^iified projection of the specimen on a plane normal to the instru- 
ment axis, the object plane of the objective. Portions of the specimen 
lying outside this i^ane are still, within limits, imaged sharply, owing to 
the^^eiy great depth of field of the microscope. For the same reason, 
changii^ the position of the focal plane by quantities of the order of the 
speciman thickness does not result in recognizable differences in the 
sbtt^mess oi different portions of the object. In this respect the electron 
labroaoope differs from the high-magnification light microscope. The 
depth of field of the latter is onl^ a fraction of its resolution, so that a 
photooncrograph images sharply only portions within and in the immedi- 
ate nni^borhood of the object plane. It is this fact that prevents 
obtaining satisfactory high-magnification stereomicrograi^ with the 
li^^t microscope and neces^tates the use of the method of optical 
sectioning to the detomination of the three-dimensional structure of 
6 m Baker, Eambeig, and HMer, reference 25. 
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Fig. 8*8. H and D Curves for Eastman Lantern Slide Plates (Medium) at Different 
Accelerating Voltages. 



Fig. 8'9. Variation of Plate Senedtivity with Aooelerating Voltage (Eastman 
Medium Lantern Slide Plates). 
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the object. In this method a series of micrographs are made with the 
objective focused in different planes of known separation. The three- 
dimensional structure of the object can then be reconstructed, though 
rather laboriously, from this series of micrographs. 


MoMof 



Fig. 8* 10. The Con- 
vergence Angle in Bi- 
nocular Vision. 


Apparent position of 
photographic images , 
(Apparent 5 ^ 
magnification: unity) 


I 

i\\ 





Fig. 8'11. Application of the Lens 
Stereoscope for Creating the Impression 
of a Three-Dimensional Image from Two 
Plane Images. 


The great depth of field of the electron microscope, which makes this 
procedure ineffective, makes possible, in compensation, a utilization of 
.the'depth perc^tion by binocular vision, which reveals the object in its 
true spatial relationships directly to the eyes of the observer. 

In nivmal vision the three-dimensional appearance of objects results 
from the difference in the aspect which they present to the two eyes, or, 
in odier words, from the effort of the brain to fuse two differing retinal 
images. A true idea of the three-dimensional character of an electron 
microscope specimen would be conveyed by viewing a model of the 
spechnen, enlaiged to scale by the total desired magnification and placed 
at soi|ie convenient viewing distance, say, 20 inches, frong the eyes. 
Under these circumstances l^e angle between the two axes of the eyes — 
the ctnwergenu angle — would be 8 degrees (Fig. 8*10). Quite the same 
knpresriem will result if,- with the aid of a stereoscope, two images of 
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unity magnification, taken of the model by camera lenses placed at L 
and Rf are presented to the two eyes, respectively (Fig. 8*11). Here the 
viewing lenses are provided with prisms which cause the eyes to view 
the two images superposed in the plane SS. It is evident that essen- 
tially the same effect will be obtained if two micrographs are prepared 



Stereo Images by Tilting the Specimen Holder for Preparing a Fair of Stereo 
Plane between Exposures. Images. 

of the original specimen as shown in Fig. 8*12, the normal to the speci- 
men plane being inclined by 4 degrees in two opposite directions with 
respect to the instrument axis, and if these two micrographs are viewed in 
the stereoscope in normal fashion.^^ 

It should be noted that, since the illuminating beam effects a parallel projection 
of the specimen on a plane normal to the axis of the objective, the electron stereo- 
micrographs are devoid of any perspective. In this respect the three-dimensional 
impression conveyed by them in the stereoscope differs from that obtained by view- ' 
ing the magnified model directly. This lack of perspective does not in any way 
impair the perception of depth and simplifies the quantitative determination of the 
relative position of different portions of the specimen. 
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An object holder which facilitates the successive recording of the two 
re(|uired pictures is shown, in schematic section, in Fig. 8*13. The 
object is mounted at the bottom of the inner cylinder, whose axis is 
inclined by 4 degrees with respect to the axis of symmetry of the outer 



Fio. 8-14. Stereo Picture of Zinc Smoke (ZnO). Magnification 7600. 
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cylinder, the intersection of the two axes being at the center of the object. 
After one picture is taken the object holder is removed, the inner, 
inclined cylinder rotated through 180 degrees, and the object holder, 
also rotated through 180 degrees, is inserted into the object chamber. 



Fia. 817. Taking of Stereo even require the tilting of the object (Fig. 
Pictures by Changing Angle 8'17). The direction of the illuminating 
of lUuminatira. (Martonand pencils is simply chan^ between exposures 
‘ by altering the position of the condenser 

and, eventually, the electron gun. However, since this method 
makes use of off-axis portions of the objective, adequately sharp images 

“ See reference 16. ^ ‘ ^ 

** See Henneberg, reference 26. * 

See Marton and Schiff, reference 27. 
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can be obtained only for very small convergence angles, which jrield an 
inadequate depth representation. 

Hie taking of two stereoscopic pictures of the same object, the plane 
of the latter being inclined with respect to the plane normal to the axis 
by known angles 0/2, also permits an accurate quantitative measurement 
of the relative elevations of different points of the object. Measure- 
ments of this kind have been made by Eitel and Gotthardt^^ on caolin 



Fia. 8-18. Determination of the Coordinates of an Object Point from a Stereo 
Pair of Images. 


cr 3 rstals. Assume that L and R, Fig. 8*18, represent the pair of pic- 
tures obtained and that A'B', are the images of a line AB in the 
specimen which is parallel to the axis of tilt. Let m' and m'\he the 
image magnifications along these axes. Furthermore, let C' and C" be 
the images of the object point C, which lies at a height h above the 
spedmen plane containing the line AB. y' and y" designate the dis- 
tances of C' and C" from A'B' and A"B", respectively. Then the 
geometric construction on the right, showing a section through C 
nonnal to the axis of tilt, indicates that the height h is given by 


The abscissa of the point C in specimen plane is 


4 . 

tn m 


2 cos- 


^Seereferme28. 
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Equation 84 indicates that for precise measurements (large differences 
in the values of y'/m' and y” jw!* for given height h) & large tilt angle 
should be chosen, even though this will, eventually, limit the size of the 
sharply imaged object field in a direction normal to the tilt axis. 



Fig. 8‘19. Surface Examination with Reflected Electrons: (a) Specimen Normal 
to Microscope Axis (Ruska and MilUer) ; (6) Specimen Almost Parallel to Microscope 
Axis (v. Borries.) 

8-7. Surface Study with Reflected Electrons. A relatively minor 
modification of the standard electron microscope adapts it for the direct 
observation of the surfaces of compact objects with the aid of reflected 
electrons. Such electrons exhibit, normally, a great inhomogeneity of 
velocity, since most of them undergo considerable energy losses before 
they are scattered back out of the surface. These energy losses are 
minimized if attention is restricted to electrons which are incident on the 
surface at a glancing angle and leave it, similarly, at a glancing as^. 

Figure 8*19 shows two arrangements which have been ^ployed to 



270 


MANIPULATION OF THE ELBCTEON MICROSCOPE [Chap, 8 


form images of surfaces by means of reflected electrons. The first®® lets 
the electron beam be incident at right angles to the microscope axis on a 
specimen whose surface is almost perpendicular to the'axis. The elec- 
trons are, thus, incident at a glancing angle, but leave the specimen in 
directions almost normal to its surface. The images so obtained are 
very faint and have resolutions inferior to those of high-magnification 
light microscopes. 

In the second method^® (Fig. 8*196) the electrons are both incident 
on, and leave the specimen at, a very small angle — normally about 
4 degrees — so that the inhomogeneity of the reflected electrons is 
reduced materially. It has been possible in this manner to achieve 
elecK^ micrographs with resolutions along the direction of the axis of 
tilt which are considerably better than those obtained with a light 
microscope. The pictures, however, are veiy badly distorted; the 
magnification normal to the axis of tilt is only about one-fourteenth that 
along the axis of tilt, and the resolving power in this direction is reduced 
correspondingly. Practical importance can be ascribed to neither 
metho^ particularly in view of the superior results obtained with the 
replica techniques. 

8*8. Electron DifiEraction Patterns. The electron microscope picture 
gives the observer information regarding structural detail composed of 
large numbers of atoms. For knowledge of the more intimate molecular 
or crystalline composition of the individual particles he must rely on 
indirect physical methods. One of the most effective of these methods is 
electron diffraction. As discussed in section 19*9, any crystalline 
mat^ial will scatter electrons through discrete angles depending only 
on the lattice spacings of the material and the velocity of the electrons. 
In particular, if the material consists of randomly oriented crystallites, 
the diffracted rays will fall on cones of aperture angle B, such that 

$ 

“ nX = 2d, sin - [8*6] 

z 

Here \.i8 the wave length of the electron beam and d, is the distance 
l^ween two adjoining mmbers of a particular family of lattice planes; 
n is s^ply an integer. Thus, if a plate is placed at some distance L 
bdow the specimen, normal to the axis of the incident beam, the ray 
cones will intersect it in circles whose radii R are related to the lattice 
constants d, by 



8sc Eodok aad MfiUer, referee 29. 
^ ^ SeS y. BofrieB, rafeienee 90. ^ 
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Focusing lens 


R/L being equal to tan ^ (Fig. 8*20). Accurate values for the corre- 
sponding to the several rings observed on the diffraction pattern permit 
the determination of both the shape and the size of the unit crystal cell 
of the material. Since the crystal -""fturee''' 

structure is, in turn, a unique prop- .pJSSStJu'lL V-— 

erty of a given compound, electron for diffraction |[ 

diffraction effectively performs a nngof radius ft || 

microanalysis of the specimen. IW' 

This is greatly aided by published 

lists of the lattice spacings d. for \ffu‘ 

a large number of common crystal- Mm\i 

line compounds.'^^ — •-^Spaciinen 

If, in place of a single electron | \ g | ^ 

ray, a parallel beam or a pencil jf ^ i£, lljfw 

diverging from a distant point 11 ^1 
source is available, a similarly I \\\ 1 
sharp pattern may be obtained if t 

an electron lens, placed below the 

specimen, images the source on the Fw- 8-20. Fig. 8-21. 

plate (Fig. 8*21). The constant Fig. 8-20. Formation of a Powder Dif- 
coefidcients in Eq. 8*7 will, how- fraction Pattern with a Narrow Electron 
ever, be modified slightly and the 

rings, for equal distance between Fig. 8-21. Formation of a Powder Dif- 
the specimen and the plate, be Pattern with a Wide Electron 

somewhat smaller in size. Under 

such circumstances it is most convenient to calibrate the diffraction 
camera by obtaining, with the electron velocity (accelerating voltage) 
to be used, a diffraction pattern for some substance of known lattice 


Fig. 8-20. 


Fig. 8-21. 


spacings and, hence, to plot the ring diameter against the corresponding 
lattice spacing (Fig. 8*22). 

The sharpness of the diffraction pattern rings depends, apart from the 
regularity of structure of the specimen, on two instrumental factors: 
the uniformity of the electron velocity, which determines the value of the 
wave length X, and the smallness of the divergence of the electron pencil 
illuminating any given point of the specimen. The divergence angle is 
given directly by the ratio of the diameter of the source to the distance 
between the source and the specimen. Since an extraordinarily homo- 
geneous electron beam diverging from a very small source is avail^le 
in the electron microscope, the microscope already contains ilie prime 
prerequisites of a precision electron diffraction camera. It is not surpria* 
ing, in view of this, tlwt a number of adaptations of the electron micro- 
scope for diffraction work have been carried out. 


See Hanawalt, Rinn, and Frevet reference 31. 



272 


MANIPULATION OF THE ELECTRON MICROSCOPE [Chap. 8 « 


Possibly the most obvious arrangement leaves the specimen in its 
usual place and utilizes as point source either the crossover itself or a 
reduced image thereof formed by the condenser lens. The objective is 
emirioyed to focus the pattern on the plate. If the pattern is to be 
recorded in the regular photographic chamber of the microscope it is 
necessary to remove the projector lens or to reduce the obstruction 
caused by it. In the Siemens microscope this is accomplished by 



i^Q. 8*22. Calibration of Type B Electron Microscope Diffraction Camera at 78 
Kilovolts. (Courtesy J. Applied Phys., reference 34.) 

removing the projector pole pieces before recording a diffraction pattern 
(Fig. 8*23).** The microscope, with the pole pieces removed, is still 
capable of forming a survey picture of the specimen with a magnification 
ci UK)0. The principal drawback of this arrangement is that the pro- 
jects: pple-piece holder restricts the deflection angles 6 which can be 
imrd^to values less than 3.5 degrees.^^ So as to remove this draw- 
badc, iui well as that of having to open up the microscope to withdraw 
ilie projector pole pieces, Prebus^ inserts a secondary photographic 
chimbs: just above the projector for the specific purpose of ta^g 
iSffractisi patterns. Furthermore, by placing a very fine aperture in the 
comleDser, ibk acting as point source for the diffraction pattern, Piebus 

See y. Boniee and Ruaka, raieience 32. ^ 

^ See CVDamdi and Radoiewski, reference 33. 

^ Thk procedure is desorflied in an unsigned article in- The Ohio State Unwereity 
Mrnmgf PP- 1948. ^ 
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is able to render the illuminated area of the specimen very small, facili- 
tating a coordination between the electron-microscopic appearance and 
the crystalline structure of different portions of the specimen. 



Fio. 8*23. Utilization of Siemens Electron Microscope as Diffraction 
Camera, (v. Borries and Ruska, reference 32. By permission of the Alien 
Property Custodian in the public interest under License No. A-563.) 

In the diffraction attachment of the Type B electron microscope^* the 
specimen is transferred to a point just below the projector and the 
reduced image of the source formed by the objective is employed as point 
source (Fig. 8*24). The pattern is focused on the plate by a special 
focusing lens below the specimen. This arrangement results in a mini- 
mum convergence angle of the pencils striking the specimen and hence 
the greatest possible sharpness of the pattern. More important, it con- 
verts the electron microscope into an electron diffraction camera haying 
considerable versatility. With the new specimen position it is possible to 
employ a holder which can rotate the specimen about any axis. In thki 
way not only electron microscope specimens may be examined, but 
** See Hillier, Baker, and Zworykin, reference 34. 
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Fia. 8*24. 


Electron louroe 


Condenser lens 



DiagWi for B Eteetron MioroeoopQ Used as DifEraction 
Camew. (Oourtaiy /. iliiptoi P%., wfewnoe 84.) 



V/ ' \ ** 

6/7 \ 

Specimen position and \ 
orientation controls \ 

/ \ / ^Airlock control 

Specimen holder- 

^Airlock gate 

Fw. 8-28. Hoiuontal Seotion through Specimen Chamher of jjj*. 

fraction Unit. (Courtesy /. Applied Phys., refeime 84.) 
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also Single crystals and materials distributed on a solid backing. Such 
objects must be mounted so that the electron beam falls at a graz- 
ing incidence on them. Since the patterns obtained with single crystals 
depend very greatly on the orientation of the incident beam relative to 
the arrangement of the atoms in the surface plane,*® provision must be 
made for rotating the specimen about an axis normal to its surface. 



Fz< 3. 6>27, Eleotrcm Diffraction 'Danamission Pattern of Zinc Smoke (ZnO). 


Figure 8*25 shows a section through the diffraction unit. This unit 
is suhitituted for the projector coil assembly. The uppd^^part is a 
projector, lens mth practically the same characteristics as the standard 
projector l^is. Thus, in the absence of a diffraction specimen and 
** See^ for examjde, Meyer, reference 35, pp. 391-393. 
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with no current flowing through the special focusing coil at the bot- 
tom of the unit, the electron microscope with the diffraction attach- 
ment. operates in the same fashion as the original instrument. How- 
ever, with a specimen inserted and the stabilized projector coil current 
supply switched from the projector coil to the focusing coil, the micro- 



Fig. 8*28. Electron Diffraction Transmission Pattern of Evaporated Silver Film. 
(Courtesy J. Applied Phy8,t reference 34.) 


scope acts as a diffraction camera. A control resistor enaUes the opera- 
tor to adjust the current in the focusing coil for the greatest sharpness. 
A special coil, mth. large-diameter pole pieces, rather than the projector 
lens itself, is used for focusing the beam since, for the broad beam cross 
sections employed, the spherical aberration of the projector 1^ woidd 
lead to a less sharp diffraction pattern. 
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A horuontal section through the specimen chamber of the camera, 
between the two lens coils, is sh 9 wn in Fig. 8*26. The airlock arrange- 
ment is self-explanatory when compared with the specimen airlock of 
the electron microscope (Fig. 5*20). The holder, at the left, is designed 
to permit rotation of the specimen surface about an axis normal to the 
microscope axis, determining the angle of incidence of the beam on the 
specimen, and, in addition, rotation of the specimen about an axis 



Fig. 8*29. Electron Diffraction Reflection Pattern' of Single Crystal of Silicon. 


nonnal to its own surface. These movements are carried out by turning 
milled hea^ 2 and^S, respectively. Turning 3 causes the nut 6 to travel 
along a threaded rod. As a result a flexible belt attached to it and pass- 
mg around specimen table 7 rotates the table. The position of the 
specip^ head with respect to the beam is adjusted in semipermanent 
fashion by fixing the position of the specimen mounting rod 4 with 
le^peet to the block 5. Transmission patterns are obtained by mount- 
ing the specim^ in the usual mimksr on 200-mesh screen disks in a cap 
which fits over the specimen table and bringing the table into a hori- 
acmtal pdsition. For reflection patterns, the specimen is inserted in the 
facfie hiilbe 'table and the' table is set in the position shown iSf* Fig. 8*26. 

of transmission patterns obtained from a powder and from a 
lidn film are shown in Figs. 8*27 and 8*28. Figure 8*29 repro- 

dnees Ibe reflection pattern for a silicon single crystal. The great sharp- 
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ness of the patterns obtained with specimens of the proper character is 
well illustrated by Fig. 8'27. Measurement of the rings shows that the 
maximum departure from a simple inverse proportionality between ring 
diameter and lattice spacing is 0.25 per cent. This may be ascribed to 
the distortion of the focusing lens rather than to the nonlinear terms in 
Eq. 8*7. One of the great advantages of this electron microscope diffrac- 
tion camera consists in the almost perfect reproducibility of results from 
day to day, which make repeated calibrations with a standard substance 
unnecessary. Thus three sets of measurements on the patterns of three 
different evaporated gold films, obtained at different times in the course 
of a week, yielded a root-mean-square deviation of 0.03 to 0.11 per cent 
in the measurement of different ring diameters. This is made possible 
by the great constancy of the operating voltage and of the current supply 
for the focusing lens. 
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CHAPTER 9 


THE ELECTRON MICROSCOPE AS A RESEARCH 
INSTRUMENT 

9*1. Present Range of Application of the Electron Microscope. The 

electron microscope has been known for over a decade and its capabilities 
as a research instrument have been recognized for a considerable fraction 
of this period. At first sight, therefore, it may seem somewhat sur- 
prising that a vast literature of results and achievements is not already 
in ejpstence. This becomes understandable, however, when it is 
recognized that it is only within the past three or four years that the 
instrumeirt has been made sufficiently practical to become a scientific 
tool for the general research laboratory. Now, with the instrument 
more generally available, the literature is building up rapidly, and every 
year brings an increasing number of importg,nt contributions in many 
fields of science. 

This chapter cannot attempt to cover all or even the major part of the 
various contributions made to scientific research with the aid of the 
electron microscope. However, a number of investigations in various 
fields will be outlined, indicating the ability of this instrument to gather 
information inaccessible to the light microscope and to other means of 
direct observation. The examples chosen do not necessarily represent 
the outstanding or most recent work in any given line but are selected 
merely as typical of what can be accomplished. To acquire a more 
complete grasp of the results which have been achieved the reader is 
referred to the many excellent original articles. 

The greatest variety of problems to which the electron microscope has 
been applied is encountered in the field of biology. This work ranges 
from investigations of animal tissue, by methods only recently worked 
out, through bacteriology and bacterial morphology to studies of viruses, 
bacteriophage, and other minute biological entities beyond the limits 
of the light microscope. However, neither the potentialities nor the 
work already done by the electron microscope is limited to this fiqld. 
Thus the new instrument has found application in both scientific and 
mdustrial physics and chanistry. It has been utilized in initial invest 
tigations of plastics, studies of carbon black and its effect on rubber, 
work with colloidal particles, and observations of crystals and crystal 
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surfaces. More recently it has found wide application in the routine 
determination of particle size and structure of all types of bulk materials. 
This experience suggests that the electron microscope may contribute 
as much or more in the field of chemistry as in the field of biology, 
bridging, as it does, most of the gap between structures that can be 
investigated by means of x-ray and electron diffraction and those which 
may be observed directly with the light microscope. 

The usefulness of the electron microscope in the study of metals has 
been greatly extended by methods of preparing surface replicas of 
metallographic sections described in section 8‘L Studies of several 
metals and alloys have recently been made in this manner. Although 
this type of research is as yet in its infancy, it is safe to predict that the 
electron microscope'will prove to be a powerful tool in the hands of the 
metallurgist. 

9*2. Biological Research. Chronologically the work in the field of 
biology was begun with an investigation of methods of studying bacteria 
and organic cell tissue. The initial work, done by L. Marton in 1934,^ 
involved saturating the specimen with an osmium salt, which, after the 
orgamc material had been destroyed, left a fossil of the original organic 
structure. This fossil was micrographed. Shortly after this it was 
found that specimens such as bacteria supported on a collodion film 
could be observed and micrographed in an electron microscope without 
destruction by the electron beam.^ This method, improved and refined 
in certain details, is en^)loyed at pr^ent. The material to be examined 
is deposited upon a thin film of collodion or a similar plastic. The 
supporting film is mounted on a fine mesh or stretched across an aperture 
in a small disk and placed in a holder which allows it to be inserted into 
the microscope. Details of the formation and manipulation of the 
supporting film have already been given in section 8*1. 

The electron microscope has proved particularly effective in the study 
of wifipes. Before its advent most viruses were beyond the range of 
direct obs^viaUon. It is, therefore*, not Grange that results in the field 
of Virol^ obtained with this new tool were awaited with great interest. 

Viruses are minute particles believed to consist in part of wholly of 
nudeoproteins. They are known to biolo^ts as obligate intracellular 
peAteite; in other words, they do not multiply except in the cells of the 
proper living host. All attempt^ to grow cultures of these organisms in 
Mtificlal media have met with failure. Viruses are not, however, neces- 
sarily destroyed when removed from their host. It is hence«|^ 3 ssible to 
isolate ^ purify them by smtable techniques, such as ultracentrifuga- 

^ See relereoee 1. 

*See ]ieitoii,relbreDee 2. • 



• Sec. 9-e] 


BIOLOGICAL RESEARCH 


tion and ultrafiltration. When reintroduced into a living host these 
purified strains of virus will resume their activity. Various indirect 
methods had shown their sizes to range between 10 and 250 millimicrons. 
These methods had, furthermore, indicated that both spherical and 
asymmetrical viruses existed. However, little exact information was 
available as to their size, size distribution, and shape, and none at all 
concerning their structure. 



Fia. 9-1 . Tobacco Mosaic Vims from a Dilute Suspension. (Courtesy J. Biol. Chem.t 

reference 3.) 


The first work on viruses with the electron microscope had the char- 
acter of orientation studies. An investigation of this type is illustrated 
by the work of W. M. Stanley of the Rockefeller Institute and T. F. 
Ajiderson, RCA National Research Council Fellow, on purified plant 
viruses.® Tobacco mosaic virus, rather thoroughly studied beforehand 
by other methods, was selected as one of the first subjects for examinar 
tion. The virus was purified by differential centrifuging. Specimens 
of different concentrations were placed on film supports and allowed to 
dry. Figure 9-1* is a micrograph made of a very dilute suspension. 
The minute individual rodlike particles are readily distinguished. Th^ 
have an average length of 280 millimicrons and a width of 15 millimi- 

’ See Stanley and Anderson, reference 3. For earlier work in the same field, see 
Kausche, Pfankuch, and Ruska, reference 4. 

^ The mai;nification of the micrograph is indicated throughout by a marker dmw- 
ihg the apparent length of a one-micron (1 n) separatbn in tlie object. For example, 
if this marker is 1 cm in length the magnification is 10,000. Fmr micrographs with 
very high and with relativdy low magnification, markers for 0.1 /« and 10 th respec- 
tively, are substituted. 
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croDs. Measuremerits on a lai^e number of these entities show that 
there is some deviation from these dimensions; yet, this deviation is 
When the concentration of particles is high and when the 
preparation has aged, a tendency for end-to-end and side-to-side attach- 
ment is exhibited, which is shown in Fig. 9‘2. It may give the specimen 
an almost crystal-like appearance. 



Fio. 9*2. Aggregation of Tobacco Mosaic Virus Particles. (Courtesy J, Biol. Ckm.^ 

reference 3.) 

> ' ' 

to tobacco-mosaic virus in their rodlike shape and their 
tendez^-to fonn end-to-end aggregates, cucumber-mosaic particles 
3 and 4) were found to have a length of about 3(X) millimicrons. 
Whj^reas tobacco mosaic virus thrives in a large number of only remotely 
idated plant hosts, the activity d cucumber mosaic virus is restricted 
to the family of the Cucurbitaceae. 

By no means all plant virus partides are rodlike in sha^. Thus 
tomato hii^y stunt virus and ^acco necrosis virus, shown in^^. 9*3a 
9'3&, consist of apprcodmately spherical elements. 

Era* since vinises wmi first identified there have been speculations 
as to whether the virus partkks mi^t be regaled as undiSerentiated 
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macromolecules. Indeed, biologists have frequently designated such 
particles as virus molecules.” In the case of certain of the viruses, 
however, the electron microscope has been able to prove conclusively 
that the individual particles possess relatively elaborate structural 
differentiations. 




Fig. 9'3(b). Tobacco Necrosis Virus. (CJourtesy J- Biol. Chem.^ reference 3.) 

The first evidence of such structure in viruses was found in the study 
of bacteriophage. Bacteriophage constitutes a group of vinjs^ which 
reproduce in the presence of living bacterial cells and destroy their 
hosts in the process. Inasmuch as certain of them prey on pathogenic " 
bacteria they are of interest to medical research. 

Early electron microscope observalions of bacteriophage by Kankuch 
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and Kausche^ indicated merely that the phage particles were minute 
round bodies. It remained for Luria and Anderson^ to demonstrate not 
only that the phage particles of the strain anticoli PC were tadpolelike 
in shape, with a clearly differentiated head and tail, but, furthermore, 
^t the head the phage particle contained a characteristic arrange- 



Fxo. 9*4. Isolated Bacteriophage Anticoli PC. (Courtesy 
Proc. Nail, Acad, Sci. U,S.f reference 6.) 


ment d scattering mat^ial. These markings are clearly visible in Fig. 
9-4. Other nucrographs show how the phage particles multiply within 
the cell {EBoherichia coU) until the cell wall bursts with explosive 
vidence, scattmng phage particles and remnants of the cell content 
(Eg. 94). - 

Anoirh^ virus which, when examined with the electron microscope, 
ckillriy reveals internal structure is the virus of vaccinia or cowpox.^ 
Figure 9*6 shows the elementary bodies of vaccinia from a purified prep- 
aration. The arrangement of the darker, or denser, areas within the 
rectangular-shl^ted virus particles is indicated in the drawings below 
them. These partidee, Whidi are about 250 millimicrons ift^iameter, 

* See referanoe 5. 

*Seere|flmce6* 

Qxmit Aadeison, ^'Smadei, reference 8. 
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are large enough to be examined with the light microscope when stained. 
Such an examination, however, yields no information regarding shape or 
structure. 

The control and destruction of viruses present an important problem 
both in medicine and in plant breeding. They may be destroyed by 
adding a chemical, such as a small amount of ammonia, to the virus 



Fiq. 9*5. Cell of Eackerichia ooii Destroyed by Bacteriophage. 
(Courtesy J- Bad., reference 7.) 


suspension. Viruses are also inactivated by the addition of serum frcm 
animals into whose blood stream the ^e ypjiB strain has previously "' 
been injected. Anderson and Stanley^ have studied a number of 
* See reference 9. 
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inactivaimg reactions of this character with the electron microscope. 
The animal body, under these circumstances, generates antibodies to 
protect itself against the invaders. The action of these antibodies is 
highly specific. Thus, if serum from a rabbit injected with tobacco 
mosaic virus is added to a mixed suspension of tobacco mosaic and 


^ ^ g (» • 

1^0. (a) Elemratary Bodies of the Virus of Vaqcinia; (&) Sketches Showing 

Qranole ijrangeinent in Elementary Bodies. (Courtesy J. Exptl. Med., refei’enoe 8.) 


'iomatp ^:iu^ stunt virus, only the tobacco mosaic virus will be inacti- 
bushy stuitt vkm remaining unaffected (Fig. 9-7a). Con- 
trim a rabbit ipjec^ with bushy stunt virus added to 
4b* bushy stunt virus alone (Fig. 9-76). 

vklis parti^ reveals itself in a considerable 
tb clump toj^her. The broadening is 
mhnm AttAnbment of the antibodies, which, 
imowled|ei ^ dcmgated molecules approximately 
4 mkimimps wMe. The clumping may be 
’thj miiiir ialffa .of the antibody molecules or 


with the presence of tobacco 
^diseased plants^ and with iWlhactiva- 
tobacco seed during germination.^^ 

r^erence 10. 

'ISriiiiie,^ lelttMce 11. 



Fig. 9'7(a). The Effect on a Mixed Suspension of Tobacco Mosaic Virus »and 
Tomato Bushy Stunt Virus of Adding Antitobacco Mosaic Serum. (Courtesy 
J. Biol, Chem.f reference 9.) 



Fia. 9-7(6). The Effect on a Mixed Suspension of Tobacco Mosaic Virus a^ 
Tomato Bushy Stunt Virus of Adding Antibushy Stunt Serum. (Courtesy /. Bid. 
Chm.j reference 9.) 
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Successful attempts have also been made to render visible the causative 
agents of various a nim a l virus diseases” other than vaccinia. ' 

The function of the electron microscope* in the study of bacteria 
differs somewhajt from that in virus research. These organisms are 
large enough not only to be visible in the light microscope, but even to 



9«8<a). Lepto^inra icUrohmorrhaguK <Electroii Micrograph). 


meal ge^^ shape, '^beir familiar imbdivision into cocci 
(i9^iflKie^)^^cilli (rod-^ikped)/ ^ spirillae (corkscrewHshi^ bac- 
tena) is jbasdd on this dinumstanoe. r In some bacteria th^resence of 
inteipsi structuie — in {prm, for exami^, of pK>laj gr^oules — has 

See y. Ardenne and Pyl, i^ermoe 12, y. Azdenne, lefer^oe 13, p. 361, and Shaip, 
Ti^lDr, Beaid, and Beeid, lefereaces 14 aial 15. 
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ev^ been demonstrated. The service to be performed by the electron 
microscope must, therefore, consist primarily in a more detailed analysis 
of the structure of bacteria and the role which different parts play in 
bacterial reactions. Furthermore, the more intimate view obtained in 



Fio. 9*8(b). Bacillus eubtUia (Electron Micrograph). 


this manner may facilitate the differentiation of different strains, varying 
in their ph3rsiological effect, of a particular bacterium. Figures 9*8 
and 9*9, comparing electron micrographs and light micrographs of three 
familiar types of bacteria — a spirochete. Bacillus subtilisy and a t 3 phoid 
bacterium — give some indication of the promise of the new method. 
The long flagella visible on the electron micrographs may be observed 
in the lig^t microscope only with the aid of a staining techniqiM which 
completely distorts their natural appearance. 

Detailed morphological studies of Streptocotxms pyogenes have been 
carried out by Mudd and Lackman^^ and of Bacillus subtiliSf B. aTUkraeis, 
See leferenee 16. 
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ajid B. megatherium by Mudd, Polevitzky, Anderson, and Chambers. 
All Uiese bacteria were found to be enveloped by strong cell walls, which 
were not distorted by introduction into vacuum. In the streptococcus 
this ceil wall tended to extend continuously over long chains of cocci, 
holding them together (Fig. 9*10). At points of future division the 
cell wall is indented and an intercellular plate develops, as is brought 



Fio. 9’8(c). Eberthdla iyphosa (Electron Micrograph). 


e^t dearly in the picture of BadUus anthrade (Fig. 9*11). If the cells 
are fragmented by ift>nic vibrations, the protoplasm escapes, leaving 
behind ibe empty cdl walls. In old cells the protoplasm shrinks from 
the edl membrane. Here the continuity of the flagella with the cell 
meiifl]i]raiie beo<miescleaar]yetdd (¥lg. 942). 

I^or^ep! deetron studies of bacterial structure were 

(Midi ^t, particularly for a laiie number of anaerobic bacteria, by 

^8e» idfiMBce 17. 
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Fio. 9'9. Light Micrographa of Familiar Types of Bacteria. (Courtesy 
Dr. H. E. Morton, University of Pennsylvania.) 
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Jakob and These authors held that the cell wall constituted a 

capsule freon which the bacterial body might, under favorable circum- 
stances, emerge, an interpretation held untenable by Mudd and co- 
workers. Lwbke and Ruska^^ have made a detailed examination of 



Fio. 9*10. Streptoooocus from a Blood Agar Culture. 
(Courtesy J. Boct., reference 16.) 


the internal structure of the tubercle bacillus, the avian type in partic- 
ular, They found, in addition to the familiar dense granules, much 
smalls microgranitles and regions of low density, or vacuoles. Micro- 
granukC aj^KNared to be formed within the vacuples as the result of a 
s^)arating*<Hit process, eventually filling them up completely and thus 
%ming the larg^ granules. A further detailed study of a single 
baeteri^, !a particidar strain of Treponema paUidumf the causative 
gam of syi^filis, has been pubiidied by Morton and Anderson.^® Nu- 
merous dew granules are deserved within the bacterial body, protrud- 
ii^ ffttm or attacbeef to it in clusters. Constrictions, |9^bly pre- 

^^SeeiCferonoe 18. 
refemioe 19. 

See referenoe 20. 
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liminary to a cell division, are often observed. Finally, flagellar filar 
ments are found attached to the cell at various points. A number of 
these properties are observable in Fig. 9‘13. 



Fzg. 9*11. BacUlw anthracUf Showing Thickened Cell Membrane between Adjoining 
CellB. (Courted J. Bad., reference 17.) 


Other research has been concerned with bacterial reactions rather 
than with normal cells. Thus, it had been known for some that 
diphtheria bacilli, bred on a nutrient containing potassium tellurite,, 
would reduce the tellurite, precipitating metallic tellurium. This gave 
the culture a dark coloration. It was not known, however, wheth^ 
this reduction took place inside, or at the surface of, the bacterial cells. 





296 


THE ELECTRON MICROSCOPE 


[Chap. 9 ^ 

The question was settled by Morton and Anderson^^ with the aid of the 
electron microscope. As shown in Fig. 9*14, diphtheria bacilli grown 
on tellurite chocolate agar reveal, in their interior, needle-shaped tellu- 
rium crystals which, in several cases, distort the cell walls. The tellurite 
salt must thus diffuse through the wall before reduction. An addition of 
bromine water to the culture causes the needles to vanish, forming a 
soluble tdlurium salt. 



> Fid.. 9*12. Spores of Bae&lw svbtilis with Protoplasm Shrunken from Cell 
Membrane. (Courtesy J. Bact.^ referenoe 17.) 

Staining reactions of fusobacteria as well as of typhoid, dysentery, 
and cl|plem bacteria treated ^th heavy-metal salts have investi- 
gated by Mtuld and Anderson.^^ To obtain the specimen, a droplet of 

^^Siwi<elei>eiie6 21. 

^^fileeMtaaoe22. 
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the bacterial suspension is deposited on a collodion film. A drop of 
heavy-metal solution from a micropipette is permitted to fuse with it. 
After time has been allowed for the reaction to take place, the liquid is 
removed by placing it in contact with the meniscus of distilled water in 



Fiq. 9-13. Tre^ponma pallidum^ Showing Flagella and Granules. 


a test tube held nearly horizontal. The bacteria which have come to 
adhere to the collodion film are not disturbed by the process, which may 
be employed to wash the specimen repeatedly. Some of the results 
obtained in this manner with typhoid bacteria are shown in Fig. 9*15, 
It is seen (Fig. 9*156) that the addition of silver nitrate results in a con- ^ 
traction of the cells, the destruction of the flagella, and a dense staining 
of the protoplasmic cell content. Cells treated with lead acetate appear 
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swollen and surrounded by a halo of escaped protoplasm (Fig. 9‘15c). 
The staining effect of the lead salt is confined to the cell membranes and 
the flagella. The flagella appear darker without being thickened. In 
the regions near the bacteria the accumulation of protoplasmic com- 
ponents against the flagella during drying creates the illusion of a 
tubular structure. 



Fm. 9^14. OeUs of Ccryiukaderium diphUieriae Qrown on T^urite Chocolate Agar; 
.Noedlo43haped Tellurium Ciyii^ Axe Viable within the OeUe. (Courtesy Proe. 
Soe. ExpIL.Biei. Med.^ reference 21.) 

Tlie same a^hme^^ have made a study of the reaction of typhoid, 
paratyphmd, a^ subtilis bacilli with rabbit antisera, obtain^ from 
8ee Mudd ixid Andmeon, leferenoe 23^ 
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Fig. 9*16(o). Celia of Eberthella typhoea DrieJ from Distilled Water. 
(Courtesy J. Exptl. Med.^ reference 22.) 
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animals injected with various bacterial cultures. As in the case of the 
corresponding virus reactionsi heterologous antisera are found to have 
no effect on the bacteria (Fig. 9*16a). However, the addition of the 
homologous serum — for example, of antityphoid serum to Eherthella 
iyphosa (Fig. 9* 166) — causes a thickening of the flagella and, in addi- 



Fig. 9*16(c). Cdle of EberiheUa typhoaa After Exposure to 0.29 Molar Pb(Ac )2 
Solutioo. (Courtesy J. EzpU. Med., reference 22.) 

• 

tion, A deposition of antibody protein molecules on the surface of the 
cell w^. The broadening of the flagella is considerably less than the 
broadonii^ observed in the case of the viruses (Fig. 9 7). This may be 
ascribed to the fact that, with the low concentrations of antiserum here 
employed, the elongated antibody molecules may attach themselves 
lengthwise or at a small angle to the flagella rather than radially. This 
eadflanation, however, is only tentative. 

In the study of the higher anizdalip, the examination of the constituents 
the blood stream assumes an int^mediate position. Here, since 
these entities^are of magnitude comparable to those of bacteria, the 
metiljpds of prepmation Vesemble those familiar from bact^ology. A 
stody of, the d e g en e i atiosi of red corpuscles (erythrocytes) under the 
influeime of certain poisons has be^ made by Jung.^^ Of more conr 
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venient dimension for electron-microscopic investigation are the blood 
plates and fibrin, two constituents playing the leading role in the process 
of blood clotting. Their morphology and the transformation of the 
blood plates during the clotting process have been studied in great 



Fig. 9* 16 (a). EhertheUa typkoaa \pth Antistreptooocca Serum. 
(Courtesy J. Immunol., reference 23.) 


detail by Wolpers and Ruska.^^ The granules liberated by the disin- 
tegrating blood plates act as centers of cohesion for the fibrin structure 
of the blood clot. 

Whenever the material to be micrographed is a fragment of a larger 
organism or a section of tissue the technique of preparation becomes 
much more difficult. Methods have to be evolved for subdividing, 
cutting, or sectioning the material to a fineness otherwise not required 
and for transferring the specimen to the supporting film without injury. 
A good illustration of such techniques is given in an investigation by 
Richards and Anderson of the cuticle of the American cockroach and 
the larva of the mosquito.^^ 

See reference 26. 

See reference 26. 
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It soon became apparent that the ordinary sectioning methods could 
not be applied to obtain a transverse section of the cockroach cuticle 
thin enough to be observed with the electron microscope. Even tapered 
microtome sections did not prove satisfactory, since the thin end would 



Fig. 9<16(&}. Eberthdla typhosa with Antityphoid Serum. (Courted 
J. Immunol.^ reference 23.) 


not hold together mechanically. After several trials the following 
tec^qun was adopted. A fresh fragment of cuticle cleaned by Swab- 
ia a^y all extraneous tissue was placed in a slit cut into a turgid 
camt. After the slit had been clamped with a screw clamp, a level 
cikttini surface was prepared with a single razor cut. A sharp razor 
•blade was then slid back and forth across the cutting surface, with only 
dight pressure. In this manner thin sections were sliced off as the sur- 
face iff the carrot was gradually worn down. This material was washed 
off mto a Watch glass. Periodically, the thinner sections w^ selected 
from the i^ass with the aid of a binocular microscope and transferred to 
g seomd didi detaining distilled water to which a slight amount (about 
^ per cent) iff albumen fixative had been added. After further sorting 
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teristic spines, which had not been observed with the light microscope. 
These spines are absent in the tracheal branches. Even the smallest 
breathing tubes, the tracheoles, however, were found to possess tenidiae. 
In certain sections of the tracheal trunk the tenidiae are missing, the 
membrane being instead provided with large spines (Fig. 9*18). Steieo- 
micrograpl?s were employed to advantage, mdicating, in some cases, one 
tracheal tube within the other, thus proving that the complete tracheal 
system had not been removed in the previous moult. 



Fiq. 9*18« Portion of Spinose Band of Longitudinal Tracheal Trunk of Mosquito 
Larva. .Jmlerating Poteintial: 200 Kilovolts. (Courtesy J.N.Y. ErUomol. Soc., 

referenoe 27.) 


The Bune stereotechnique was ^ployed by Anderson and Richards^^ 
to interpret the optical mechanism giving rise to various insect colorar 
Uo(Ds« Figime 0*19 shows an iridescent scale of the butterfly Morpho 
cyprh, i The cdbraticm is hm due to interference betwedH^the light 
rented |rom sacoessive layers of structural elements. 

Morphdoi^ studies have also been made of chromosomes, muscle 
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tissue,^ the fibrillar structure of the nerve axoplasm of the squid, 
and collagen, the chief constituent of the fiber of connective tissue and 
the organic matter of bones.^^ In many investigations of this type the 
treatment of the specmen with selective electron stains of high mass 
and molecular weight is found advantageous, increasing the contrast in 
the electron image. Figure 9-20 shows, as an example, an electron 



Fig. 9-19. Scale of Butterfly Morpho Cypris — Stereomicrographs. (Courtesy 
J. Applied Phys., referenc-e 28.) 

micrograph, obtained with the electron microscope at the Massachusetts 
Institute of Technology, of typical fibrils from the adductor muscle of the 
clam VentLS mercenaria stained with phosphotungstic acid.^®® The 
stain combines with the protein at regular intervals along the fiber axis 
as a result of a periodicity in the protein structure. The av^age 
spacing as determined from some 200 fibrils was found to be 146 A.U., 
with a maximum deviation from this value of about 10 per cent. 

If the stain is applied in suitable amount, each cross band can be seen 
to consist of a series of equally spaced spots, as shown in Fig. 9*21a. 

See Richards, Anderson, and Hanoe, reference 29. 

See Richards, Steinbach, and Anderson, reference 30. 

See Hall, Jakus, and Schmitt, reference 31a. 

This work was reported by C. E. Hall, M. A. Jakus, and F. 0. Schmitt at the 
Chicago meeting of the Electron Microscope Society of America on November 16, 
1944. 
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Fia. 9*30. Bbrilfl from Adductor Muade of Venus meroenaria Qm^ied with 
Add. (Oourtecy *C. £. Hall, Mr A. JAkus, and F. O. Sohmitty 
* Maasadiuaetts Institute of TedmoloKy*) 
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The fibrils are ribbon-like usually dry during preparation with a fiat 
side against the supporting film. Stained spots in consecutive cross 
bands are aligned at definite angles to the fiber axis, as indicated by the 
angles a and ft drawn on the electron micrograph. These angles satisfy 



a 



Fig. 9-21. (o) Fibril from Adductor Muscle of Venus mercenariaf Showing Two- 

Dimensional Lattice. (6) Drawing of Stained Lattice Structure from Electron 
Microscope Data. (Courted C. E. Hall, M. A. Jakus, and F. 0. Schmitt, 
Massachusetts Institute of Technology.) 

the relation tan a = % tan /3. The disposition of spots in the cross 
bands and diagonals forms a remarkably perfect geometrical pattern, 
‘which is shown diagrammatically in Fig. 9215. The pattern is 
laterally asymmetrical. If through any spot a line is drawn parallel to 
the fiber axis, it passes through a series of spots spaced five bands apart. 
The length of the imit cell is therefore 5-144 = 720 A.U., as indicated in 
the figure. This has been verified by x-ray diffraction observations. 
On the other hand, the x-ray observations do not yield a lateral period of 
193 A.U. This suggests that not all the spots which ar^ here observed 
lie lA the same plane. 

Figure 9-22 represents an electron micrograph of a cut section of 
ginnea pig liver prepared in a manner commonly employed in light 
mmroecq[)y. The specimen was fixed with osmic acid and impregnated 
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with paraflSiL This section, which is 0.2 micron in thiclmess, was ob- 
tained by E. Pullam^®*' of the Interchemical Corporation Laboratories 
witii the aid of a high-speed knife.^®^ 



Fio. 9-22. Section of Guinea Pig Liver Fixed with Osmic Add and Impregnated 
with Paraffin* (Courtesy EMFullam, Interchemical Corporation Laboratories.) 


A special role in microscopy has long been assumed by the diatoms. 
The silica skeletons of these common pond algae have long served as 
test objects for the light microscope; a large part of their highly regular 
structure lies just at the limit of resolution of this instrument. Figure 
9‘23 illustrates the variety and beauty of the forms observed. A 
particukff diatom frequently used as test object, Pleurosigma angyMum^ 
has bden the subject of two recent investigations utilizing the electron 
microscope.®® The structures arrived at in the two investigations,, 
bol^ utjUi^ng stereomicrography, differ. In any case, they suggest an 
unsuspected degree of complexity. 

9k last point in connection with the biological applications of the 
electron microscope the question mhy be raised whether living substance 
Can be imaged with the electron microscope. This question has re- 
cently been answered in the aflBnnative by von Ardenne.®® The tech- 
nique of recording the micrbgra]!)h, in such a manner as to minimize the 

See FoUam and Geeder, refennee Bib, 

^ See O’Bim and McKinleyf reference die. 

^ See MCUer and Paaewaldt, 'referezice 32, and Hamly and Wataon, refereCoe 33. 

9See relnence 34, 
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exposure of the living specimen to the electron beam, has already been 
described at the end of section 8*3. The spores of Bacillus vulgcUusy 
the potato bacillus, were chosen as specimens because of their known 
extraordinary resistance to heat and drought.®^ These spores were 



Fig. 9-23. Diatoms. (Specimen by Courtesy of Mr. Wardlaw M. Hammond, 
Philadelphia.) 

placed on aluminum oxide films, which are mechanically stronger than 
the more usual collodion films. After exposure, the specimen support 
was removed from the microscope and immersed in nutrient. When 
a picture of the same field of view was taken later — considering a 
particular example — most of the spores were found to be still in their 
original position. A considerable number were missing, however, in the 
region of the field which had been protected from the electron beam 
during focusing before the first exposure, whereas almost none were 
missing in the unprotected region. It is reasonable to assuipe ^t 
these, or at least most of them, germinated in the nutrient and floated 
off. This interpretation was reinforced by the fact that at least two dP 
the spores in the protected region were shown germinating in the second 

See y. Ardenne and Friedrich-Freksa, reference 36« 
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micrograph. These pictures thus constitute positive proof tb&t at 

s Isigip /f^iJoD th6 spores id the protected r^ion was Stili 
living alter the Srst micrograpb had been taken. 

The above work was done with an operating voltage of 180 kilovolts 
and a magnification of 500. The high voltage reduces the energy 
absorption jn the specimen and increases the lethal dosage;^^ the low 
magnification diminishes the amount of charge per unit area that has 
to pass through the specimen to leave a satisfactory record on the 
photographic plate. When the magnification was increased to 1000 
and the exposure increased correspondingly, all the spores in the second 
micrograph were in the same position as in the first, nor was there any ' 
sign of germination. Evidently the exposure even in the protected 
region had been enough to kill the spores. It is thus clear that, al- 
though living substance can survive being imaged in the electron micro- 
scope, it requires both a highly resistant specimen and very favorable 
conditions of operation. 

9*3. Chemical Research. In the chemical field, as has been mentioned 
earlier in this chapter, the electron microscope bridges the gap be- 
tween the lattice separations in crystals, which are a few angstrom units 
in length and may be measured with high accuracy by the methods of 
x-ray and electron diffraction, and larger particles and structures, of the 
order of a micron in diameter, that are readily observed with the light 
microscope. . A vast number of problems of great scientific and indus- 
trial import are concerned with objects in the intermediate range. 

Observations on large organic molecules belong close to the bottom of 
this range. Micrographs have been obtained of individual molecules 
of hemocyanin, hemoglobin, edestin, glycogen, and several other pro- 
teins.®* Their molecular weights rai^f rom about 7,000,000 to 300,000 ; 
their diameters, correspondingly, from well over 200 A.U. to less than 
100 A^U. if the molecules are assumed to be spherical and to have a 
density nf 1.5, corresponding to that of the compact material. The 
diameter txf the smallest organic molecule which can be satisfactorily 
observed ih this manner is not determined by the riesolving power of 
the instrument, but by the least contrast required to distinguish the 
image df the mdecule from its background. Thus von Ardenne*® 
esthnates that the smallest observable organic molecule should have a 
cBameter of about 40 A.U. and a molecular weight d 40,000. The 
direct imaging of large organic molecules can be of value in several 

. ** This my be defined as the amount of charge that must be incident on unit aiea 
of the (gkeciiiiki to IdU haff d the living oe^ 

^ Sm vun Afdeime, reference 36, Stanley end Andencm, reference 37, and Huse- 
mfim and Rudea, reference 38. 
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respects: It provides a check on the value of the size and molecular 
weight determined by indirect methods; it indicates the shape of the 
molecule; and it may throw light on the mode of aggregation of the 
molecules in a continuous film. Figure 9*24 shows hemocyanin, the 
blue coloring matter found in the blood of invertebrates, applied in a 
low concentration to the supporting film. Here the individual mole- 
cules are readily distinguished; at higher con- 
centrations they form a continuous film |^=|j^=ll==llll=ll 
superposed on the collodion film. 

Colloidal suspensions, smokes, dusts, pig- 
ments, cla 3 rs, and insecticides are but a few of 
the materials which fall into the range of ap- 
plication of the electron microscope. The in- 
formation to be gained with the electron 
* microscope relates primarily to the size dis- 
tribution and the shapes of the individual 
particles — the factors which determine in 
large measure the chemical activity and 
physical behavior of the materials in their 
various applications. It is well to note, in 
this connection, that, for the true shape of the 
particle to be recognized, the resolution of the 
instrument must be much finer than the diam- 
eter of the particle. Suppose that the particle 
is a regular polygon. Then, in the image, 
each comer will appear rounded off within an 
area equal to the circle of confusion drawn 
about the true comer point. If it is assumed, 
with von Borries and Eausche,^^ that the 

portion of each polygon side which still ap- lilHIHiHiiHIB 
pears stnught in the image must be at least bv o o.i tt 
equal m length to the chord of the curved from Limvliut polyphemtu. 
contour of the adjoining comers in order (Courtesy J. Biol. Chm., 
that the particle be recognized as being reference 37.) 

a polygon of the right number of sides, the 
ratio of the particle diameter (defined as the diameter of a circle 
of equal area) and of the instrument solution 5 is shown, for polygons 
with. different numbers of sides, in Fig. 9*25. Roughly, the particle 
diameter must exceed the resolution by a factor equal to the numb^ 
of its sides. The meaning of the criterion employed is shown graph- 
ically in Fig. 9*26, indicating the image ccmtours of various pdygc^ 

** Bee reference 39. 
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particles whose shape would be just recognizable with the same reso- 
lution 5. 

A careful determination of particle shape and size distributions in a 
number of gold sols was made by von Borries and Kausche. They 



^tio of Least Diameter of Polygon Permitting Recognition of Shape to 
limit of Iteeolution as Function o| the Number of Sides of the Polygon. 

(Reference 39.) 

found pfuificles to be octahedral. The distributions were Gaussian, 
with wfitoifaft for particle diameters ranging from 15 to 50 millimicrons. 
Of immediate practical importance have been the studies of carbon 
earned out, in particulcff, by the Columbian Carbon Research 
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Laboratories.^® These carbon blacks are employed as fillers to increase 
the mechanical strength of both natural and synthetic rubbers. Fig- 
ure 9*27 shows the appearance of a typical carbon dispersion. The 
individual particles are spheroidal, with smooth edges. Size distribu- 
tions measured with the electron microscope indica:ted, in the case of 
the finer carbons, a much smaller mean particle diameter than had been 
inferred from particle counts on measured quantities of material with 
the aid of the light ultramicroscope, the principal errors of the latter 
method all operating to yield too large mean diameter values. Thus 
the mean diameter of the carbon 
whose distribution is represented in 
Fig. 9*28 turned out to lie between 60 
and 60 millimicrons when determined 
by count. The importance of knowing 
the size distribution of the carbon 
black employed in rubber reinforce- 
ment is well illustrated by the two 
curves in Fig. 9-29,®® which show the 
wearing quality (as measured by the 
product of rupture energy and shore 
hardness) and the percentage rebound 
of the reinforced rubber as function of 
the surface are^ per unit mass of the 
carbon or, roughly, the inverse of the 
mean diameter of the carbon particles. 

The rebound is. one of the factors de- 
termining the heavy-duty performance 
of the material, to be considered q ,20 image Contours of Van- 
in particular with truck and bus qus Polygons of Barely Recognizable 
tires. It is seen that the wearing Shape for Identical Instrumental 
quality increases uniformly, though Resolving Power. (Reference 39.) 
at a decreasing rate, with the fineness 

of dispersion of the carbon black, whereas the rebound shows a 
steady decrease. The selection of the best material is determined by 
the relative importance of the two factors for the purpose in question. 
A further study of the coordination of the carbon particle size distribu- 
tions and the physical properties of vulcanized rubber was earned out 
by Schoon and Koch.®^ These authors regarded the particles as 
or circular platelets rather than as spheroids. More recent^ 

See Columbian Carbon Company, reference 40. 

** See Wiegand and Ladd, reference 41. 

See reference 42. 
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Fiq. ^27. Carbon Black from a Natural Gas Flame. 



^.0-36. naqaeiioy IXstribiition of lha Djameten of Caibon FuttdM in 
^'IdiomiK ” Gubon Biadc. (Oow teay Coluattrian Carbon Company, mfeienoe 40.) 
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work on some of the coarser carbon blacks has confirmed the spheroidal 
character of the particles. 

Other smokes which have attracted considerable attention^ are the 
metallic smokes, which constitute health hazards in some industries. 

Mean particle diameter, mtt 


IX 60 40 30 20 15 



(Reference 41.) 


A few of these, with their characteristic, highly distinctive particle 
shapes, are shown in Figs. 9'30-^*32. The magnesium and zinc smokes 
were obtained by burning the metal in air. They consist of oxides of 
the respective metals. The aluminum smoke was derived from an elec- 
tric arc. The spherical particles are presumably aluminum particles 
with an oxide coating. The zinc oxide ^ployed as a pigm^t^^ pre- 
sents an appearance somewhat different from that of the smoke (Fig. 
9*33). The impossibility of distinguishing the shapes or estimating 
sizes of such particles is well illustrated by the ultraviolet micrograph 

See, for example, Mahl, reference 43, and Bamee and Burton, reference 44. 

** Kadox Black Labd of the New Jersey Zinc Company of Pennsylvania. 
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of the same material prepared by the New Jersey Zinc Company (Fig. 
9*34). The particle size is here of great importance, since it determines, 
very largely, the covering power of the pigment. The covering power 
of a pigment increases with decreasing particle size until a point in the 


i 

I 

i 

1 

I 


9-30. Magnesium Smoke (MgO). 

neighborhood of the limit of resolution of the light microscope is reached. 
Beyond this point it decreases again. Schmieder,^^ with the aid of the 
elekron microscope, has studied the coordination between particle size 
and covering power for certain azo pigments in the range of very small 
pai^de sizes, which is utilized, in particular, in multicolor printing. 

' A laxipe surface area, or fine^ subdivision, of the active material is 
desirable in many insecticides (Fig. 9*35), disinfectants (Fig. 9*36), 
and catalytic reagents (Fig. 9^37). The thin-plate form oj^ contact 
pdson ^ch as lead arsenate is also favorable from the point ra view (rf 
facilitating; adhesion to foliage. Both in mercurochrome, represented 
in 9*36^ and in the sample of activated catalyst alumina shown 

See reference 45. 
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Fig. 9<32. Aluminum Smoke (A1 + AlsOs). (Courtesy Stamford Reeeardi Labora- ^ 
tory, American Cyanamid Company. Eeferenoe 44.) 
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9*33. Zinc Oxide Pigment (Kadox). (Courtei^ New Jersey 
Zinc Company of Pennsylvania.) 
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Fig. 0*36. Lead Arsenate, an Insectioide. 
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in Fig. 9*37 the active substance is dispersed in particles of extraor- 
dinarily small size. Numerous catalysts have been examined with 
the electron microscope.^^ 



Fig. 9-36. Mercuroohrome. 


Clay minerals have been studied in ccmsiderable detail with the 
deotr(»i microscope. In particular, the chaiacteristic appearance of 
the dementaiy particles of numerous clay minerals has been demon- 
strated and (Ascribed by S^w' and his coworkers.^ The structural 
properties montmorillc^te, a clay employed in the bleaching of oils 
because its h^ adsorpdve capacity, We been inves^l|ated by 

See V(m Ardenne, reference 13, pp. 324-332. 

** See Shaw end Humbert, reference 40, and MardiaU, Humbert, Shaw, and Cald- 
well, reismoe 47. 
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electron microscopy^* and electron diffraction^^ in the same instrument, 
comparing them with those of caolinite. Eitel and Schusterius^® made 
determinations of the size distributions in fractions of caolinite minerals. 
The stereophotogrammetric method of determining thicknesses, de- 
scribed in section 8*6, was employed to obtain estimates of the thickness 



Fig. 9-37. Activated Alumina. 


of caolin flakes.^* Characteristic hexagonal platelets of caolinite are 
shown in Fig. 9 '38, Finally, Eitel, Mtiller, and Radczewski followed out, 
step by step, the disintegration and eventual recrystallization of natur^ 
and synthetic caolin as well as of pholerite in the baking process.^^ 
The authors last mentioned have also made a study of the hydration 
processes which result in the setting of cement, that is, the hydration of 
quick lime,^® tricalcium silicate,^* and tricalcium aluminate.**' Tri- 

See Eitel and Radczewski, reference 48, and Humbert and Shaw, reference 49. 

See O’Daniel and Radczewski, reference 60. 

See reference 61. 

See Eitel and Gotthardt, reference 62. 

See Eitel, MlUler, and Radczewski, reference 63. 

** See Radczewski, MiUler, and Eitel, reference 64. 

See Radczewski, Mtiller, and Eitel, reference 55. 

^ See Radczewski, Mtiller, and Eitel, reference 56. 
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calcium isdlicate is found to decompose, in the presence of water, into 
hemispherical particles of calcium hydroxide and needle-shaped crystal- 
lites <rf a calcium hydrosilicate of indefinite composition. The crystal- 
lites appear to form groups which, eventually, develop into larger, 
regular crystals. 



Fio. 9*38. Funkhouser Clay. 


^Photo^phic phenomena, also, have been investigated with the aid 
df the microscope. Hail suid Schoen^^ have studied the reduc- 

tion of ^vor bromide crystals by light and by the electron beam itself 
as well as the developm<»it of exposed crystals by various developers. 
It was shbim that normal development causes thin silver ^Silrs to grow 
out of the taromide crystals. Bundles d these are l^t when the bromide 
crystal is jpemoved by fi^^ and, thus, constitute the developed image. 

*^8eeiefmioe57. 
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Fig. 9-39. Silver Bromide Crystal Exposed to Electron Beam (o) before Develop- 
ment; (6) after Development and Fixation. (Courtesy Research Laboratories of 
the Eastman Kodak Company, Rochester, N.^. Reference 67.) 



Fig. 9-40. lippman Crystals (a) before Development; (6) after Developipent and 
Fixation. (Courtesy Research Laboratories of the Eastman Kodak Company, 
Boohester, N. Y. Reference 67.) 
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Figure 9*39 shows the appearance of a typical silver bromide crystal 
and of the silver residue after development and fixation. In the case of 
the very small Lippman crystals — of the order of 300 A.U. in diameter 
— each ci^stal forms a single silver ribbon which is as much as five 
times as long as the original crystal (Fig. 9*40). 



Fid. 9*41. Sodium Laureate Curd. (Reference 58.) 


I^umerous mateiialB may be spread in the form of continuous filma or 
fine ]ietw(»ks met the object support. Examples of these are the soaps 
^ ptotics. In the study of sodum laureate curds Marton, McBain, 
Had T<^d^^ found the material to be distributed in a tight network of 
hniM^ung fibers containing quantities of minute granules (Fig. 9*41). 

npmber of small capillary spaces in the curd facili- 
tates &e retention of water even at low humidity. 

Among the plastics, polystyrene (Fig. 9*42), important in the elec- 
tro in^jstxy, and Korqseal or polymerised vinyl cUoride ^ig. 9*43), a 
nil^bier, may secveas examples. Such pictures c(^ain a lai^ 
amount of infonnation that awaits exact interpretation. Many of the 
4aiik epedkA in the Koro^ fiber are only about 30 A.U. in diameter, 

^fieeieCmieeSS. 
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corresponding in magnitude to a moderate^ized protein molecule ! It is 
only reasonable to expect that this method of investigation will play a 
considerable role in obtaining an understanding of the physical prop- 
erties and the structure of these materials. Natural rubber has, of 



Fig. 9-42. Polystyrene. 


course, also been the subject of electron-micrcwcopic study.*® A 
micrograph of natmal latex is shown in Fig. 944. 

Both the technique of sectioning*^ and that of disintegration with the 
aid of chemical reagents** or mechanical devices are adopted for mves- 
tigfl.t.in£r the structure of cotton, silk, and rayon fibers with the aid of the 
electron microscope. The firet method yields information regarding 
the normal arrangement of the fiber; thus cotton and rayim hairs have y 

** See, for example, v. Ardenne and Beischer, reference 59. 

“ See Rudca, rrference 60. 

^ See Ruska and Kretschmer, reference 61. 
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been found to be made up of a dense bark surrounding a spongy marrow 
containing large numbers of intercommunicating, spherical cavities. 
The method of disintegration, the second method, reduces the fibers to 
their structural components. These micelleSf in the case of cotton, 



Flo. 9*43. Koroseal (Polymerized Vinyl Chloride). (Specimen by 
Courtesy of Goodrich Rubber Company, Akron, 0.) 


appw to be long; thin threads about 50 A.U. in diameter. Similar 
fib^ have been observed in the cementing material extracted from 
wood .pulp.^ Considerable caution is required in interpreting the 
obs^:yaiions on relatively thick fibers, since, here, the ^ectron beam 
refMifiy causes a swelling and eventual charring of the fiber.^^ This 
may account for some of the earlier observations on fiber sections. 
Figure 945 may be r^;arded a^ representative of the results obtained 
more recently in the field of textile fibm.^ 

The deptnon microscope is particularly well suited to the study of 

See Bean aiid Krogel, 

*^See hlafal, referehce 63, imd Barnes and Burton, reference 64. 

^,^.See Barnes and Burton, refer^ce 65. 
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Fig. 9-45. Cotton Fibers Disintegrated in Water. (Courted Stamford ^ 
Research Laboratories, American Cyanamid Company, Reference 66.) 
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evaporated films of metals, which may be deposited directly on the 
collodion film acting as specimen support. Earlier publications^ 
excepting a study of evaporated antimony films*® — confined them- 
selves primarily to the reproduction of a number of isolated pictures,®® 



Fig. 9-46. Evaporated Silver Film. 


eventually accompanied by electron diffraction patterns.®^ However, 
Picard and Duffendack®® have published recently a systematic examina- 
tion of a large number of different metal films, varying the thickness. 
In all cases the films are found to consist of agglomerates separated by 
deai^^int^ices. The initial breaking up of a molecular layer into 
dropkts^may be ascribed to the great surface tension of the small 
droplets ^formed. The metals may be subdivided, however^ into two 
dajm, on the basis of their surface mobility, the adhesion of the metal 
atoips to the metal agglomerates being in all cases stronger than to the 
ooUodion subi^trate. Chdy those ^rith moderate surface mobility form 
good oonlbHiHMis films, shoidng initially regularly distributed agglom- 

** See Rtte^i relerenoe . 

*<>SeeMalfl,nforaiioe43. 

See ipjkir, Belrar, ADd Swoiyldi^ referent 

®®Seei«fmi0e9|S. 
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erates separated by channels of approximately constant width. Ex- 
amples of such metals are aluminum, antimony, copper, gold, magne- 
sium, and silver. 

Figure 9*46 shows a typical micrograph of a silver film. As the films 
become thicker the a^omerates increase in size and thickness. Even- 



Fiq. 9'47. Cadmium Evaporated on a Collodion Film. 

tually the clear channels disappear and the substratum is covmd com- 
pletely. With zinc and cadmium, however, the case is different. With 
these metals the surface mobility on collodion (and on ^ass) is s6 great 
that continuous films are not formed at any time. The evaporated 
metal collects in scattered crystals varying in size. If, instep of a 



330 


THE ELECTRON MICROSCOPE 


[Chap, 9 * 


plain collodion film, an evaporated aluminum or copper film is employed 
as substratum, continuous films of zinc or cadmium may eventually be 
formed. Even here, however, the free areas between the crystalline 
agglomerates are very large compared to those obtained with the first 
class of metals. Figure 947 shows the regular hexagonal forms ob- 
tained when cadmium is evaporated on collodion. 



Fig. 948. Deformed Galdte Ciystal, Showing Slip Bands. (Courtei^ Physical 
Research Laboratoiy, Dow Chemical Co., MidWd, Mich. Reference 70.) 


In 800^ ca^ the observation of the contours of objects much too 
dehse to transmit Sections proves of value. Thus Haefer®^ employed 
the dectron microscope to measure the radii of curvature of extremely 
fine^hed faingsten points and utilized the data so obtained for an 
experimental dieck of the wav^mechanical theory of field emission. 

r^lica techniques dei^bed in section 8*1 also prove valuable in 
the stu4]f of the surfaces of bulky specimens. Thus Fig. 9*48^ows the 
surface itnicture of a deformed calcite crystal, the deformaubn being 

^ See reference SO. 
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a consequence of the pressure applied in forming the mold preliminary 
to preparing the replica.®* A repUca micrograph of surface patterns of 
gUmH porcelain, obtained by another method which does not involve 
the use of high pressures,®* is shown in Fig. 949. The dark masses in 
two of the comers represent silver residues due to madequate w^hing 
of the replica. Recently the replica technique has also been applied to 
a study of the fracture process in glass.®® 



Fio.949. Surface Pattern on Glased Porcelain. (Courtesy /. Applied Phye., 

reference 71.) 


94. Metallurgy. The replica technique last mentioned, and described 

in detail in section 8-1, was developed primarily to adapt Ae electron 
microecope to the study of metallographic sp^ens. It first 
appUed to problems related to the stracture and the hard^bihty of 
steels by Mehl, who made a careful study, m particulw, of i^hte. 
This is a eutectoid form of steel which tends to crystallise out as steel 

See Heidenreich and Peck, reference 7(X 
See Zworykin and Rambeig, reference 71. 

See Gfilz, reference 72. 

See Mdil, reference 73. 
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is coded through the range between 660 and 580° G. Its formation is 
prevented by rapid quenching, resulting in hardened steel. Pearlite 
consists of lamellae of iron carbide or cementite (FesC) immersed in 
pure iron or ferrite, the ratio of the total amount of cementite and ferrite 
remaining fixed. Since the cementite is dissolved less readily than 
iron by etching reagents, it stands out in thin ridges on etched steel 
surfaces. 



Fio.9*60. Fine Peulite, Fonned at 640° C. J . Applied Phys. Beferenoes 

71 and 73.) 


]^%ure^«50 is a micrograph of characteristic pearlite strudure. The 
s^Moations between lamellae here shown lie close to the limit of resolu- 
tion^ of the metallographic li|^t microscope. As the t^perature of 
formatioii is reduced, t^ lamellar Spacing becomes smaller. Mehl was 
aUe to demonstrate liiat, etmtrary to some earlier opinions, the char- 
acterisdc pearlite structure was maintained even when the lamfllkr 
apadng was reduced to 900 A.U. Under certain circumsfltetces the 
aementdte lamellae t^d to l»oak up, forming isolated nodules of ce- 
mekitite. a conversion of the lamellae into a nodular, or spher- 
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Fxg. 9.51. Peaxlite — from N^ative Formvar Replica. (Courtei^ Research 
Laboratories of the General Electric Co., Schenectady, N.Y.) 



Fio. 9*52. TAmftllar Peorlite in 0.98 Per Cent Carbon Hot Roll Sted. (Courtesy 
Phyeioal Research Lab., Dpw Chemical Co., Midland, hRch, Beferenoe 70.) ^ 
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oidiced form, is obtained by prolonged tempering of pearlite steels, 
resulting in a form which is particularly favorable for machining. In 
these and other modifications of steel the iron carbide structure has been 
examined with the electron microscope, revealing detail not previously 
observed. Additional pictures of pearlite, obtained by two other replica 
methods, are shown in Figs. 9*51 and 9*52. 



Fio. 9^1 Twinning and Predpitation in Copper-Beryllium Alloy. Specimen from 
D. Barker, General Eleotrie Oo. (Courtesy Hiysical Research Lab., Dow 
dhemical Go., Midland, Mich. Reference 70.) 


Niimeroos nmtf errous alloys have been studied, by Heid^ireich and 
his assookies;^ in particular emj^loying the polystyrene-silica method 
d forming repUcas.^ Figufos 9*53 and 9*54 are examples of the fine 
micrographs tiius obtained. .The first of these shows twinning in a 
copper-beryRium alloy; the fine specks represent, presunlKbly, pre- 

See Hddemeich and Peek,' reSerenoe 70. 

** See seotbn 8*1. 
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cipitated beryllium. The other is a micrograph of a magnesium- 
aluminum alloy. The taking of stereopictures was found helpful in 
interpreting the replica micrographs.^® Particles separated by as little 
as 75 A.U. could be distinguished on the latter. 



Fig. 9*54. Ma^esium-Aluminum Alloy. (Courtesy Physical Research Laboratory, 
Dow Chemical Co., Midland, Mich.) 

Aluminum and aluminum alloys have also been studied with great 
success by Mahl/^ employing oxide-film replicas.^^ These constitute 
the earliest effective replica technique. A typical micrograph of an 
etched aluminum surface, obtained in this manner, is shown in Fig. 9*55. 
More recently, Mahl and StranskP® have analyzed the etching process 
for aluminum with the aid of oxide-film electron micrographs, demon- 
strating the essential role played by the formation of a ** two-dimen- 

See Heidenieich, reference 74. 

See references 76-77. 

See section 8*1. 

See reference 78. 
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Fig. 9*55. Aluminum Etched with Nitric Add; Oxide-Film Replica Micrograph. 
'(CourteBy Physical Research lAboratoiy, Dow Chemical Co., Midland, Mich.) 



Levigated Ahtmina. (Comrtesy Physiod Research Laboratory, Dow Chemical Co., 
Midlf^ Mich. Reference 70.) 
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sional ” film of aluminum oxide at the interface of the metal and the wet 
etching reagent. 

The replica techniques are, of course, also applicable to the study of 
unetched surfaces, such as those of machined parts and bearings, and 
may here yield information which is withheld by the light microscope 
owing to its limited resolution. Thus Fig. 9-56 shows grinding marks 
on a steel surface. A study of hardened and unhardened steel surfaces 
after coarse grinding, fine grinding, and polishing has been made by 
von Borries and Janzen^^ observing the specimens, inclined at a glancing 
angle, directly with the aid of reflected electrons as described in section 
8*7. Even though the micrographs so obtained are scarcely comparable 
to those recorded with the replica technique, the gain in resolution proved 
sufficient to throw new light on the action of the working processes on 
the surfaces. 

9*6. Prospects. The survey of past accomplishments of the electron 
microscope which has been given is — at best — sketchy. Many im- 
portant and valuable researches have not been touched, others barely 
mentioned. Even so it is clear that, within the very few years that the 
electron microscope has been available for research, it has left its im- 
print on most branches of experimental science. This process may be 
expected to proceed at an accelerated pace. The most striking impres- 
sion gained in examining the literature of electron microscopy is the 
progressively increasing number of papers — in the face of external 
conditions unfavorable to publication — and, particularly, the improv- 
ing quality of the research described. To an ever greater extent this 
research is becoming quantitative, rather than purely qualitative. 

In the future, the pace may be expected to be accelerated by the intro- 
duction of simpler, more compact instruments,^® on the one hand, and 
by improvements in specimen preparation technique on the other. The 
latter development has been most striking, possibly, in the field of 
metallurgy. However, in other fields also, such as the preparation and 
examination of biological sections and the study of chemical reactions 
within the microscope, progress has been made and further progress is 
to be expected. Another avenue of increasing the utility of the electron 
microscope is in combining its use with that of electron diffraction^® 
and other analytical techniques which are in the course of development. 
Not the least factor in rapiffiy extending the usefulness of the new tool 
will be the quick interchange of new experience and information among 
active workers, facilitated by organizations such as the Electron Micro- 
scope Society of America, formed in Chicago in November, 1942. 

See leferenoe 79. 

See, for example, seotiona 5*1 and 3*3. 

See section 8-8. 
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As far as the electron microscope itself is concerned, it may be stated 
with some confidence that no improvements in the limit of resolution by 
orders of magnitude are to be looked for. When such improvements 
occur, they are likely to be the consequence of a new departure, just as 
the electron microscope has represented a new departure relative to the 
light microscope. The principal immediate gains are more likely to 
lie in the field of greater ease of manipulation and a more uniformly high 
quality of t^e results. 

No such statement can be made, however, with regard to the future 
results of electron-microscope research. He would indeed be daring 
who would attempt to circumscribe this work and its consequences. Yet 
one thing is certain. The electron microscope will have a material 
share m extending man’s understanding and mastery over nature. 
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PART 11. THEORETICAL BASIS OF ELECTRON 
OPTICS AND THE ELECTRON MICROSCOPE 

CHAPTER 10 

THEORETICAL BASIS OF ELECTRON OPTICS 

10 1. Basic Problems of Electron-Optical Design. The primary 
function of electron optics is to obtain an answer to the following ques- 
tion: What arrangement of electrodes and field coils or magnets will 
cause electrons leaving one set of points to arrive at another set of 
points which correspond to the first set in prescribed fashion? Fre- 
quently the question is somewhat less specific. Thus, for electron guns 
it becomes: What electron-optical system will concentrate the electrons 
from a certain area of the cathode on a spot of prescribed diameter? 
For an electrostatic multiplier: What electrode configuration will guide 
electrons leaving a certain area of one electrode to a smaller area (with 
suitable surface-field conditions) on the next electrode? For an imaging 
device: What system will form a sharp and faithful image of given 
magnification in a position which may or may not be prescribed exactly? 

The last formulation of the problem, in particular, can readily be 
divided into twq parts: (1) the determination of a system which will 
form an image of given magnification in a given position and (2) the 
determination of a system which will give a perfect, that is, sharp and 
faithful, image. The first problem has an infinite number of solutions, 
the second, none. It may at best be possible to discover that system 
which, under a number of restrictive conditions, will yield the most 
nearly perfect image, balancing defects against each other. Even the 
last can be accomplished only in rare, and relatively unimportant, cases. 

It is thus not surprising that in electron optics, just as in the design 
pf light-optical instruments, methods of trial and error and interpola- 
tion play a major role. These may be purely experimental, purely 
mathematical, or they may combine both techniques. The purely 
experimental approach consists in the construction of different electrode 
systems or systems of field coils and pole pieces and in the observation 
of the results obtained as electrode potentials and field currents aie 
varied. The systems are successively modified in directions ^ch 
appear to lead to a closer approximation to the desired results. Thi| 
purely mathematical approach consists in first calculating the field 
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distribution in an assumed electrode or coil-and-pole-piece configuration 
and, as a second step, in calculating the electron paths within these 
fidds. From these paths the location, magnification, and perfection of 
the image, or the size and intensity distribution of the electron spot, 
can be deternfined. 

Frequently, the purely experimental method proves costly and, be- 
cause of the diflBculty of completely eliminating extraneous influences, 
relatively uncertain in its conclusions. This is particularly true in the 
determination of lens aberrations. On the other hand, the purely 
mathematical method can deal effectively only with very simple con- 
figurations. A combination of the two techniques which proves valuable 
in many cases consists in the measurement of the field distribution, 
either on the original configuration or on a suitably constructed model, ^ 
aud the subsequent calculation of the electron paths^ and, eventually, 
of the aberration constants® of the system with the aid of the measured 
field. The two principal steps in the study of electron-optical systems 
are nearly always (1) the determination of the electric or magnetic field 
distribution within a given arrangement of electrodes or coils and pole 
pieces and (2) the determination of the electron paths within these fields. 

Beyond the consideration of specific problems, it is the function of 
theory to explore the fundamental limitations of electron-optical systems 
and to establish general rules which increase the range of the conclusions 
that may be drawn from experimental measurements and calculations. 
The derivation of such rules is taken up in the succeeding chapters, which 
deal with suitable techniques for determining the properties of electron- 
optical systems and summarize the results obtained by such methods. 

10*2. The Electron — Particle and Wave Aspects. Since its isolation 
' by J. J. Thomson^ in 1897, the electron has generally been regarded as 
a minute, negatively charged particle.® Although no exact figures can 
' be given for its dimensions, measurements on the scattering of electrons 
by atomic nuclei indicate that the diameter of the electron is less than 
centimeter. The treatment of electrons as particles subject to 
the laws of Newtonian mechanics has proved exceedingly fruitful. 
Even today it forms the basis of most oT the theory of electron optics 
which is treated in the subsequent chapters of this book. 

This relatively simple concept proved inadequate, however, to explain 
the behavior of electrons in atonis which is manifested in atomic line 

^ See sectbne IMO and 14-a. 

^SeeQugte 12. 

* See 16 and 17. 

*See zdeNiw 1* 

^ *F(ir tW fihteii of the maes and charge of the dectron, as wdl as other physical 
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spectra. Even the introduction of restraints foreign to classical elec- 
trodynamics by the early quantum theory did not lead to a generally 
valid theory of atomic dynamics. The dilemma was resolved, finally, 
by the development of a quantum or wave mechanics which deviates 
in its predictions from classical mechanics only in the case of phenomena 
occurring on a very small (for example, atomic) scale. For large-scale 
phenomena, wave mechanics passes over, asymptotically, into classical 
mechanics. 

The situation is closely analogous to that existing in light optics. 
Here phenomena due to light beams encountering no obstacles com- 
parable in size to the wave length of the light can be represented ade- 
quately by ray or geometrical optics. The laws of geometrical optics 
are identical with those of Newton^s corpuscular theory of light. Geo- 
metric optics forms the basis of optical-instrument design. However, 
if the light encounters finely divided gratings, minute obstacles, or 
very small apertures, the diffraction 'patterns observed can be explained 
only by reference to the wave theory of light. The application of 
Huygens^ principle® shows that, for large-scale phenomena, the predic- 
tions of the wave theory of light coincide with those of geometric optics. 

The characteristics of a wave motion associated with moving electrons 
can be derived most readily with the aid of the special theory of rela- 
tivity. This was demonstrated by Louis de Broglie,^ who first intro- 
duced the wave concept to explain the existence of stationary energy 
states in the hydrogen atom. 

The wave properties of electrons in motion may be derived from 
Einstein^s special theory of relativity and Planck's quantum relation. 
Einstein's special theory of relativity proceeds from two assumptions: 
(1) As in Newtonian mechanics, the laws of physics are the same for any 
inertial frame of reference.® (2) As suggested by the Michelson-Morley 
experiment,® light is propagated in vacuum with the same velocity in 
all such systems. To reconcile these two propositions it is necessary to 
drop the assumption of the existence of an absolute time applicable to 
all systems. Tunes and-distances between two events measured, in a 
particular system, with the aid of clocks and yardsticks at rest in that 
system will not be identical with the times and distances between the 
same two events measured by clocks and yardsticks at rest in some 
other system moving with* uniform velocity relative to the firat. 

^ See, e.g., Houstoun, reference 2, p. 127. 

^ See de Broglie, reference 3. 

^ An inertial frame of reference is one in which a body, initially at rest, mnains at^ 
rest unless acted upon by forces. A frame of reference which ia diiqalaoed with uni- 
form velocity relative to an inertial frame is also an inertial frame. 

^ See, e.g.. Miller, reference 4. 
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It follows readily from these equations that no mechanical velocity 
can exceed that of light, c. Further conclusions of the special theory 
of relativity, arising from the requirement that the law of conservation 
of momentum be fulfilled in both coordinate systems and from the inte- 
gration of Newton’s (duly interpreted) second law, are: 

1. The variation of inertial mass with velocity: , 


m = 



[10-5] 


2. The proportionality of the mass and the total energy of a material 
body: 

wi 

E = mc^ = - — = kinetic energy + m,/? [10-6] 

Here is the rest mass of the body and the energy associated 
therewith. If the expression for the kinetic energy given by Eq. 10*6 
is expanded in terms of the first term becomes identical with the 
classical value 

Kinetic energy = + — + — + [iQ.?] 

Returning ncfiw to the wave theory of matter, assume that an oscilla- 
tion is associated with the stationary electron, represented by 

A sin 2irv^o [10*8] 

where the frequency Vo is fixed, as for a light quantum or photon, by the 
relation 

= ^ = ^ [10.9] 

In a system relative to which the electron moves with a velocity v the 
oscillation associated with the electron will take on the form of a pro- 
gressive wave, given, according to Eq. 104, by 

A sin 2irv = A sin 211^ = A sin 2 t [lO-lO] 

Here % the wave velocity, is defined m the usual manner as the velocity 
with which a point of constant phase (for example, a crest of the wave^ 
moves forward and X, the wave length, as the distance between two 




It remains to indicate how the matter wave, propagated with a 
velocity in excess of that of light, is prevented from becoming detached 
from the material particle, progressing with a velocity v. In other 
words, how is the particle velocity reflected in the wave phenomenon? 

The answer becomes apparent when an interpretation of the signifi- 
cance of the matter wave is attempted. For a light wave, the square of 
the amplitude of the wave indicates the amount of light energy per unit 
volume in the wave or the number of light quanta or photons which 
may be expected to be found in unit volume at the point in question. 
It is thus reasonable to identify the square of the amplitude of the 
matter wave with the concentration of energy or the probability of 
locating a particle in unit volume at the point considered. 

With this interpretation it becomes evident that the plane electron 
wave in Eq. 10*10 does not represent a single localized material particle 
such as an electron, but a uniform stream of particles traveling in the 
a;-direction, filling all space. To represent a localized electron it is nec- 
essary to construct a wave group, consisting of the superposition of 
many^, wave components differing slightly in direction of propagation, 
ftequeney, and, hence, wave velocity: 


f I A(y + €,m,n) 


• edn 2w{v + f) 


{<-4 


+ my -b m 
u{y -he) . 


(kdfndn 


^ and the maximum values of the direction oosinmm and n, 
aie ciqmpaied to 1, and is small compared to v. This may be 
regarded m an illustration of one of the fundamental principles of the 
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newer quantum theory: the uncertainty relation of Heisenberg.^® 
According to this, the precision with which the location of an object can 
be determined is inversely proportional to the accuracy with which its 
momentum (or velocity) may be known, the magnitude of the uncer- 
tainties in the coordinate and velocity components being related to 
Planck^s constant h in the following manner: 

Ax^A{mVx) = AyA(ma\,) = Az*A{7rWt) = ^ [lO'lS] 

In the case of the plane wave, the momentum (and hence the frequency 
and wave length) of the particle is known exactly and its position is 
completely indefinite: 

A(mvx) = A{mvy) = A(invt) = 0 ' Ax = Ay = Az = cc 

The manner in which a group of wave components with different 
wave lengths may cooperate to form a single wave group is indicated in 
Fig. 10-2. It is seen that the peak occurs where the phase ^ of the 



Wave group 



Components of wave group 


Fig. 10-2. The Formation of a Wave Group as Resultant of Wave Trains with 
Slightly Differing Wave Length. 

several components is the same, that is, where d4f/dv = 0. This con- 
dition also determines the velocity of propagation of the peo.k and, 
hence, the wave group, Vg, Thus for wave components propagated 

See reference 6. 
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liie x-directioD (m * n = 0) : 



so that 


Vg = V 

Thus the velocity of the wave group is identical with the particle velocity, 
as must be the case if the wave intensity is interpreted as a measure of 
probability of the presence of the particle. 

The important conclusion of these considerations is that the analogy 
between moving particles (electrons) and light goes beyond that be- 
tween particle mechanics and geometrical optics. The parallelism 
between electrons and photons is supplemented by that between electron 
waves and light waves, the relationship between particle and wave 
being identical in the two cases. Thus not only the knowledge gathered 
in the field of geometrical light optics becomes applicable to electron 
optics, but also that obtained in the field of wave optics, relating to 
diffraction and interference. According to Eq. 10-13 the wave length of 
an electron beam is given by X = h/ {mo). If the electric potential ^ of 
the fidd through which the beam passes is fixed at zero wherever the 
velocity of the electrons is reduced to zero, their kmetic energy becomes 
so that 

110 - 18 ] 

£ - ^ Y + 

uid 

T-'M+sr 


[ 10 - 10 ] 
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If the wave length is expressed in angstrom units and <l> in volts, this 
becomes 


12.26 

^ ^ [<l> + 0.978 X(rV*]« 


For relatively low voltages the wave length is thus inversely propor- 
tional to the square root of the accelerating voltage of the electrons — 
X w 12.3/0^ A.U. If the accelerating voltage is smaller than 20,000 
volts, this approximate formula is in error by less than 1 per cent. It 
is seen that the wave lengths associated with electron beams are exceed- 
ingly short. For 50,000 volts Eq. 10*21 jdelds X = 0.0535 A.U. As 
has been brought out in section 3*1, the fact that the wave lengths of 
electron beams are so much shorter than those of light beams (^^5000 
A.U.) and that diffraction effects are correspondingly less pronounced 
forms the basis of the superior resolving power of electron microscopes. 

10*3. Electron Optics of Electrostatic Fields. The fundamental law 
of geometrical light optics is Fermat^s law. This states that among a 
number of possible adjoining paths between two points A and B, a 
light ray will take that path which reduces the time of transit to a 
minimum, or, more generally, gives it a stationary value. In other 
words, the rate of change of the time of transit with the magnitude of 
any deviation from the path considered vanishes for the actual light 
path. In conventional symbols this is expressed by the vanishing of 
the vanation of the transit time: 

s f" - = s f"-ds ~ 0 [ 10 - 22 ] 


Here u is the velocity of propagation of the light wave, equal to the 
ratio of the velocity of light in vacuum, c = 3*10^® centimeters per 
second, and the index of refraction n of the medium through which the 
path passes; ds is an element of that path. In ordinary, isotropic 
media n is a function of position only, whereas in anisotropic crystailto 
media it depends on the direction of travel of the light wave as weU. 
The familiar laws of reflection and refraction can readily be shown to 
follow from Fermat's theorem. Since the product of path length mi 
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index of refraction is also known as optical distance, Fermat’s law may 
be stated in the form that, for the actual ray path, the optical distance 
between two given terminal points assumes a stationary value. 

A closely corresponding principle governs the motion of material 
particles in conservative force fields.^^ This is the law of least action or 



Fio. 10*3. Variation of Electron Index of Refraction with Accelerating Voltage 0. 

principle of Maupertuis. According to it a particle of given initial 
kinetic energy will select that path among neighboring paths with the 
same terminal points A and B for which the action, or the integral of 
the mt^entum over the palii, assiunes a stationary value: 

rmda = 0 [10*23] 

Tfak..goe8 over into a form identical with that of Fermat’s law if the 
mommituin ^ which for particles of the same energy in a conservative 
force field is a function of position only — is defined, as the index of 
refraction of the field. Since the addition of constant factors does not 

A oonservatiye force is here one which may be derived from the potential 
saeigy of the paitide in the field. Both pavitational and electrostatic fields are, in 
this j^sose, oQOservative force fields; magnetic fidds are not. 
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change the significance of the variation principles, a more suitable, 
dimensionless definition of the refractive index is 


n 


mv 

nicC 


[10-24] 


where nto is the rest mass of the particle and c the velocity of light in 
vacuum. For electrons in an electrostatic field this becomes, by 
Eq. 10-19, 


n = 



e 

2mo(? 



= 1.978-10-3(0 + 0.978-10- V)^ 


[10-25] 


Figure 10-3 shows a plot of the index of refraction as function of the 
potential 0, whose zero level has been adjusted to correspond to the 
point at which the kinetic energy of the electron vanishes. It is seen 
that, for moderate accelerating voltages, the electron-optical index of 
refraction is simply proportional to the square root of the potential. 

The variation principle, Eq. 10-23, necessarily leads to the same 
families of permitted paths as the more familiar equations of motion. 
This is demonstrated in detail in section 12-1« 

10-4. Electron Optics of Magnetic Fields. In the presence of a mag- 
netic field Maupertuis^ principle ceases to be applicable, since the force 
acting on a charged particle cannot be expressed as a derivative of the 
potential energy of the particle in the field. In fact, the magnetic field 
exerts a force at right angles to the direction of motion of the particle, 
and hence has no effect on the kinetic energy of the particle. Even so, 
as was first demonstrated by Schwarzschild,^^ ^ variation principle may 
be set up which governs tho motion of charged particles in magnetic 
fields and is analogous to Eq, 10-23. This may be written 





0 


[10-26] ' 


Here A is the magnitude of the vector potential of the magnetic field 
and X the angle between the direction of the vector potential and the 
element of path ds at the point in question. The vector potential is 
related to the field h by the vector equation 

h = curl A [10-27] 

its variation in space being fixed, except for an immaterial constant 
additive vector, by the simultaneous requirement div A » 0. 

See reference 6. 
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For the special case of an axially symmetric magnetic field, A is nor- 
mal both to the axis and to the ra^us vector from the axis to the point 
of reference. If is the axial component of the field and the radius 
vector to the point of reference, 


A = 



hg'2irr dr 


2irro 


N 

2rro 


[10-28] 


Here the integral is to be carried out over the area normal to the axis 
bounded by a circle of radius Tq through the point of reference. N de- 
notes the total magnetic flux through this area. 

The^dex of refraction for an electron in the presence of a mag- 
netic field is, by Eq. 10*26, 


mv e . 

n 3 A cos X 

rrioC rrioCr 

[10-29] 

= 1.978-10r3(<^ + 0.978-10~V)^ - 0.587-10“3 a cos x 

Here 0 is measured in volts and A in gauss-centimeters. The peculiar 
property of this refractive index is that it depends not only on the posi- 
tion of the electron, but also on its direction of motion. This property 
is shared by light propagated in anisotropic — uniaxial or biaxial — 
crystals. Apart from this, the behavior of electrons in magnetic fields 
and of light in crystals diffeis so profoundly that crystal optics does not 
contribute materially to an understanding of magnetic electron optics. 

10-5. Intensity Relations in Electron Beams and Electron Images. 
In many applications of electron optics it is desired to obtain an electron 
image or electron spot of very high intensity. In such cases it is of 
some importance to recognize the limitations which, regardless of the 
optical system employed, are fixed by the specific emission of the source, 
the "cbnveigence of the electron paths at the image or spot, and the 
initial ^d final kinetic energies of the electrons. This , fundamental 
Ipnitatijan may be derived with the aid of the second law of thermo- 
dynakiics. Hiis may be stated in this form: If two bodies are left to 
themeelveS; the colder of the two cannot transfer more heat to the 
wannor than the warmer transfers to the colder; if the two bodies are at 
the same temperature, the, transfer of heat in the two directions must, 
ccmsequaitly, be just equal. 

Consider (Fig. 10-4) two black bodies 1 and 2 at the same tempera- 
ture and immersed m mec^ of refractive index, nt an<i\ 2 - These 
media may be imagined to be separated from the emitting surfaces by 
gaps, m which the index of refraction is ^assumed to be unity. 
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as shown in the figure. Let the two bodies commmcate b/W&m Of 
an optical system which TBStllCtS ths SpcflSure o{ the transmitted pencils 
to 0 £i and ^ 2 , respectively. Let the emission per unit area at the given 
common temperature be j. Then the total energy transmitted by each 




Non - absorbing optical channel 

Fig. 10*4. The Derivation of the Theorem of Clausius or Helmholtz-Lagrange. 


side through the optical system (which is assumed to absorb no energy) 
to the other must be the same. If the radii of the two (circular) emit- 
ting areas are ri and r 2 , respectively, this leads to 

j pan j 

- COS 0 sin ddd nT 2 * 27 r I - coBdsmddO 

0 tr Jo IT 


since the surfaces obey Lambert^s law, so that the emission per unit area 
per unit solid angle in the 0-direction is given by (j/ir) cos 6. If the 
integration is carried out, 

r\ sin^ aoi = sin^ oog 


Here aoi and ao 2 are the angular apertures of the transmitted pencils in 
the gaps just in front of the emitting surfaces. Since, by Snell^s law, 


sin ojoi = ni sin ax sin ao 2 ~ ^ sin ag 


Tj-ifi sin oi = 712^2 sin a 2 


[10-30] 


In the special case that an object at 1 is imaged by an axially symmetric 
optical system at 2, Eq. 10*30 establishes a general relation between the 
magnification (r 2 /ri) and the ratio of the sines of the convergence angles 
ax and a 2 - This relation is commonly referred to as the theorem of 
Helmholtz-Lagrange, although it was first derived by Clausius. 

More generally, Eq. 10*30 establishes an upper limit for the light (or ^ 
electron) concentration obtainable in a beam derived from a given 
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source. If there is no loss of light energy or electron current in the 
optical system, and i represents the total emission of the source and 
its specific emission, the light flux or current per unit area ui the spot 
or image is given by the relationship 

= = [10.31] 

ji rri I ni sm^ ai 

Assume, now, that the source is a thermionic cathode at a tempera- 
ture T, The p^ of the energy distribution of the thermionic electrons 
then lies at the energy of emission kTy where k is Boltzmann’s constant. 
Since the energy of arrival at the spot or image is 6 ^ 2 , V 2 being the 
anode 420 tential, and the aperture angle of the pencils leaving the cathode 
isir/2, 


h 


eV2 . 2 
■— sur 0(2 
kT 


[10-32] 


A more exact derivation of this ratio, taking account of the Max- 
wellian distribution of the electrons leaving the cathode, has been given 
by D. B. Langmuir.^® Langmuir finds 

i = + 1] sin* a* = + 1 ] sin* a* [10.33] 

which is identical with Eq. 10-32 provided that eV 2 » kT^ which is 
nearly always fulfilled. 

It will be noted that the basic equation (10-30) was derived making 
use of the properties of thermal or light' radiations and is subsequently 
applied to electron-optical systems. This is justified by the formal 
identity of the laws governing light rays and electron rays (Eqs. 10-22, 
10-25, and 10-29). It is necessary, however, that the electron source 
should obey Lambert’s law if the upper limits for the current density 
heieitorived are to be valid. This is fulfilled for a thermionic cathode. 
Noniially deviations from Lambert’s law will result in but minor changes 
in the wi ftyinfiiim current density obtainable. 
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CHAPTER 11 

DETERMINATION OF POTENTIAL DISTRIBUTION 


11*1. The Laplace Equation. Within any region of space bounded by 
electrodes at different voltages, an electric field will exist. In general 
this field will not be uniform but will vary from point to point. As 
has already been pointed out, the first step in the solution of most 
electrefroptical problems is the determination of the distribution of such 
a field or of the potential from which it is derived. 

Although the field within a given region may vary from point to point, 
its value at one point is not unrelated to that at any other, because the 
field as a whole must satisfy the condition of zero divergence, namely: 


dEx ^ ^ 

dx dy dz 


[IM] 


This relation is merely a statement of the continuity of the electrostatic 
field lines. Furthermore, such a field must be unrotational, that is, it 
must satisfy the differential equations 


'3^, dEy\ /dEy dEA_/^ rTi 2 i 


Finally the field must have zero tangential components along all the con- 
ducting surfaces bounding the region. 

Any field meeting these conditions can be derived from a potential 0, 
a potential which itself satisfies the differential equation 


vV 


^ ^ ^ 
dy^ ^ dz^ 


0 


[11.3] 


This rebd;ionship is known as the Laplace equation. Of course, the 
potential must also satisfy the boundary conditions, that is, the potential 
digtiibution must be such that the electrodes themselves lie on equipoten- 
tiai surfaces which have the corresponding pfotential. It can 1^ shown 
that a potential distribution which satisfies Laplace’s equation and the 
boundi^ conditions is unique, so that any method of solution leading to 
a distr^Hition fulfilling these conditions must necessarily give^h^ desired 
potential dis^bution. 

Where the field is required, it may be found from the potential by 
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differentiating with respect to the various coordinates. Thus 


- 


d<l> 

dx 



^ [11.3a] 


The determination of the potential distribution for a general three- 
dimensional set of boundary conditions is usually extremely difficult. 
Fortunately most of the configurations encountered in practical electron- 
optical problems have symmetry properties which to some extent facili- 
tate the solution. The two most commonly encountered types of sym- 
metry are plane {two-dimensional) 
and axial symmetry. These two 
classes of electrode configurations 
warrant examination in some de- 
tail. 

11-2. Two-Dimensional Sys- 
tems. The two-dimensional elec- 
tron-optical system finds frequent 
practical employment in such de- 
vices as secondary-emission multi- 
pliers, deflecting s 3 rstems, and col- 
limating slit systems. In this 
system the electrodes may be 
thought of as being generated by 
the motion of straight lines parallel Pw.lM. A “ Two-Dimensional " System 
to an axis, for example, the 2 -axis, of Electrodes, 

along paths in the xy-plane (Fig. 

1 M ) . For the purpose of analysis, the generatrix can be assumed to be 
infinite, an approximation which is justifiable for most practical calcula- 
tions. It is evident that, in such a system, any plane parallel to the xy- 
plane will be a plane of mirror symmetry; hence the potential does not 
depend on the 2 -coordinate. The Laplace equation thus becomes 



• • V, 

smce IS zero everywhere, 
written 


d^<l> d^<f> 

dx^ dy^ 


[114] 


In polar coordinates, the equation may be 


^ J.1 ^ 

r dr^ dr r* 


[11-5] 


Here r = («* -1- is the radius vector and B « arctan {y/x) the 
azimuth of the point of reference. 
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One approach to the solution of these equations is through the fact 
that they are the real parts of analytic functions of the complex variable 

lu = aj + = r-e*® [11-6] 

where i is the imaginary quantity (—1)^ and e the Napierian base 
(2.718 • • •)• This can be shown readily in the following way. If 

F(w) = 4>{x,y) + ii^ixyv) 

then 

dF dF dw dF 50 ^ . 50 ■ 

dx dw dx dw dx dx 

' dy dw dy dw dy dy 

so that 

d0 , . 50 . 50 , 50 

\- 1 — = — i 1 

dx dx dy dy 
or 

d4> ^ d4f 50 50 

5a; dy dy dx 

Differentiating these final two equations by x and y, respectively, leads to 

^ ^ 

5a;* dxdy dy^ dydx 

Since the order t)f differentiation makes no difference, 0(x,y) is seen to 
fulfil, quite generally, the Laplace equation (Eq. 11-4): 

dx^ dy* " 

It is interesting to note (Fig. 11*2) that the two families of curves 
4>{Xfj^ *= const and 0(a;,y) = const are orthogonal, as can be seen from 
the fact that when the first of Eqs. 11*8 is divided by the second, yielding 

50 ^ 

dx ^ ^ 

50 50 

dy dx 


[11-7] 


111 - 8 ] 



[11-9] 




lines of force. Similarly, if ^ = const corresponds to the equipotentials, 
implying that Eq. 11*7 has been multiplied by the factor -i, = c<^t 

Will describe the lines of force. 

A second powerful approach to the solution of the two-dimensioinil 
Laplace equation is found in the method of the separaHon of vartMeo, 
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For this, the potential function is set equal to the product of two func- 
tions, each dependent on a single variable, expressed symbolically as 
follows: 


<l>(x,y) = F(x)-G(.y) [11-10] 


When this expression is substituted in Eq. 1 1 -4, the equation becomes 

and, upon dividing by F{x)-G(y), yields the following relation: 


1 d^Fjx) 1 d^Gjy) 
F(x) '^G(y) dy^ 


= 0 


[IMl] 


Sinc^each of the terms in Eq. lldl depends upon one coordinate 
alone, and is entirely independent of the other coordinate, the equation 
can be satisfied for all coordinate values only if each term individually is 
equal to a constant. This constant is usually known as the separation 
parameter and will be denoted by k^. Therefore Eq. IMl may be 
divided into the following two equations: 


1 d^F(x) ^ 2 
F{x) dx^ 


G{y) dy^^ 


[1M2] 


These equations are solved by the following two functions: 
F(x) = A sinh kx B cosh kx 

G(y) = C sm ky + D COB ky 


[1M3] 


where k may be real or imaginary. 

A general solution of the Laplace equation is found by forming the sum 
of all products F{x)*G{y) with different parameters k and arbitrary 
co^Scients: 


*= SKA* onh ib; + ^jb cosh kx){8m ky + Dk cos ky) [1M4] 
* 

It win be noted that Ck has been set equal to unity. This can be done 
without loss of generality, since A k and Bk are arbitrary constants. The 
Uiree Sets of coefficients, Akt Bk, and Dk, appearing in this summation 
are eviduated from the boundary conditions of the specific problem. 

S^aretion ol the variables can, of course, also be used in the solution 
ol the two-dimensional Laplace ^nation in polar coordinates (Eq. 11*5), 
the choice of coordinates being dictated by the relative simplicity of the 
boiindaiy ccmditions. For this it is assumed that the potenijfjl function 
can be seiuM^ted as follows: 


= fi&gW 


[1M5] 
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This leads to two differential equations related through the separation 
parameter k. The general solution can be expressed as the summation 


<l>(r,d) = 




kd + Dk cos kd) 


[1M61 


Here, again, one coefficient (that of sin kd) has been set equal to unity, 
since this involves no loss of generality. 

Two other general methods which are of great value when the elec- 
trode configurations are too complex to handle analytically are the 
Liebmann net procedure and electrolytic potential plotting. The 
discussion of these very general methods of determining potential dis- 
tributions will be deferred until sections 11*9 and 11*10. 

11-3. Potential Distribution by Means of Complex Functions. Cer- 
tain potential distributions, which can be found readily by direct applica- 
tion of complex functions as outlined in the preceding section, are of such 
a form as to have considerable practical importance. Sjnce, in addition 
to their intrinsic value, they will serve to illustrate the application of this 
method, a few will be derived below, 
a. Parallel Planes. If the complex function 

F{w) [1M7] 

is chosen, it gives rise to the orthogonal family 

<l>(x,y) = const x + k [11*18] 

\Kx,y) = const y [11*19] 

It is evident that the equipotentiaJs consist of a family of parallel planes. 
Any pair of these may be chosen as electrodes of the system. Therefore, 
if the electrodes consist of parallel planes at x = and x = X 2 , having 
potentials 0 = 7i and <f> = 72> respectively, as illustrated in Fig. ll*3a, 
the potential distribution and field function are given by 


<t>(x,y) = 


72~7i 

X 

X2 — X\ 


72Xi - 7iX2 

X2 — Xi 


= 



[ 11 * 20 ] 

[ 11 * 21 ] 


6. Coaxial Cylinders. If the function assumed is F (it?) = A log it? + B, 
then, since in polar coordinates w may be written 

w = r*e^ [11*22] 

the complex function becomes 

F « A (log r -f 10 ) -f- B 


[11*23] 
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Fig. 11*3(/). Tangent Circular Gylinders. 
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Fig. ll-3(g). Slit {E^ = 0). 


Hence the equipotential surfaces are a family of coaxial cylinders whereas 
the field lines are straight radial lines. When, as illustrated in Fig. 1 1 *36, 
the electrodes are cylinders of radius r 2 and ri, at potentials V 2 and 7i, 
respectively, the potential function becomes 

»(r) = ^h og- + 7i 111-24] 

, H ri 

log- 

n 

Similarly, the electrostatic lines of force are given by 

= [11.25] 

log^ 

n 

0 . Intersecting Planes. The potential distribution of a system made up 
of two intersecting planes, as illustrated in Fig. 11 * 80 , can be obtained 
from case 6 by the transformation mentioned in the preceding section, 
wherd:^ the roles of the real and imaginary parts of the function are 
reversed. By multiplying the preceding function by i it becomes 


F(w) = Ailogw + iB 

[11-26] 

F(w) = Aiil(^r-e) + iB 

[11-27] 
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The field lines are now concentric circles (or parts thereof) whereas the 
equipotential surfaces are radial planes. Where the two electrodes make 
angles B 2 and B\ with an arbitrary reference plane, and are at potentials 
V 2 and Fi, respectively, the potential distribution is 


m = 


F2-Fi ^ Fig2-F2<?l 

B2 — B\ B2 — ^1 


[11-28] 


and the field lines are represented by 

1 

t'2 — 


[11-29] 


A number of other useful distributions are given below. In the con- 
figurations listed, with the exception of case g^V 2 and Fi are the poten- 
tials of the electrodes making up the system. 
d. Rectangular Hyperbolic Cylinders (see Fig. ll*3d). 

F(w) = Aw^ + B [11.30] 


<t>{x,y) = 



- y*) - 


V2Ci - ViCl 

cl - cl 


[11.31] 


yKx,y) = 2 xy 


V 2 -V 1 

C 2 /nr2 

2 


[11-32] 


The separations from the origin of the vertices of the two hyperbolic 
electrodes are C\ and C 2 . 
e. Confocal Parabolic Cylinders (see Fig. 11 .36). 

F(w) = Aw^ -h B [ 11 . 33 ] 





+ cos B) 




+ 


Vik2 - Fg/bi 

^2 “ 


[11.34a] 


Hrfi) = 


F 2 -F 1 

A/2 ^1 


; (1 — COS 



[11-346] 


The focal lengths of the two parabolas corresponding to the electrodes are 
k\ and kl. 

f. Tangent Circular Cylinders (see Fig. 11-3/). 


0 (r,d) = 2R2R1 


Vi — V2 cosB 
R2 — R\ r 




V2R2 - Fii^i 
R 2 ~~ Ri 


^{r^B') = —2122^1 


F 2 - Fi sing 
R 2 — R\ T 


The radii of the cylindrical electrodes are R 2 and Ri, 


[11-36] 

[11-37] 
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g. SUt (see Fig. 11-3(7). 

F(u)) - A(B + «;*)’< + Cu> + )fc [ll-: 

♦(*,») = 

^ »■ - *•) l[|(f)‘ + •■ - 4’ + + (f)” + *■ - »■ 




- 2 (^1 + + Vo 




- 2 ^2)2^ 



Here D is the width of the slit and Vo its 
potential. The fields on either side of 
the slit at a considerable distance from 
it (very large positive and negative 
values of x) are assumed to be uniform 
and have values of E 2 and respec- 
tively. 

There are, of course, a large number 
of other complex functions which are 
useful for this process of conformal 
mapping. Additional examples will be 
found in textbooks on electricity and 
potential fields.^ 

11*4. Problems Involving Separation 
of the Variables. The determination of 
the potential distribution by means of 
the separation of the variables, though 
frequently laborious, particularly when 
it gives rise to integrals which must be 
evaluated by numerical integration, can 
usually be carried out in a fairly 
straightforward manner. It does not 
require choosing some special function 
which fits or closely approximates the 


Fio. 11-4. PotontiiJ VMtotionMd ““ditions of the problem as does the 
Eleotitm JMiB between Stagg^ed V^^thod of conformal representation. 


Plane Sleotrodes. However, occasionally, when integrals 


^ See^ eg., Jeans, reference 1, and CHleadorf, reference 2. 
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obtained during the course of solution cannot be exactly integrated, 
much loss of time and labor can be avoided by the judicious choice of 
an analytic function which is sufficiently like the exact function to 
be substituted for it. 

To illustrate the application of this method to a problem encountered 
in practice, the determination of the potential distribution of the con- 
figuration shown in Fig. 114 will be made. This configuration corre- 
sponds to that which might be used in an elementary form of electro- 
static secondary-emission multiplier. The system consists of two rows of 
plane parallel plates, each of width 6, mounted so that the electrodes of 
the two rows are staggered with respect to each other. The potential 
increases progressively from plate to plate in uniform steps of 7. The 
separation between the rows is assumed to be d, and for the sake of 
simplicity the rows are assumed to be indefinitely extended. 

It is evident from the configuration that for any constant value of x 
the potential is periodic in y with the period 6, except for the term 2Vy/b 
which represents the average rise in potential with y. Therefore, by 
using k = 2irn/6 in Eq. 11*14, the potential may be expressed by 


^ sinh ^ x + Bn cosh ^ 


/ . 2im 

^sm — 


j n 

y + Dn COS — y 
0 


) 


[ 11 * 41 ] 


The coefficients -Bm and D» can be determined from the known 
potential distributions along the two rows of electrodes, at x = 0 and 
X = d, by the usual methods of evaluati^ Fourier coefficients.^ 

For X = 0: 


2 / 2Vy\ 2im 

Dn-Bn * - J ^Jcoa — ydy = 0 

^ ^ 27y\ . 2im ^ , ,,47 


[ 11 * 42 ] 

[ 11 * 43 ] 


and for x = d: 

. . - 2Tnd . „ , 2imd 

An Binh — — f- Bn cosh — p- 
0 0 


2/**^/., , 2Vy\.2imy, 

[ 11 * 44 ] 

il 

2im 


The coefficient involving Dn is zero, since Dn itself is zero. 
^ See Adams, reference 3, Formula 6.80QI 
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He fin*l series exfoessing the potential distribution is obtained by 
#ralualjng the coefficients, substituting their values in Eq. 11'41, and 
aimplify ing the results with the aid of the addition theorems for hyper- 
bolic fuBctians. ® The distribution is found to be given by 

= 


2Vy 2V 
b *• 




[ 11 - 46 ] 


As has already been pointed out, the method of the separation of vari- 
ables also finds application to problems where cylindrical polar coordi- 
nates are convenient. Where the potential distribution is known on the 
surface of a circular cylinder, this approach is very effective. Under 
these conditions Eq. 11-16 representing the distribution reduces to 



(an sin nd + bn cos nd) 


[11-46] 


where 


1 

On * - Jq 4>{Rfi) sin nd d$ [11-47] 



[11-48] 


Here R is the radius of the cylinder on which the potential is known, and 
the potential distribution on the mantel surface of this cylinder. 
This may be illustrated .by the simple case of two semicj^nders of 
radius R at potentials V and —7, respectively, as shown in^g. 11-6. 

* See Adams, reference 3, Fonnula 3.34. 
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The coeflBcients for this configuration become 


On 


1 /»' 1 

= Vsinn3(» + - I (-V) si 

irJo irJ, 


47 

sin nJd dB = — (n odd) 
jm 


111491 


= 0 (n even) 


1 r 

bn = - 
ttJq 


V eo&vJddB + 


1 

- / (-T^) 

TCJr 


co8n^d0 = O [11*50] 


The series representation, after substituting n = 7k- 1, becomes 


+ K 



Fig. 11-6. Potential Distribution in Electrode Configuration Consisting of Two 
Half-Cylinders. 

11*6. Special Relationships in the Two-Dimensional Field. Certain 
relationships and transformations are occasionally helpful in determining 
the potential distribution in a two-dimensional electrode configuration. 

Two-dimensional electron-optic^ systems which are symmetrical 
about a plane parallel to the generatrices of the electrodes are very fi^ 
quently encountered in practice, and this symmetry gives fields withm 
the system rather special properties. A swes of parallel dits having a 
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cQtnmon axis is an example of this type of electrode arrangement. Other 
examples are pairs of plates, the plane of S3rmmetry passing midway 



I * 

t 

Fig. 11*6. Electrostatic Cylinder Lenses. 


between them, and a plane and row 
of rods parallel to it, such as might 
be used to represent a plane cath- 
ode and a control grid (Fig. 11*6). 

To investigate the nature of this 
t 3 ^ of distribution, let it be as- 
sumed that the plane of symmetry 
is the a; 2 -plane, and that the po- 
tential 4>{Xyy) is expressed as a 
power series in y. Since y is the 
distance from the plane of sym- 
metry all odd-power terms in y 
must be zero. Theref ore the series 
can be written as 

<l>ix,y) = '£An(x)y^'‘ [11-52] 

n-0 


If this is substituted in the Laplace differential equation (Eq. 11*4), 
it yields the following relation: 

£ + 2n(2n - l)An(x)y^^-^\ = 0 [11.53] 

n-O 


It can easily be seen, by grouping like powers of that the coefficients 
are related by the following recurrence relations: 

Ai'-iix) = -2n(2n - n = 1, 2, 3 • • ■ [11.54] 

If the potential distribution along the axis, that is, that for ^ = 0, is 
it is evident from Eq. 11*52 that 

Ao(aj) = 4>(a;) 


By appl 3 dng the recurrence relation, the other coefficients are found 
to be: 


Ai(x) = - 


A'o'jx) 

2*1 



A^ix) « 


•3 4t 


An(x) - (-!)• 


1 

(2n)! 





Sec. 11-5] RELATIONSHIPS IN TWO-DIMENSIONAL FIELD 


373 


Therefore Eq. 11*52 can be written 


^(2n) 


= *(x) - + ^^^(x)p* ~ 


111-55] 


This equation makes it possible to determine the entire potential dis-|l 
tribution from a knowledge of the distribution along the axis. '' 

Frequently problems involving cylindrical ssrmmetry can be conven- 
iently solved by determining the potential distribution of an analogous 
plane configuration, and then transforming the solution to fit the 
desired cylindrical configuration. 

If the solution of the plane configuration is given by the func- 
tion </»(x,y), then that for the cylindrical structure will be F(r,0) = 0 
(log (r/ro),0), the point x = log (r/r^), p = 0 in the plane structure 
corresponding to the point r,0 in the cylindrical structure. Here To 
may be chosen arbitrarily. r' i; ( \ ^ * y, 

This can be se^n from an examination of the function F(r,0) - 
0(log (T/To)fi) when substituted in the Laplace equation: 


^log ^ , 0^ d^<f) ^log ^ , 0^ 

/, rV S? 


a dF d^F 


Therefore, if <t>{x,y) satisfies the Laplace equation in the form of Eq. IM, 
then F{rfi) will satisfy it in the form of Eq. 11*5. 

Figure 11*7 illustrates the application of . this transformation to the 
determination of the potential distribution in a special cylindrical triode 
from that of a plane triode. Here the cathode is represented by the 
plane mm' and the grid and plate by the set of rods kk' and the plane K', 
respectively. When transformed, the elements become a series of con- 
centric electrodes, as shown in the figure. Obviously, the reverse trans- 
formation, that is, from a cylindrical system to a plane system, may also 
be made. 

Finally, it is frequently useful to be able to predict the manner in 
which two equipotentials will intersect. This is particularly true where 
the equipotentials are obtained by electrolytic plotting, which will be 
discussed in section 11*10, because the fields at such an intersection 
vanish so that the equipotentials are hard to locate. ^ 

If two equipotentials are assumed to intersect at the point and 
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the potential is expanded in a Taylor’s series about this point, 

d<l> 

<t>ix,y) - (l>(x„y,) + (x - Xo) — ix„,yo) + (y - yo) — (x<.,y<.) 

+ J(x - X,)* ^ (x„,y,) + (x - Xo)(y - y„) (xe,y,) 

[ 11 - 57 ] 

+ i(» - Vo)® ^ + • • • 

the possible angles of intersection of the equipotentials may be deter- 
min^w-^long these equipotentials, obviously, <l>{x,y) = tl>{Xo,yo) and. 



Fio. 11*7. Coiresponding Structures of a Plane and a Cylindrical Triode. 


furth^more, at Xo,yo, the first derivatives must be zero. Therefore the 
equipotentials are the surfaces given by the solutions of the equation 






a** 

+ (y - yof ^ (xo,y.) = o 


(x - *«)* ^ (X.,1/.) + 2(x - Xo)(y - y.) — (x.,y.) 

ay* 

y-y,~( 

, aV 


By toansfiHining the variables to ■ 

X - X, ■= {• 

and putting 

a** 




\ 




[ 11 - 69 ] 
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Eq. 11-58 may be written 

f + 2rf b + = 0 


[11.61] 


When solved, this equation has two real roots corresponding to the two 
intersecting equipotentials. Since the 
product of the slopes of the two corre- 
sponding lines is 


axf 


L<fy j(xo,vo) 


= -1 [11.62] 


as follows from the fulfilment of the Lar 
place equation, the two equipotentials 
must intersect at 90 degrees for a two- Fig. 11 8. 



Intersection of Two 


dimensional system of the type described Equipotentials in a Two-Dimen- 
(Fig. 11*8). • 

It is not possible for any odd number of equipotentials to come together 
at a point, as this would require a discontinuity in the derivatives of the 
potential field, making it impossible to satisfy the Laplace equation. 
However, any even number may meet, the point of junction being the 
intersection of continuous equipotential lines. In terms of a Taylor 
expansion, such as Eq. 11.57, the intersection of three equipotential 
lines occurs at a higher-order singularity where the first and second 
derivatives vanish. The intersection of four equipotential lines occurs 
at a point where the first, second, and third derivatives vanish. Such 
higher-order singularities occur rarely in practice. 

11*6. Axially Symmetrical Systems. By far the most important 
potential distributions from the standpoint of electron optics involve 
axial symmetry. Again, no general solution can be given for cases with 
arbitrary boundary conditions. Indeed, as with two-dimensional 
systems, frequently no analytic solution is possible. 

The Laplace equation in the cyfindrical coordinates takes the 
following form: 


ds? r dr^ dr ~ 


■ [ 11-631 


If the a-axis is an axis of symmetry, the derivatives with respect to the 
angular coordinate must vanish. The differential equation therefore 
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bec(»nes 


1 1 ^ 
di? T dr 


d<f) 

Tr 


= 0 


The general solution of this equation has the forin^ 

1 

= ;r I + ir sin a)da 

2irJo 


[11-64] 


[11-65] 


Again a series of solutions of the Laplace equation can be obtained by 
substituting simple functions for 4>(2), the potential distribution along 
the axis of symmetry. However, the most useful anal 3 diical approach for 
axiaH^M^mmetric systems employs the separation of variables. The 
solution is expressed as the product of functions of z and r as follows : 

0(2, r) = FizyGir) [11-66] 

If this is substituted into Eq. 11-64 two differential equations are 
obtained: 

[11-67] 


i 1 ^ 

r dr dr 


k^G 


[ 11 - 68 ] 


related to each other by the separation parameter k. 

The solution of these two equations may be written in the following 
form: 

F{z) ^ A Bin kz + B cos kz [11-69] 

G{r) = CJo(ikr) + DNoiikr) [11-70] 

where Jo(r) is the Bessel function of zero order, which has the well- 
knowaform^ 

• 1 

(2) 

and Afo(r} is the zero-order Neumann function. The latter may be 
explBSsed in terms of Bessel functions with the aid of the following 
retetion:^ 

AToW - I {(log ^ + 7 ) Mr) - 4 1:^ (-1)» L [11.72] 

* $09 BtHkhs and Schener, i^oence 4, p. 66. E 

*^Maik 0 and Emdc^ reference 6, pp. 196-198. 
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where 

/A« • 1 

T, = 0.6772 aid J„(r) = E (g) [11-73] 

The general solution is obtained by summing the product of these two 
functions over all possible values of k both real and imaginary, and thus 
may be written as follows : 

<l){z,r) = L[Afc sin kz + Bk cos kz] [Jo{ikr) + DkNoiikr)] [11'74] 

A; 

The coefficients are evaluated by the usual method from the boundary 
conditions. Frequently the conditions of the problem are such that the 
values of k are continuous rather than discrete, and the summation giv- 
ing the potential distribution becomes an integral, as will be illustrated 
in the next section. 

As was found to be the case for symmetrical two-dimensional systems, 
the existence of a high degree of symmetry imposes certain special 
properties upon the potential distribution. If a power series in r is 
substituted in Eq. 11-64, as was done in deriving Eq. 11-55, an expression 
describing the entire potential distribution in terms of the potential 
along the axis, 0 ( 3 ), is obtained. This expression has the following form: 

[11-75] 

= $(z) -- ^ ^ #^(z) • • • 

If this is compared with Eq. 11-55 it will be seen that the potential along 
the axis of axially symmetrical systems follows the potential of the 
electrodes more closely than the axial potential for two-dimensional 
systems. This might be expected from the geometry of the two con- 
figurations. 

The manner in which equipotentials intersect at a saddle point on the 
axis can be determined from Eq. 11*75. If a Taylor expansion of the 
potential on the axis, 

$(z) = $(z.) + ~ - ♦"(«.) - - • [11-76] 

is substituted in Eq. 11*75, the equipotential surfaces near the axis are 
given by 

- 7 0 r = ±2«(* - «.) (ll-TH 

2 4 
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The equipotentials, therefore, consist of a double cone having a half 
angle a at the vertex: 

a = arctan 2^ = 54® 44' [11-78] 

This t 3 rpe of saddle point is illustrated in Fig. 11-9. 

Off the axis equipotential surfaces intersect at right angles, being 
simultaneously perpendicular to the meridional plane. Their behavior 
here is thus the same as in two-dimensional systems. 



Fiq. 11*9. Saddle Point on the Axis of an Axially 
Symmetric System. 


11-7. Typical Configurations with Axial Symmetry. A frequently 
occurring configuration consists of two semi-infinite coaxial cylinders of 
equalxadius R at potentials V 2 and Fi, as shown in Fig. 11 -lOa. From a 
consideration of this figure, it will be apparent that the electrode system 
may bis considei^ as being made up of two separate parts, each consist- 
\n ^ of a^semi-infinite cylinder terminated by a plane whose potential 
i is (Fi + Fa)/2. The two cylinders are at potentials Vi and sjid 
the -^CQomion terminating plwe ,may conveniently be placed at the 
.origin a 0 the coordinate system. 

The prc^l^ of a semi-infinite cylinder at a given potential termi- 
nated in a plane at a second, potential is a special case o(the more 
graeral problem wherein the cylinder may have any potent jar distribu- 
tion V («) along its mantel surface, where F («) is, of course, assumed to be 
fimio throughout. If Fo.is the potential of the terminating'duk, the 
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Fig. 11 •10(a). Electrode Configuration Consisting of Coaxial 
Equidiameter Cylinders. 



Fig. 11*10(6). Variation of the Potential on the Axis and Its First Two Derivatives 
in the Electron Lens Formed at the Junction of Two Coaxial Ek]uidiameter Cylinders. 
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general solution becomes 

0(«,r) = Vo + /u. sin kz + Bk cos kz][Joiikr) + DkNo{ikr)]dk 

[11*79] 

Since 4>{Zfr) = at a = 0, Bk must be equal to zero. Furthermore, 
since the Neumann function Naiikr) becomes infinite when r = 0, the 
coefficient Dn must vanish. Finally, since ^ is finite f or very large values 
of kf the separation parameter must be real. Therefore the general 
solution reduces to 

— = Vo “t f siu kz Jo{ikr)dk [11*80] 

•/o 


The coefficient A* can be evaluated in the usual way by the integral 

= T7W^ - r ^ 

jQ{ikR) itJq 

For the particular problem where Vo = (Fj + V 2)/2 and the potential 
at r = 12 is 7(z) = 72 for positive z and V{z) = Vi for negative z, the 
coefficient becomes® 


A* = 


1 2 
Jo{ikR) T 



z^) 


sin kz dz 


1 _2 Vj - Fi 

Jo(ikR) rk 2 


[11-821 


Hence the sdution is 


,, . Vt + Vi . Fj-Fi 

i— + ^;— 


X 


' sin kz jQ(,ikr) 
k Jo(ikR) 


dk [ll-83a] 


Chi axis the distribution becomes 

Vi+Ji , Fa - Fi /’•sinfa dk 


'■ ♦(*) 


'■f 

Jo 


0 k JoiikR) 


[11*836] 


Tto distribution is shown in F^. 11*106 together with its first two 
dmvativee. The functions, were evaluated by numerical integration 
with R taken the unit length. 

A second example to be considered is the field of an electr^e system 

* The te^ of Ah arising fim substituting s — > w in the integrated expression 
does not contribute to the potential as given by £q. 11-80 since it represents an 
infialtsiy rapid osciUatioh with k, 
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used in an image tube described in section 2*2. The configuration is 
shown in Fig. IMl. It consists ^ v v. 

of two coaxial equidiameter cylin- 
ders, one of which is terminated by 
a plane disk at z = 0. The poten- 
tial of this disk is Vo- Adjoining 
it is the first cylinder of radius Rf 
having a length a along which the 
potential varies uniformly from 
V{z) = 7o at z = 0 to 7(z) = 7i 
at z = a. The second cylinder is assumed to extend from z = a to 
infinity and to be at the constant potential 72. 

Again all coefficients except Ak vanish. This coefficient is given by 

1 


Fig. IMl. Electrode CJonfiguration of 
an Electrostatic Image Tube. 




J IT 

1 


elf'll ^gsinkzdz+ f (Va- Vo) sin kzdz 

v[Jo Ja 

[11.84] 


2 

IT , 


7i - 7. . , . 72 - 7i 

sm ak H ; cos ak 


Jo{ikR)ir[ ak^ 

If this is substituted in Eq. 11*80, the potential distribution becomes 


. . .r , ^ r Vi- Vo . , 

Mv)-v. + -J j-sr-™-* 


^ - ’'i I 

_j CQg 


Joiikr) 


[11.85] 


JoiikR) 


sin kz dk 


This solution may also be used to estimate the potential distribution 
^ for two semi-infinite coaxial equi- 

diameter cylinders separated from 
each other by a finite small dis- 
tance d if the assumption is made 
that at a radius R the potential 
varies uniformly from 7i, the po- 
tential of the left-hand cylinder, to 
72 , that of the right-hand cylin- 
I«u.Forr^by Two Equii^eter CyBn- T This electrode system is 

^ illustrated m Fig. 11.12. If the 

origin is placed at the mid-point between the two cylinders, Eq. 11*85 


kfc- - 

. 


1 1 1 

1 1 1 

1 1 1 



Fig. 1M2. Electrode Configuration for 


^ A more accurate description of the potential variation between the edges oi the 
cylinder requires resorting to the electrolytic plotting tank. See Bertram, reftt.ence 8. 
For a convenient general method for dealing with systems of this type, see Bertram, 
reference 7. 
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must apply, provided that here a is replaced by d/2, Foby (V\ + Y 2)/2, 
and 7i by 72- Thus 




il±i*+! r 
2 



dk Joiikr) 
2 J^(ikR) 


sin kz dk 


[11-86] 


' For a region bounded by a cylinder whose radius is R and whose 

potential is given by F( 2 ), and 
which is terminated at the ends by 
disks at potentials Fi and F 2 , a 
Fourier series must be used instead 
^ of the Fourier integrals of the pre- 
ceding examples. Thus, in the 
electrode system of this type which 
Fig. 1M3. Electrode Configuration for a Is illustrated in Fig. 11*13, where 
Cylinder Terminated at Both Ends by the length of the cylinder is b, the 
Disks of Constant Potential. potential distribution becomes 

<l>{z,r) = Fi H z -f £ iln sin — Jq ( [ll‘87a] 

where 


/imR 


2 

'bJo 


F(*) - Fi - 


V2-Vr 


sm^(fe [11-8761 
0 


4 mVit) 



Another tjrpe (rf system which is of some interest is one which is nearly 
the inverse of that described by 




4-F(r) 


Eq. 11-83. This system, which is 
illustrated in Fig. 11-14, consists of 
a sen^-inhnite cylinder of radius R 
at potential Vo terminated at the 
origin a 0 by a disk over which 
the pot^htial is given by the func- 
tion ^(0,r) « F(r). For this con- 
fi^^tibn the separation parameter 
must be Anaginary since ^ — Vo 

becomes sero at r «= £ and the Bessel function Jo{ix) is greater than 
xero for all real values oi x. Hence the potential becomes 


Fig. 11‘14. Cylinder at Uniform Poten- 
tial Terminated by a Disk with Prescribed 
Potential Distribution. 


♦(*,»•) = Vo + pAn exp y) <^0 


[ll-88a] 
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where Mn is the nth root of Jo(x) and 

11 '8. Selection of Coordinates. The particular solution of the differ- 
ential equation giving the potential distribution for a specified set of 
boundary conditions is frequently obtained most readily if an electrode 
that is at a known potential can be made to coincide with one of the 
coordinate surfaces of the coordinate system used to express the dis- 
tribution. Thus, if the methods using cylindrical coordinates, discussed 
in the two preceding sections, fail, it is helpful to choose another set of 
coordinates which fulfil this condition. 



Fig. 1M5. Coordinate System for Determining Potential Distribution about 
Circular Aperture. 

This is illustrated by the example of a single circular aperture of 
radius R and at potential Vo with a field which approaches Ei away from 
the aperture on one side and E 2 on the other.® The coordinate system 
which best fits this problem consists of confocal hyperboloids and conju- 
gate confocal ellipsoids (Fig. 11-15). In this system, if 

R\l - 1 ^) RV 

* See BrUche and Scherzer, reference 4, p. 69. 


1 


[11-89] 




lue rdaticm between the new coordinates and the old cylindrical 
ooMthuates (r^) is 

I11-91] 

y*<i z = Riisf 

abe Li^^aee ^qiiation in the new coordinates can^ hence, be siHiwn to be 
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Again the method of separating the variables, 

4>(ti,v) = M(n)-N(v) 

which has been found to be so fruitful in previous problems, can be used. 
This leads to the general solution 

ft>{li,v) = arctan /i + 1) + C [11*93] 

If the boundary conditions and retransforming to cylindrical coordinates 
are taken into account, the potential distribution is found to be 

^(z,r) = Vo - z + ^{Ei- E2 )\z\ ^arctan M 

where ^ [11*94] 




On the 2 -axis the distribution is 

Et E2 E 

A T 


(El — E 2 ) arctan ^ [11*95] 


The potential distribution about an aper- 
ture for El = —E 2 and for Ei 0, 
£72 = 0 is illustrated in Figs. ll*16a and h. 
Another instance in which a different sys- 
tem of coordinates is convenient is where 
the potential is defined over concentric 
spherical shells. Spherical coordinates are 
most appropriate for this type of problem. 
The Laplace equation for the most suitable 
spherical coordinates, which are illustrated 
in Fig. 11*1‘7, becomes 



Fig. 1M7. Spherical 
Coordinates. 


dr 



+ 


sin 0de\ 60/ 


= 0 


[11-96] 


The general solution, meeting the requirement that the potential <f> 
remain finite on the axis of symmetry (with the possible excepticm of 
r = 0), is 

= i + 1^) P, (cos 9) . [ll-OT] 

11-0 \ ” / 
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Pn(») is the Legendre polynomial of order n: 


The most elementary example of such a spherical system consists of 
two concentric shells whose radii are ri and r 2 at potentials Vi and V 2 , 
respectively. The potential distribution for this is 


<f>(r,d) = ^oir) = 


^ 2^2 - Viri 
r2 - n 


^2 - ^ 

r 2 ”• ri r 


[11-99] 


Suppose now that by the insertion of ring electrodes the potential over 
the surface 6 — do is given «ome potential variation V (r) instead of the 
^tribution ^o(r) which it would have in the absence of these electrodes. 
Since the solution €>o(r) satisfies the Laplace equation, and the change in 
boundary conditions along do can be expanded into the power series 


Pn (cos do)(V(r) - $o(r)} 



[ 11 - 100 ] 


so as to lead to a solution of the form of Eq. 11-97, the potential distribu- 
tion becomes 


4>(r,d) 


^o(r) + 



Pn (cos d) 
Pn (cos do) 


[ 11 - 101 ] 


If, on the other hand, the potential distribution within a sphere of radius 
E is required, where the potential over its surface varies as 7(0), the 
solution is found to be 

^(^* 1 ^) = (cos d) [ll-102a] 

n-O 

whm . 

1 2n -I- 1 P* 

An “ ^ -y- V(d)P^n (cos d) Binddd [1M026] 

11^0. Gri|ihieil Potentid Mapping: The Liebmann Proce<£^e. The 

liebmann aet method provides a simple and relatively speedy proce- 
dwee for determining the potential distribution in arbitrary two-c^en- 
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sional electrode systems with prescribed boundary potentials. It 
involves a process of successive approximations so that the accuracy 
depends on the skill and judgment 
exercised, and the number of succes- 
sive applications of the procedure to 
the configuration. The Liebmann 
procedure is of particular interest 
since it makes possible the very effec- 
tive utilization of business machines 
operating with punched cards for the 
solution of potential problems.® 

Figure 11*18 represents a two- 
dimensional configuration for which 
the potential distribution over the 
boundary curve A is given by V {x,y). 

A rectangular coordinate net having a 
mesh width A is drawn over the area 
enclosed by A. If the potentials 
01) 02) 03) 04) and 00 the points 
denoted on the figure by 1, 2, 3, 4, and 0, respectively are considered, it is 
evident that 

01 ~ 00 _ 00 •" 03 ^ 

A A ““ \dx/iQ \da;/o3 ~ \dx^/o 

and 

02 "• 00 _ 00 ~ 04 ^ ^ 

A A ~~ WAo \52 //o4^ V^Wo 

if the assumption is made that A is small. 

Since, from Laplace’s equation. 



it follows that 

00 ~ Ji(01 + 02 H" 08 + 04) [11*103] 



If a more general net point Xi^yj is considered, the potential 0(a;<,y/) 
will be 

= Ji(0(®»+i)y;) + 0(aJ<-i,yy) + 0(35t)yy+i) + 0(a?»,jr^i)} 

[ 11 * 10 ^ 


• See Kormes, reference 8. 
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Around the edges of the system the separation between the net point 
whose potential is being determined and the boundary will in general be 
less than the mesh width A. If Ai, A2, A3, and A4 are the separations of 
the four neighboring points from the point considered, the potential at 
the latter point becomes 


A1A2A3A4 
A1A3 + A2A4 


Ai + A3 \Ai A3/ 


+ 


1 

A2 + A4 



[1M05] 


The-procedure to be followed in employing the above relations is to 
assume some reasonable potential distribution 0^®^ (xi^yj) over the mesh. 
Then, by starting from the boundary, a new distribution {xi,yj) is 
determined with the aid of Eqs. 11*104 and 11*105, with the known 
values on the boundary and the assumed potential being used. After 
the points adjoining the boundary have been corrected, these improved 



Fig. 1 M 9 . Application of Liebmann Procedure to Specific Electrode Structure, 
(a) Boundaries and Liebmann Net. (&) Potential Variation for x ^ d 12 . 

values are used in determining the next set of points. When the new 
distribution has been completed, the procedure is repeated, giving a 
seccpd approximation (a;<,yy). The process of approximation is 
continued until the changes in the potential distribution are less than 
the accuracy required. Further details and refinements in the Liebmann 
pvocedtjfe will be found in an article on this subject by Shortley and 

" The electrode structure shown in Fig. 11*4 provides a good example 
for the application of the Uebmann procedure. The symmetry prop- 
erties this configuration are such that the potential distribution 
throughout the system may readily be derived from the potential 
distribtition in the right triangle represented in Fig. fTh9a. The 
relatively wide^meshed liebmann net employed in the potential deter- 

^^SeerefnenoeO. 
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mination is indicated. It was found that, starting with plausible 
linear variations of the potential along the vertical and horizontal 
net lines, six successive approximations sufficed to reduce the deviation 
from the actual potential along the line x = d/2 to less than 1 per 
cent. This is shown in Fig. 11‘196. The actual potential variation 
may be obtained from Eq. 11-45 by setting d = b/2'and x = d/2: 


(d \ 2Vy 
2F fl 

+ VI2 

The mitial, assumed, distribution is simply 


. 47ry 1 . „ . Sttj/ 

sech TT sm + - sech 27r sin + 


...) 


4 


[11-106] 


[11-107] 


1^10. Potential Mapping by Means of the Electrolytic Plotting Tank. 

Th^lmalytical determination of the potential distribution for a given 
electrode -system is always difficult, and frequently impossible. 
Although a distribution can always be obtained with the aid of the 
Liebmann procedure, it requires a great deal of time and labor. Fortu- 
nately there is an experimental method of making the determination 
which yields results having an accuracy adequate for a majority of 
practical problems and is yet fairly easy to carry out. 

The method consists of immersing an enlarged model of the electrode 
system in an electrolyte, applying potentials to these model electrodes 
which are proportional to those actually used, and measuring, with a 
suitably constructed probe, the voltage distribution within the model 
system. The potential distribution measured in this way is that of the 
actual electrode configuration, as can readily be seen from the following 
reasoning. When the potential is applied to the electrodes, a current 
flows through the electrolyte. Obviously, as much current must leave 
any volume element of the electrolyte as arrives, that is, the current 
density j must obey the equation of continuity: 

^ = 0 [1M08] 

dx dy dz 

Since the conduction of an electrolyte is ohmic, the current density at 
any point is proportional to the electric field E : 

jg = ixEg jy = crEy jz * cEg lll*109] 

where <r, the conductivity, is a constant. Hence Eq. 1 M08 isequivalent 
to 
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or, in terms of the potential distribution, 

5^ n 

dx" ^ dz^ “ 

Therefore the potential distribution within the model obeys the Laplace 
equation, and, since the boundary conditions are the same as those for 
the actual electrode system, the measured distribution is the one 
required. 



Fxa. 11*20. £3ectrolytic Plotting Tank. 


Since, as has already been mentioned, most of the electrode configura- 
tipns practical electron-optical systems are either ** two-dimensional 
or a&iidly symmetric, they have a plane of mirror symmetry. At the 
pbae of fiiyinmetry the electric field can have components lying only in 
tins and tiie equipotentials must intersect it at right angles. 

Therefoi^, in tiie electrolytic mxxiel, the current flow across this boimd- 
Etf will be aero, and, if the surface of the electrolyte coincides with the 
plane i^ymmetry, the ab^nce of the portion of the modd^bove the 
liquid does hot cause the potehtial distribution to depart from that in the 
actual electrode system. 

Advantage k ti^en of this in most practical electrolytic tanks. They 
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are constructed in such a manner that models of half the electrode sys- 
tem, divided at a plane of symmetry, are immersed so that this plane 
just coincides with the surface of the electrolyte. The measuring probe 
moves in the plane of the surface and just touches the liquid. 



f'igure 11 '20 is a photograph of an electrolytic tank, and Fig. 11*21 is a 
diagram showing it in plan. The tank itself is 2 feet deep and has a 
surface area of 2H by feet. Although constructed of wood, it is 
lined with sheet copper, both for purposes of shielding and to insure that 
it will be water-tight. The linbg may be coated with an insulating 
material such as roofing cement, so that the copper surface is not in con- 
tact with the electrolyte, or it may be left exposed. If the tank is fairly 
large, that is, three or more times the width of the electrode system to be 
tested, this makes relatively little difference. If the tank is small, tilie 
boundary will infiuence the field distribution about the ekctrodes, siiiee, 
if the walls are conducting, they must of necessity be equipotential, 
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whereas, if they are made of insulating materials, the equipotentials 
will meet them at right angles to the surface. Usually the latter con- 
diticm is preferable. 

The electrode models may be made of light sheet metal cut and bent to 
conform with the actual system. They can be supported from above by 
cross members attached to the walls of the tank. The principal con- 
sideration in arranging the supports is not to interfere with the motion of 
the measuring probe. 

In the case of axially sjrmmetric systems the preparation of the elec- 
trode models may prove quite time-consuming. The preparation may be 
greatly simplified by the employment of a wedge tanky^^ which utilizes 
to tha fullest degree the symmetry properties of such systems. The 
wedge tank is a tank with a sloping, insulated bottom filled with electro- 
lyte up to a line on the bottom which corresponds to the axis of the 
system. The electrolyte thus forms a liquid wedge bounded by the 
bottom of the tank and by the surface of the electrolyte, both of which 
correspond to planes of symmetry of the system. If the angle of the 
wedge is small a sufficiently narrow portion of the circumference of the 
electrodes is required for the model that the model electrodes may be in 
the form of flat metal strips. In order to obtain accurate results with 
this tank the contact angle between the liquid and the tank bottom 
should approximate the angle of the wedge. This is attained by per- 
mitting the liquid to wet the bottom only up to the line representing the 
system axis and then gradually reducing the wedge angle. It is desir- 
able here to use a large-scale model, so that it does not become necessary 
to plot the field very near the axis where the capillary rise of electrolyte 
on the probe may cause serious error. 

The probe, as can be seen from the diagram (Fig. 11*21), is carried on 
a pantograph attached to the side of the tank. This pantograph trans- 
mits the motion of the probe to the plotting stylus or pencil which moves 
ov^ a drawing board. A fine insulated wire runs through the center of 
the probe and makes contact witli the surface of the electrolyte. The 
barrel 6f the probe is a metal tube, strong enough to hold the wire rigid 
lituigpfounded to diield the internal conductor. A shielded flexible cable 
ooDnectB the central conductor with the null-reading instrument. 

^Potentials are supplied to t|ie various electrodes from slide wires 
located at any convenient point. The voltage for the probe is obtained 
fitxm a similar slide wire locat^ within easy reach of the operator from 
the plotting position, as this must be varied throughout the^urse of the 
mgppilig. The i^de wires are clearly visible just below we plotting 
table in Hg. U*20. 

dee BowlittihMaiiifold aad NiooU, reference 10. 
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In the plotting tank illustrated, a 400-cycle alternating voltage is 
applied to the probe and the electrodes in place of a constant voltage. 
This prevents errors resulting from polarization or the formation of gas 
bubbles at the electrodes and the measuring probe. It has the added 
advantage of greatly simplifying the null-reading equipment. The 



frequency is chosen in such a way that there is a minimum of inter- 
ference between the power lines and the measuring instrument. Ease 
of generation and measurement is another factor entering into the 
selection of frequency. It should be mentioned that care must be taken 
to avoid any phase shift between the voltages supplied to the electrodes 
and the probe. 

The circuit employed in the null-reading device is shown in Fig. 11 *22. 
It consists of an electrostatically shielded tuned amplifier, a compound 
rectifier and triode (6SR7), and a direct-current milliammeter. In case 
of unbalance, current is collected by the probe, causing an alternating 
input voltage to be impressed on the amplifier. The amplified signal is 
rectified by the diode in the 6SR7 tube, causing a voltage negative with 
respect to the cathode to appear at the point P, which is connected to the 
control grid of the triode section of the same tube. If the signal is large 
enough it will completely suppress the plate current of the triode and, 
hence, that in the milliammeter. If the probe collects no current what- 
ever, that is, if the voltage applied to the probe sheath is equal to the 
space potential at the point of immersion of the probe, the voltage at P 
is just equal to that of the cathode and the plate current of the triode is a 
maximum. ^ 

Thus the null position is indicated as a maximum reading on 
meter. The power is supplied by a stable 220-volt direct-current line 
grounded at the midpoint. The negative half of the supply serves to 
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tuijuBi the bias on the two (variable-mu) amplifier tubes, permitting an 
increase in the sensitivity of the device as the point of balance is 
approached. 

The usual procedure in plotting the potential distribution of a given 
electrode system, after mounting the model and applying suitable poten- 
tials to the elements, is this. The overall voltage is subdivided into an 
appropriate number of equal intervals, the number being dependent 
upon the accuracy required. The probe potential is then set equal to 
that corresponding to the first step, and the probe is moved so as to trace 



Fig. 11 ’23. Equipotential Map of the Second Lens of an Electron Gun. 


out the equipotential for this voltage on the plotting paper. This pro- 
cedure is repeated for all the steps. The resulting map shows the 
equipotential distribution throughout the electrode system. Some 
r^s^entative field maps, obtained in this manner, are shown in Figs. 
11*23 apd U*24. The first shows the field distribution in the second lens 
of an daetron gun ; the second that in an equidiameter cylinder lens such 
as kt ^ployed in electrostatic image tubes. A map of this type can be 
dii^y for dectron trajectory tracing, as will be explained in the 
n^ chapter, or may be used to obtain data relating to the potential 
distribution in any other form^required. 

T(xc determining the dectrop-optical properties of axially symmetric 
systew the axial distribution, together with its first and second deriva- 
tives, is necessary. The aidal distribution may be obtained directly 
troai a map cl the type described. The first derivative may be obtained 
with afair degree d accuracy by measuring the slope of the curve express- 
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ing the ? potential as function of the distance * along the axis. How- 
ever, the second derivative cannot be derived from the first obtained in 
this *'"«nner without introducing serious error. A consideration of the 
Laplace equation for axially symmetric systems (Eq. 11-5) shows that 
the following relation exists; 




2 *^ 

P 


[IMll] 


where p is the radius of curvature of the equipotential at the point in 
question. Since the radius of curvature of the equipotential can be 
measured on the map, and the potential gradient is easUy determin^, 
this relation affords at times a means of obtaining a good estimate of the 
second derivative of the potential on the axis. 



Fig. 11-24. Equipotential Map of an Equidiameter Cylinder LenB. 


A. more accurate method of accomplishing the same purpose has been 
suggested by Gundert.^^ Measurements of the potential are made at a 
series of points in the plane z = Zof normal to the axis. These are plott^ 
with respect to r*, r being the distance from the axis. Since the potential 
in the plane in question is 

<l>{Zo,r) = *(*,) - j ^ *"(*•) • 


See reference 11. 
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the slope of the resulting curve at r = 0: 

d(r*) “ “ 4 * ^ 

[ 11 - 112 ] 

gives, directly, the second derivative on the axis. 

11-11. Three-Dimensional Potential Distributions. As has already 
been pointed out, electron-optical problems requiring the solution of the 
Laplace equation for the general three-dimensional case are rarely 
encountered. However, when such problems do occur, it is possible, 
with certain rather obvious modifications of the electrolytic plotting 
tank, to determine the potential distribution as outlined in the preceding 
section. In this case a complete model of the electrode system must be 
used. The model is submerged below the surface of the electrolyte, the 
supports being constructed of a dielectric and placed in such a way as to 
influence the potential distribution as little as possible. The exploring 
probe must be well insulated and waterproofed, except for a small point 
which is left exposed to act as the measuring point. The linkage carry- 
ing the probe must necessarily be much more complicated than the simple 
pantograph described in section 11-10. 

11-12. Potential Distribution in the Presience of Space Charge. The 
potential at any point in the neighborhood of a charge q is 

^ = - [11-113] 

r 

where r is the separation between the point where the potential is being 
determined and the charge. If the charge is distributed throughout a 
system, the potential is given as the sum of the potentials produced by 
each dement of charge, or, in integral form ; 

^ = [11-114] 

where p is the charge density, dr an element of volume, and r the distance 
bdtwetti the pdnt in question and the volume element. 

Tins foimidation requires a knowledge of the charge distribution 
throui^ut the entire system. Actually, this information is rarely 
available in practical probl^ns. In such problems, in j||peral, the 
potentials of ihe boundaries of the region under consideration are known 
a n d , in additicm, the amount of free charge within this space. To deter- 
the potential distrilmtion from this information, the usual pro- 
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cedure is first to calculate the distribution in the absence of space charge, 
then, with the aid of this potential distribution and the known amount of 
charge, to calculate the space-charge distribution. Next, with the 
bounding conductors treated as though they were at zero potential, the 
charges induced on them by the space charge are determined, and a 
potential distribution resulting from the charge and its electrical images 
is calculated. This distribution is added to that obtained in the absence 
of space charge, yielding the required potential distribution. If the 
space charge is large, it may be necessary to recalculate the charge dis- 
tribution, and again to determine the potential distribution to be added. 
The procedure must be repeated until the charge and potential distribu- 
tions are self-consistent. 

The method of images can be used quite generally in the calculation 
of the potential distributions resulting from charges in the presence of 
conductors. The case is simplest if the conductors are plane. If, for 
example, a charge q is located at a distance d Irom a conducting plane 
which can be taken as the yz-plane, the potential distribution in front of 
the plane is exactly the same as though a charge — g at a distance —d 
from the plane were present, and the conducting plane were not there 
(Fig. 11 *25). The two charges cooperate to give a potential which 
vanishes at the 2 / 2 -plane, given by the following expression: 

= s{ ([a: - <J]* + J/* + 

[1M15] 

- (lx + d]* + 

If the charge is between two parallel planes at x = 0 and a: = a, each 
mirror image of the charge in one plane is in turn reflected in the other, 
leading to the following series for the potential distribution: 

<t>{x,y^) = q Z; { ([x - d + 2mf + y* + 

‘ [1M161 

- ([x + d + 2na]* + y^ + 

Where there is a charge distribution p(xo,yo,Zo) between the two plates 
this series becomes 

<t>(x,y,z) = f {([x- x„ + 2naf + ly - Vo? + I* - 

n">-te •/ 

- ([x + X. + 2no]* + - ».]* [1M17] 

[z Zo]^) p (Xojyof^o) dX(, dyo dzo 

If, instead of being near a plane conductor, the charge g is at a diafjmftA 
h from the center of a conducting sphere of radius R, the charge induced 
in the surface is equivalent to an image charge —qR/h at a distance 
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R^/h from the center on a line joining the charge and the center of the 
sphere. The potential distribution can be determined from the charge 
and its image. The potentials due to the presence of two spheres, or of a 
continuous charge distribution, can be determined by applying the same 
type of reasoning employed for the plane configuration. 



1^. 11*25. Electric Images (a) at a Plane, (6) at Two Parallel 
Planes, and (c) at a Sphere. 

’ Wheitia conductor encloses charges it induces upon its inner surface a 
chaige which is equal to the enclosed charge and opposite in sign. Thus 
if a^Miie diarge having a density of X units of charge per unit length lies 
along tbs asds d a circular cylinder of radius the charge density 
induced on the inner surface has a value u » —\/(2icR), If this charge 
is unifonnly distributed over a beam of cross-eection radius the 
potential on the axis of tte beam will be 

0(0-x(21og* + l 


[11-118] 
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whereas in the free space around the beam it will be 

R 

<t>{z,r) = 2X log - ro<r <R [11*119] 

as can be readily calculated with the aid of Eq. 11*114. 

These few examples are given to indicate the way in which the method 
of images can be used in estimating the effect of space charge in a given 
electron-optical configuration. 
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CHAPTER 12 

ELECTRON TRAJECTORY TRACING 

12*1. The Ray Equation. The differential equation governing the 
path of an electron (or any charged particle) in an electrostatic field is 
most readily derived from the least-action principle: 

B nw*ds = 0 [12*1] 

The path of the electron between the terminal points a and h is such 
that the integral of its momentum over the path is a minimum^ com- 
pared with the integral of the momentum over any neighboring path. 
The momentum of the electron is here at all points proportional to the 
square root of the electric potential the origin of the potential scale 
having; been chosen so that the sum of the kinetic and potential energies 
of the dectron just vanishes.^ Since the increment in any path length 
dfi may be expressed in terms of the corresponding increment in the 
a;-coordinate, dz, and the components of the slope of the path relative 
to the x-axis, dy/dx = and dz/dx = z^: 

= (1 + + 

Equation 12*1 'may also be written . 

^ ^ x'^)^dx ~ B J F{x,y,z\y'/) dx = 0 [12*2] 


The ray equations are the Eider equations^ of this variation principle: 


dF ^ 
dy dxdy' 

dF d dF ^ 
dz dxdz' 

[12.3] 

Hie sdtttions of Eqs. 12*3, 



' y = y{x) 

z = z(x) 



wldch satisfy the boundary conditions 

VM * tfa z{Xa) ^ Za y(Xb) = yi, z(Xb) = Zi, 
fulfil also the variation principle of Eqs. 12*1 and 12*2. 

^ Or, aDoxie generally, ^ionaiy value. 

* Hoe, aa well as in the micoeedbng chapters up to Chapter 18, the electron veloci- 
tiee are aadxmed to be small enough to render relativistic corrections negligible. 

* See Woods, reference 1, pp. 317<-3ai. 
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Assume now that the a:y-plane is a plane of symmetry. Then the 
component normal to this plane of the force acting on a charged particle 
within it is zero. Hence a particle traveling to begin with in the plane 
of symmetry remains in it, its path being governed by the first equation 
in Eqs. 12-3.'* This, after evaluation of the derivatives and transposing, 
becomes: 



This equation may also be derived directly from Newton’s second law 
of motion applied to a charged particle in an electric field. Thus, let 
the acceleration be resolved into two components, one in the direction 
of travel of the electron and the other normal to it. Then the normal 
component of the acceleration is v^/R^ R being the radius of curvature 
of the path. The Newtonian equation for this component becomes 

= -eEn [12.5] 


En is the component of the electric field in the direction of the normal 
to the path of the electron. The potential gradient, and hence the field 
component, in the direction of the normal to the path is given by 


^ r y' d4> 1 d<f> 

an “ " L (1 + d® ( 1 + 


[ 12 - 6 ] 


If, furthermore, familiar expressions for the curvature of the path are 
utilized:® 


I 

R 


ii + y'Y 


[12.7] 


and for the kinetic energy of the electron: 

mv^ = 2&f> [12-8] 


Eq. 12*6 passes over into Eq. 12‘4. 

Equation 12*4 holds, of course, also for electron paths in the symmetry 
planes (meridional planes) of an axially symmetric system. Here it is 
convenient to express it in terms of the conventional coordinates r,z: 



* For the equations for ** skew " rays in axially symmetric systems, see Chapter 16 
Eqs. 15-64 and 15-6S. 

* See Adams, reference 2, Formula 2.222. 
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If rays are considered which form very small angles with the axis and 
whose distance from the axis, also, remains small throughout the elec- 
trostatic field, ^ may be replaced by the expansion in Eq. 11*75: 

•0 *(2n) /^\2n 


and all the terms in Eq. 12*9 of higher order than the first in r and r' 
can be dropped. Thus the paraxial ray equation 


— r r 

2 # . 


[12*10] 


is obtained, signifying the potential along the axis (r = 0). A very 
useful modification of Eq. 12*10, involving only the potential along the 
axis and its first derivative, is obtained by introducing the new variable 


E" 


fe(l)« 


[ 12 * 11 ] 


In analdgy to Eq. 12*10 the motion of electrons in a “ two-dimensional ” 
field near the symmetry plane y = 0 is given by 


y 


// 


2^ 


2^' 


[ 12 * 12 ] 


It is always possible to reduce a linear differential equation of the 
second order such as Eq. 12*10 to a first-order equation. Making the 
substitution 

r' 

c=-- [12*13] 


results in 


c2- 


£ £ 


[12-14] 


'Hie q^tity c is known as the cormrgence of the ray. As shown in 
Fig, 12*1, it is the reciprocal of the distance between the reference plane 
to the axis, z ~ zp, and the intersection of the tangent to the 
pa'^ with thi& axis. Once 12*14 has been integrated from the initial 
point onward, the actual path r{z) is obtained by a further 
quadndura; 




[' 


[12-15] 


'SwSdierMr, nfermoeS.' 
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Here is the separation from the axis prescribed for a particular axial 
coordinate So* 

In order to integrate Eq. 12*18 it is necessary to know the initial 
values of h and 6'. For this purpose expand h and $ in powers of 

b = + bi? + • • • [12*20] 

+ ^ + + [12*21] 


and substitute the series in Eq. 12*18. In order that Eq. 12*18 should 
be satisfied for all values of 2 it is then necessary that the coefficients of 
the several powers of aS • • •) fulfil it individually. The first 

two of the resulting group of equations lead to the initial values 




4*; 


[12-22] 


6 .' 


40V4>'/ "^15 


[12-23] 


If, aa Is frequently the case, only the point of convergence on the axis, 
and not the actual ray path, is sought, it is not necessary to carry out 
the quadrature indicat^ in £q. 12-19. By starting with the initial 
values given by Eqs. 12-22 and 12-23, Eq. 12-18 is integrated to some 
point beyond the refracting fields, where the potential is substantially 
constant. Let this point have the axial coordinate 2^ aud let b(zt) = h- 
Then the point' at which the ray intersects the axis will be given by 


5 _ 22t 21>t2t -h 1 

rl ~ **’■‘' 26626 - 1 '■ *‘ 26626 - 1 


[12-24] 


'The expansion Eq. 12*21 is useful also in determining the initial value 
of r" for electrons leaving off-axis points of a cathode with zero initial 
velocity. Here Eq. 12*10 is most convenient. Since the initial slope 
of the ray is normal to the surface of the cathode, = 0 for a flat 
cathode^^ In this special case, furthermore, all even derivatives of the 
aidal pot^tial vanish at z « 0, since 0(O,r) » 0. Substitution of 
ESq. 12*21 in Eq. 12*10 thus leads simply to 




1 

6 ^ 


[12*25] 


12*SL Analytical 'Solutioii of llie Ray Equation. Only in^ very few 
(fecial cases is it possible to write down a closed expression for the elec- 
tnm paths deten^ed by Eqs. 12*4, 12*10, or 12*12. The simplest of 

^ Tbe schseript « hero refeifs to viduee at i * 0, not at f -* fo. 
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all cases is, of course, that of the uniform electric field (Fig. 12*3) 

^ ^ = 0 

dz dy 

In this case Eq. 12*4 becomes: 


^ = —E{x — Xo) 


[12*26] 


^ %x-xy 


[12-271 


This equation has the general solution: 

y = B + 2A^(x - I. - A)^ [12-28] 

This describes a family of parabolas whose vertex lies at x = Xo -h A, 



y = B, If the path passes through the point xi^yi and its slope at that 
point is yi (Fig. 12*3), the constants A and B are given by 

Ut^ 2i/i 

B = U2-29] 

A + Vl A "T Vl 

If, in particular, the point xityi corresponds to the vertex of th» 
parabola, 

[12^1 


V~y\ = 2{x- x{)^{xi - Xt)^ 
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same result may be obtained directly from the equations of motion 
of the electron in a uniform field: 



[12-31a] 


Here Vy is the velocity component in the y-direction and eVy the kinetic 
energy corresponding to this velocity component; t is the time. By 
elimlfiftting t from the two equations, 

1 ““' 

Since at the point 0 = 7y, as the kinetic energy connected with 

motion in the a;-direction vanishes at the vertex of the parabola, x\—Xo— 
— Vy/M and 

y-y' = 2(xi - - xi)^ 

as before. 

Another case which can be treated analytically, and which is of some 
interest because of its analogy to the homogeneous magnetic field, is the 
electrostatic field which increases or decreases exponentially along the 
axis of an axially symmetric configuration: 


♦(*) - C-e“ 

[12-32o] 

0(*,r) - C-^-Jo(br) 

[12-326] 

Here Jo (a;) is the Bessel function of aero order. Equation 12*325 follows 
from Eq. I2*32a if the latter is substituted in Eq. 11*75. 

Subi^uting Eq. 12*32 in Eq. 12*11 immediately leads to the solution 

vi 

B « Ai sin — b(z — Zo) 

4 

[12-33a] 

r « sin ^ h{z — Zo) 

4 

[12-336] 


!I 1|0 of the electron is thus a sine function of exponentially increas- 
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ing or exponentially decreasing amplitude, depending on whether the 
field is retarding or accelerating it, respectively (Fig. 12*4) . 

A few more problems capable of solution by analytical methods might 
be cited. Nevertheless, without any question, this approach is ex- 
tremely limited. 



12*3. Numerical Methods; Differences. The method of numerical 
integration furnishes a perfectly general way of determining electr<^ 
paths in given electric fields. As numerical methods are of great prac- 
tical importance in many different aspects of electron optics, it is ad- 
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viaable to begin with the simplest case, that is, the numerical integration 
<rf a known function y = /(x). The procedure consists in listing values 
of y for equally spaced values of x and then formin g the differences 

= yi ~ yi^i 

A2y* = Aiyi - Aiyi^i [12-34] 

Aay.* = Aai/i ~ 


This procedure yields the following array: 


Xo — 4/1 

y-4 











Xo “ Zh 

2/-3 


A22/-2 





Ai!/-2 


AslZ-i 


Xo — 2h 

y-2 


A21/-1 


A4y. 





A 3 I/. 


Xo — h 

y-i 


0 

<1 


A 41/1 



All/. 


A 32/1 


Xo 

Vo 


A21/1 


A4S/2 



Ail/i 


A31/2 


Xo + h 

yi 




A41/3 



All/2 


A81/3 


Xo H" 2h 

y2 


A 21/3 


• 



Ai»3 


• 


Xo + 3^ 

yz 


• 




The intervals should be chosen small enough that the highest-order 
differences are so small that they have a negligible effect on the final 
residt. If the function y = /(x) has been determined experimentally, 
rather huge random variations in the higher differences must be expected, 
owing tn errors of measurement. These may often be compensated by 
adjusting the measured function values until the higher differences run 
smootjily. 

. Once the differences have been tabulated, the integral over any interval 
h is expressible in terms of the function and its differences as follows: 

- 54 * - ^4*. - ^ 


112-36] 
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Normally it is wise, from the point of view of economy of effort, to 
choose intervals small enough that the series may be terminated with 
the third difference. Then the procedure is equivalent to fitting a 
third-order curve through the point (xo,i/o) and the three preceding points 
and evaluating the area underneath the curve between the ordinates 
X == Xo — h and x = x©. If the third-order curve is represented by 

y = yo + (iix- Xo) + h{x - Xof + c{x - Xof [12-36] 

the several values of y and the differences become 

Vo -Vo ^iVo -ah- ch^ A 2 yo -2bh^- 

y-i=yo- ch^ Aiy-i=ah-dhh^+ 7ch^ A 2 y_i“ 2 feA*- 12 c/i® 

Sch^ Aiy-2^ah—5bh^+lM^ 

y-3=yo—^ah-{-9hh^-27ch^ Aa2/o=6cA® 

The first four equations may be solved for the constant coefficients in 
Eq. 12-36, yielding: 


Integrating Eq. 12-36 between Xo 
on the right of Eq. 12-35 : 


h and Xo leads to the first four terms 


^ ah\ bh^ ch^ 


( ^lyo ^2Vo Asj^A 


The third-order curve may, of course, equally well be fitted to any 
other four successive points adjoining the interval considered. Thus, 
if the points beyond and including (xo,^o) are used, the series 



dx 


= h(i 


y. + 2 


12 + 24 



results. Although certain intermediate selections of ** fitting points '' 
lead to even more rapidly converging series, Eqs. 12-35 and 12-37 are 
particularly convenient and adequate for all practical purposes. Ex- 
amples for the application of the method may be taken from any book of 
mathematical tables. 

Assume next that the differential equation 



[12-38] 
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is to he integrated, the initial value of y, at x = Xo, being yo. Then 

y = Vo + J fix,y) dx [12-39] 


The procedure is again to tabulate x, y' = fix,y), and y for equal inter- 
vals in X as follows: 


Xo 

Vo •^fiXosVo) 




Vo 

Xa + A 

Kyi) 

Aiyi' 



Vi 

Xo + 2A 

yi^nxo + 2Ky2) 

AiyJ 

A2y2 


y2 

X. + 3A 

vi =f(xo + SKys) 

AiyJ 


AsyS 

ys 

Xo +"tr- i)h 

vL-i */(*« + [» — i]A,yn-i) 

Aiyi-i 

A2yi-i 

Asyi-i 

yn-i 

Xo 4“ nh 

yi •fiXo+nh,yn) 

Aiy; 

A2yi 

Asyi 

yn 


Suppose, to begin with, that yo, yi, • • • 2/n-i are known and that the 
integration is to be carried forward from this point. To begin with the 
difference yn — is guessed; for example, by comparison with the 
preceding differences j/n-i - 2/n-2, yn -2 - 2/n-3, etc. This is substituted 
in Eq. 12*38 to obtain a value of y^. After differences have been 
formed, the quantity i/„ - is evaluated anew from 

Vn - y»-i = * ^ ^ ^ [i2-40] 

If the value thus obtained agrees with that originally guessed, the 
value Vn is established and the integration may proceed to the next 
interval. However, if this is not so, the newly found value of y^ (or 
some intermediate value) is substituted in Eq. 12-38, and the resulting 
value of yi and the corresponding differences are used to redetermine the 
value <rf yn ~ y»i-i by Eq. 12*40. This is continued until agreement 
between the assumed value of y^ — yn— i and that determined by Eq. 
12*^ is obtained. In practice this rarely requires more than two trials. 

In initiating the integration the higher differences of the integrand 
are not available. Hence, for the first interval, yi may be approximated 
by 

Vi -y, - 

For the next interval the second-order difference will be available so 
that the first two differences in Eq. 12*40 can be utilia^. When, 
finafiy, y^, together with the corresponding differences, has been estab- 
^ed, yi'may be redetermined, making use of a series of the type given 
in Eq. 12*37* Hie resulting change will require a redeteimination also 
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of y 2 and ys, as well as of y 2 and y/. If the several differences have been 
altered considerably as a result, a third determination of yi, and ps 
will be needed. In short, the process must be continued until these 


v;-o .2 Ft- 1.2 




values are consistent with those determined by Eqs. 12*37 and 12*40. 
Small useful variations in this procedure will occur to any one who has 
occasion to carry out munerical integrations of differential equations. 

In a second-order equation, such as Eqs. 12*4, 12*10, or 12*11, 

y"=fix,y,y') [12-411 

the integration is broken up into two steps: 

y' ^ y'o + fi^jy.y') dx y = yo + J*^y' dx [12*42] 

the initial values po and at » = Xo being given. Values of p and y' 
are guessed and substituted in/(a;,y,y')* This, by Eq. 12*42, is used to 
find a value for p^ and the latter value of y' used to determine y, applying 
difference series of the character of those given in Eqs. 12*37 and 12*40. 
Again, the procedure is continued until the guessed and the integr^ed 
values of p^ and p agree. Electron paths in the electrostatic multiplier 
structure shown in Fig. 11*4 and indicated there by heavy lines wm 
determined by numerical integration of Eq. 12*4. 

It is to be noted that the paraxial equations (12*10, 12*11, and 12*12) 
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are homogeneous in the dependent variables r, R, and respectively. 
Accordingly all paths with the same initial values of ri/ro, RURo, or 
y'o/Vo are quantitatively similar. Thus, although, in fact, these equa- 
tions are valid only for rays very close to the axis, it is legitimate, in 
their integration, to give the initial separation from the axis or the initial 
slope any arbitrary convenient value, such as unity. The correct path 
for a very small initial separation from the axis or initial slope is obtained 
by multiplying all the separations of the path calculated by an appro- 
priate constant factor. Figure 12*5 shows paraxial rays traced through 
the electrostatic field between two cylinders, calculated by the integra- 
tion of Eq. 12*10. It is well to note that in all cases where the potential 
distribution is determined experimentally by electrolytic plotting, Eq. 
12*11 is greatly to be preferred to Eq. 12*10. Equation 12*11 involves 
only the first derivative of the axial potential, which can be obtained 
with much less effort and much greater accuracy than the second 
derivative, 



Fig. 12*6. Approximation of the Axial Potential Curve by a Broken Line. 


12*4. Pftth Integration in Approximated Fields (Gans) An approxi- 
mation to the patii of an electron in an arbitrary field can be obtained 
if the actual field is replaced by one which closely resembles it, yet 
permits analytical integration of the path. This procedure is often well 
adf^yted for the calculation of paraxial rays in axially symmetric systems. 
In its timjdest and most useful form it involves replacing the variation 
of the axial potential by a broken line, approximating as closely as pos- 
sit^ in a prescribed numb^ of steps the actual potential curve (Fig. 
12*6). ,Thua the true fidd is replaced by a sequence o&^egions of 
umfoim field, the degree of iq]|Hmimation improving with the number 
of st^. * 


*S6ereiereiiqe4. 
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The integration of Eq. 12‘10 in the “ step field may be divided into 
two parts: (1) the integration from one end of a field segment to the 
other and (2) the integration over an infinitesimal distance enclosing the 
“ break point.” 

Within any segment = 0, and Eq. 12* 10 may be written 

4^" + ^/ = 0 [12-43] 


which is integrated by 


= C 


[12-44] 


For example, for section 6, C = C5 is a constant determined by the 
values of r' and at the initial point of the segment, r'ab+ and ^ab> The 
subscript ab refers to the junction between segments a and h and the 
plus sign to the fact that the value of r' to the right of the junction 
between a and & is to be taken. 

Since - 

^6 = ^ab + (^6 — Zab)^b [12-45] 

Equation 12-44 may be further integrated to yield 
, r Cbdz 

[12-46] 

= r-.^ + 5 


For = 0 (a field-free region) the solution simply becomes, obviously, 
Tb = ^o6 + ^ab+ i^b ~ [12-47] 


At the junction (for example, at 2 = tab) becomes infinite, whereas 
4», «i>', r, and r' all remain finite. Since, furthermore, and r are con- 
tinuous as well, they may be treated as constants. Hence the integra- 
tion of Eq. 12-10 across the junction 



[12-48] 


reduces to 

[ 12 - 49 ] 

With the aid of Eqs. 12-46, 12-47, and 12-49 it is possible to integrate 
any paraxial electron path through a step field provided that the inii^ 



414 


ELECTRON TRAJECTORY TRACING 


[Chap. le 


height of incidence and slope of the path are given. An application of 
the method to the determination of the focal properties of aperture 
lenses is given in sections 13*7 and 13*8. 

It is also possible to integrate analytically the paths of electrons in 
fields which have been approximated by a sequence of parabolic arcs, 
as has been shown by Gans® and Recknagel.^® Although this makes it 
possible to reduce, for a given accuracy, the number of steps, the curve 
fitting and the formulas for the paths within the field segments become 
considerably less simple. 

12*5. Graphical Methods. Although the numerical methods 
described in the two preceding sections are most important in the 
determination of the focusing properties of electron lenses, discussed 
further in Chapters 13 and 15, graphical methods have great utility in 
the tracing of paths in electrostatic fields, whose primary purpose is not 
image formation. Fields of this character occur in electrostatic multi- 
pliers and various beam-forming systems. 



Fig. J2-7. Graphic Path Plotting by Snell's Law. 


The most obvious graphical method is based on a direct application of 
Snell^d law of refraction to the equipotential surfaces. Every one of a 
seriee of such surfaces, spaced in equal intervals of potential, is con- 
sidered as s^)arating two homogeneous regions at potentials equal to 
tte average of those of the bounding surfaces (Fig. 12*7a) . The incident 
ray AB (F^. 12*75) on suph a surface (^ 2 ) is continued to a point C 
from whidi the p^pendicular dropped on the normal NN is equal (or 
prqiortioMl) in length to (1^2 + Then the po\^D on the 

cirde ihfoui^ € about 5, for which the perpendicular dropped to NN 

. * See reference 4. 

See reference 5. 
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is equal to {[<l>i + ^2]/2)^, determines the refracted ray BD, This 
process is repeated for each surface, approximating the path between 
surfaces by straight line segments. 

A graphical method more suitable, in particular, where the electron 
path makes but small angles with the equipotentials is the circle method 
based on Eqs. 12*5 and 12*8. From these it follows that 


R 


^ _ ^2 + ^ 
Efi <f>2 ■" 01 


[12*50] 


Here R is the radius of curvature of the ray between equipotentials 
<f> = (f>i and 0 = 02- is the distance between the point of incidence 
on equipotential 1 and the intersection between the normal to the path 
at 1 with the tangent to equipotential 2, as shown in Fig. 12*8. The 
path is thus approximated by a series of circular segments joined 
smoothly together. 



In this connection it is of interest to derive an expression for the 
curvature of the path of an electron in a “ two-dimensional ” system as 
it leaves a surface at zero potential; for example, is emitted by a cath- 
ode.^^ If the normal to the surface at the point of emission is taken as 
the a;-axis, the curvature is given simply by the second derivative of y 
with respect to x (Eq. 12*4) : 



At a; 0 this is indefinite, as 0 = y' = d(t>/dy = 0. However, differ- 
See Rajohman, reference 6. 
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entiatingi in accord with Hospital’s rule,^^ both numerator and denom- 
inator, and solving once more for y" leads to 

d^<l> 


1 dydx 
3 d0 


[12-51] 



Fio. 12*0. Eeocntling Carriage of Automatic Path Plotter. (Courtesy Nature^ 

reference 8.) 


Now,, if =* const is the equation of the force line through the 

emission, according to £q. 11*8: 


so that 


dy . dx. dx by 



dV 
1 ^ 
3 ^ 
by 


[12*52] 


Bed Adams, r^ereace 2, Fcmuia 7.102. 
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The expression to the right of Eq. 12*52 is simply one-third of the 
curvature of the force line ^(x,y) = const. The curvature of the ray at 
the point of emission is thus one-third as large as that of the force line 
through the same point. 

12*6. Mechanicfd Path-Plotting Mechanisms. Equations 12-5 and 
12-8, on which the circle method of path plotting is based, leading to 



form also the starting point of path-plotting mechanisms, used directly 
in conjunction with the electrol 3 rtic tank, which have been described 
by Gabor^® and D. B. Langmuir.^^ 



Fig. 12- 10. Circuit of Automatic Path Plotter. (Courtesy Nature, reference 8.) 


Figure 12*9 is a sketch of the moving carriage bearing both the two 
slightly separated probes and the recording pencil in Langmuir^s device, 
which alone is completely automatic. The probes and the pencil iu:e 
rigidly connected by a U-shaped bar. The path-plotting paper is 
placed on a plate of glass directly above the tank. The plane containing 
the two probes is maintained normal to the direction of motion of the 
carriage, and, as shown in the circuit diagram (Fig. 12-10), thdr diffe^ 

See reference 7. 

See reference 8. 
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ence of potential is used to measure the normal component of the field 
J&n. This is set automatically by motor 2; the m^n potential of the 
two electrodes is indicated on another potentiometer by motor 1. 
Finally, motor 3 rotates until the setting on the central potentiometer is 
proportional ioEn/4> (in the figure 0 = F + To). The setting on the 
central potentiometer is translated into a corresponding setting of the 
axle of the rear pair of wheels by self-synchronous motors, so that the 
radius of curvature is always given by 



The carriage as a whole is propelled by a small motor at a rate of ap- 
proximately 1 millimeter per second. 

12-7. The Rubber Model. For “ two-dimensional ” systems electron 
paths may be obtained directly, without a separate determination of the 
potential distribution between the electrodes, by much simpler means, 
the rubber model. The operation of this device is based on two cir- 
cumstances: 

1. A thin elastic membrane stretched over a model of an electrode 
configuration whose height is everywhere proportional to the po- 
tential energy of an electron in the immediate neighborhood adjusts 
itself in such fashion that its height at any point is proportional to the 
space potential at that point. 

2. The projection on a horizontal plane of the path of a small 
sphere rolling without fricticm on this membrane under the influence 
of gravity is identical with the path of an electron traveling in a plane 
of symmetry of the two-dimensional electrode structure. 

Both statements are valid only under restrictions which cannot be 
exactly fulfilled in practice. However, the conditions of their validity 
can readily be approximated sufficiently closely to make the rubber 
moddb^^ exceedingly effective means for determining electron paths 
in “ two-dimensional ’’ systems. 

The first property of the rubber model follows from the fact that on an 
ideal membiwe — that is, a two-dimensional body maintaining uniform 
tension ova: its entire arba — with equal pressure (atmospheric pres- 
sure) on botii sides ev^ point is a saddle pqint. In other words, the 
sum of the reciprocals'^ the radii of curvature in two fsaitually per- 
p^uUcular planra through the normal at the point considered vanishes 
(Pig. 12*11). If the surface at the point in question is horizontal, 
pli^ paxaM to the and yz-planes may be chosen as the appropriate 
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pair of perpendicular planes, and the sum of the reciprocal radii becomes 

[12-53] 


d^z dh 
dx^ ^ ° 



At points where the surface does not have a horizontal tangent plane 
this equation applies with an accuracy de- 
creasing with the deviation of the tangent 
plane from the horizontal. In practice angles 
as large as 15 degrees do not lead to serious 
error. 

Since z is proportional to the potential of 
the electrodes where the membrane is in con- 
tact with them and fulfils Laplace's equation 
in the region between them, the height of the 
membrane represents in fact the electric po- 
tential throughout. 

Consider'now a small sphere, of mass m jg.jj Curvature of 
and radius a, rolling on this model. If the Membrane between Regions 
curvature of the niembrane is everywhere at Equal Pressure, 
negligible compared to the curvature of the * 
sphere, the angular velocity about the center of the sphere « and the 
linear velocity of translation v are related by 

r = a« [12-54] 

If there is no friction except the static friction necessary to prevent the 
sphere from sliding, the kinetic energy of the sphere is pven by 


T = 


2 2 




I — % ma^ is the moment of inertia of the sphere about a diameter. 
The potential energy is 

P.E, = mgz + const [12*56] 

where z is the height of the center of gravity measured from an arbitrary 
level and g is the acceleration of gravity. If the kinetic energy just 
vanishes at the level z = Zo, 


— = mg(zo - z) 


and 


V = const (zo — z)^ [12*57] 

Since the total momentum of the sphere is given by dT/dv = %rm, 
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the path cf the cemter of gravity ia governed; according to the principle 
ot least action, by 

If the slope of the membrane is small at all points, (dzjdxf < 1, it is 
possible to write 

a J + 1)*** = 0 *1 = * 

which is exactly the variation principle giving the path of an electron in 
the 4 >otential field 0 « si. Although this deduction, again, is not rigor- 



ous, Hie rasult is approximated sufficiently closely m practice to make 
thfe meliiod of path plotting in two-dimensional systems highly useful. 

F^^oie 1^12 shows a rubber model set up to indicate ,^tron paths 
m a particular system. The membrane of surgical rubber stretched on 
woocbn frame has been jdaced over the electrode model made of strips 
of dmet aluminum cut to the ri^ l^ht and bent into proper shape. 

, Hpriic^al a rms daipps are provsled to preea the rubber against 
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the electrodes corresponding to more positive potentials by means of 
similarly shaped strips of aluminum, the top electrodes. A light source 



Fig. 12-13. Paths between Target Electrodes of Electrostatic Multiplier. 

(Courtesy Proc. Inst. Radio Engrs., reference 10.) 

sh i n ing through the plate glass base plate facilitates the checking of 
the model electrode positions underneath the rubber. Steel ball bear- 
ings %6 inch in diameter conveniently represent the moving electrons. 
With the aid of an electromagnet they may be released at any point 
without an undesirable initial impact. 

In order to record the electron paths in the model, a time-exposure 
photograph may be taken with a camera mounted above the model. 
The brightly iUuminated moving spheres leave a clearly marked track 
on the sensitive plate. If, furthermore, the Ught source is intermittent 
— for example, a mercury arc fed by alternating current — this track 
will consist of short dashes, the length of each dash being proportional 
to the speed of the electron.^* 

The method of the rubber model has played a pre-eminent part in 
the development of the electrostatic electron multiplier. Figure 12*13^® 
shows paths between two of the target electrodes of a particular con- 
figuration, these having been determined by the graphical method of 
path plotting described on p. 41t'(Fig. 12'8). Figure 12'14^® compares 
the positions of the terminal points oi the electron paths on the target 

See Kleynen, reference 9, 

See Zworykin and Bajohman, reference 10. 
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dectrode y as function of the position of their initial points on target 
ekctrodex determined by direct measurement on a specially designed 



4 6 8 10 12 14 

Position on target » , 


Fio. 12'14. CompariBon of Location of Terminal Points of Electron Paths as 
Determined by Means of Experimental Tube and by the Rubber Model. (Courtesy 
Proc. Inst. Radio Engra.f reference 10.) 

tube with those found with the aid of the rubber model. The agreement 
is close enough to justify the use d the rubber model in most practical 
cases involving ** two-dimensional ” systetns. 
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CHAPTER 13 

GAUSSIAN DIOPTRICS OF ELECTROSTATIC LENSES 

131. Axial Symmetry and Lens Action. The practical importance of 
electron optics follows in large part from the ability of electrostatic and 
magnetic fields to form electron images of objects irradiated by or emit- 
ting electrons. The condition which such fields must fulfil to possess 
this property is axial S 3 rmmetry. It is quite possible to demonstrate 
the image-forming property of axially symmetric electrostatic fields 
with the aid of the ray equations; for example, feqs. 12*9 and 12*10. 
However, such a demonstration would tend to obscure the extreme gen- 
erality of the lens action of axially symmetric configurations. The 
proof given below, based on symmetry considerations only, shows, in 
effect, that any axially symmetric conservative force field^ is capable 
of forming images. Similar considerations are found useful in examin- 
ing the lens action of a magnetic field and, particularly, in deriving 
the general properties of the geometric aberrations.^ 

To return to the matter of immediate interest, any axially symmetric 
electrostatic field acts as an electron lens. It forms an electron image, 
real or virtual, of an electron-emissive or electron-transmitting object 
placed on the axis of symmetry. To a first approximation, this image 
is sharp and geometrically similar to the object. Normally, the prop- 
erties of sharpness and geometrical similarity are confined to a small 
region of the image around the axis. Furthermore, they require that 
the electron rays participating in the image formation remain close to 
the axis and form small angles therewith. 

To demonstrate the existence of this property of axially symmetric 
electrostatic fields, consider (Fig. 13*1) two planes normal to the axis 
of symmetry (^-axis): an object plane 0 with the coordinates Xo,j/o 
and, beyond the electrostatic fields, an image plane I (whose exact 
position is yet to be fixed) with the coordinates Xi,yi, The origins of 
these two coordinate systems are assumed to lie on the e-axis and the 
pairs of a:-axes and y-axes, respectively, to be coplanar. Imagine a 
third plane, the aperture ptancj parallel to the object and image planes 

^ See section 10*3. The field must, in addition, be continuous about the axis of 
synunetry. 

^ See sections 15*3 and 16*2. 
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and intersecting the s-axis at A, with the coordinates XatVa^^ Then the 
path of any electron through the field will, in general, be completely 
defined if the coordinates of its intersection with the object plane. 


0 A I 



XoiVo) and those with the aperture plane, Xa^ya, are known. Accordingly 
its intersection with the image plane is fully determined by Xo^Vo 
and XatVa^ Since the electrostatic force field will be assumed to be con- 
tinuous throughout, it is thus possible to express the quantities Xi and 
Vi as power series of the variables a;©, yoj x®, and y®: 

+ «lXo + 022/0 + OsXa + 04 ^® + OsX? + (hXoyo + * * * [13‘lo] 

Vi “ &0 + hiXo + 62^0 + + ^>4^0 + & 5 X 0 + heXoyo + ‘ * [13'16] 

The symmetry of the electrostatic field restricts the possible values of 
the coefficients in these relations so as to fulfil the conditions of the 
first-order imaging, enunciated above, for the field remains unaltered, 
attd hence also the relations 13*la and 13*1&, if (1) it is rotated through 
any ani^e ^ about the axis, or if (2) it is reflected at any plane through 
the f^. 

* For most purpoees it is convenient to let the aperture plane coincide with the 
eadt pupil of the lens system. The position of the exit pupil is foimd by continuing 
the tai^Esats to the paraxial principal rays (that is, the central rays of the paraxial 
imaging pemeils) at the im^ plane to their intersection with the optic axis. If an 
axially symmetric physical hmiting aperture exists, the exit pupil is simply its image 
in image space. The aporture plane thus becomes a virtual, rather than a real, 
plaiMt i^pthermore, the'rsglcKQ between the aperture plane airiNmage plane is 
“ field f^ by construction, since the rays " are drkwn as straight lines. It 
dundd be noM that all oondusions drawn in Copters 13, 15, and 16 postulating a 
real aperture plane ap^ily equally if the plane of the exit pupil is chosen as aperture 
plai^ 
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Carrying out, first, a rotation through 180 degrees 

Xo ”“3/0 Xa "“3/(1 

[13.2] 

Vi-^-Vi Vc-^-Vo Va-^-Va 

causes Eq. 13.1a to pass over into 

-Xi = 0» - aiXo - (hVo - OsXa - diVa + O5J:* + H [13-3] 

If Eqs. 13. la and 13.3 are added, 

2ao + 2a6a;o + ^Oe^oVo H = 0 

This can be satisfied for all values of the coordinates only if the coeffi- 
cients tto, as, ae, * • . of all even-power terms vanish individually. The 
same applies for ho, 65, be, ... . 

Next, a rotation through 90°: 

Xi Vi Xo -^Vo Xa-^ Va 

[13.4] 

Vi -Xi Vo -Xo Va -► -Xa 

leads to 


Vi - diVo - <^ 2 X 0 -I- dzVa - OiXa -f 0(3) [13.5a] 

-35* = biPo - h2Xo + baj/o ~ h4Xa -h 0(3) [13.5b] 

Here 0(3) represents terms of the third and higher orders in the coordi- 
nates. Comparison with Eqs. 13.1a and IS-lb establishes the relations 

bi = -~a2 ba = di — Us [13’6] 

so that 

Xi = aiXo + a 2 yo -h aas:® -h a^ya -b 0(3) [13.7a] 

Vi = -aaOJo H- aiyo - a4Xa + a^ya -h 0(3) [13.7b] 


Finally, a reflection at the plane x = 0: 

Xi —Xi Xo -* —Xo Xa -*■ —Xa 

[13.8] 

yi-*yi Vo-^Vq ya-*ya 

gives rise to 


-Xi = -aiXo + (hyo - + d^ya + 0(3) [13.9a] 

yi = Q^o “b 01^0 “b d4p^a + d^ya + 0(3) [13^9b] 

This is consistent with Eqs. 13.7 only if a2 = a4 0: 

Xi = diXo + d^a + 0(3) [13.10a] 

yi = aiyo + dzya -b 0(3) [13.105] 
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Consider now a ray leaving the origin in the object plane and inter- 
secting the aperture plane in the point Xa = c,ya = 0. For it, 

X,- = aac + 0(3) [13-lla] 

2/.- = 0 + 0(3) [13*116] 

As the "position of the “image plane” has not been fixed, this means 
simply that the ray proceeds throughout in the a; 2 -plane. Beyond the 
electric field it will be a straight line, inclined, in general, to the axis. 
If the ray converges toward the axis, the image plane will be considered 
to pass through the point of intersection of the ray with the 2 -axis; 
if iT&lopes away from the axis, a virtual image plane will be located by 
continuing the straight part of the ray path backwards to its intersec- 
tion with the axis. In either case Xi = 0 for the ray considered; hence, 
quite generally, = 0 , since c 5 ^ 0 , if the hi^er-order terms are neg- 
ligible. To assure this, it is assumed that c is very small. Thus 

Xi = aiXo + 0(3) [13*12a] 

Vi = aivo + 0(3) [13*126] 

Accordingly, if terms of the third and higher orders in the coordinates 
of the electron paths in the object and aperture planes are neglected, 
a sharp, geometrically similar image of the object is produced. This 
image may be either real or virtual. Its magnification, ai, depends 
on the nature of the field; the sign of ai determines whether the image 
is erect or inverted. The sharp, geometrically faithful image obtained 
by putting the higher-order terms equal to aero is usually referred to 
as the first-order or Gaussian image. It is closely approximated by 
the real image in the neighborhood of the axis if imaging pencils of 
small aperture are employed. 

>ln this chapter the higher-order terms will be neglected throughout. 
They will be considered in detail in Chapter 16, as they account for 
some ^ the major defects of the image, the geometrical aberrations. 

13*$. Cardinal Points. Assume now that both the object and the 
image are in field-free space; that, in short, the focusing fields are con- 
fined to a limited region, mdipated by the rectangle in Fig. 13*2. Let 
IBi be the image of OBe and assume that the rays BoFiBi, incident 
pa3rallel to the axis, and BoFoBi, emerging parallel to the axis, are known. 
Their intemections with the axis, Fi and Fo, are designate^^ the image- 
side and object-side focal points of the lens system. They w the images 
formed the lens of points on the axis, an infinite distance from the 
lens in object and image space, respectively. Thus all rays originally 
paralH to the axis convex^ at them after passing through the lens. 
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Furthermore, let the normal plane passing through the intersection 
of the continuation of BiFi with the continuation of the axis-parallel 
ray through Bo be denoted by Hi and that through the intersection of 
BoFo with the axis-parallel ray through 5,-, by Ho. Hi and Ho are known 
as the image-side and object-side principal planes of the lens, respec- 



Fig. 13-2. Construction of the Image for Arbitrary Object Position. 


tively. These planes have this property: The lens images them into 
each other with unity magnification. An electron-current (or inten- 
sity) distribution projected into the plane Ho from the object side will 
appear to exist in the plane Hi when viewed from the image side. Both 
object and image are here virtual. 

The separations FoHo = /© and HiFi = /,■ are the object-side and 
image-side focal lengths of the lens. The geometrical construction in 
Fig. 13*2 shows that the magnification of the image is given by 



fi 


[13.13] 


It is readily seen that, with the paths of the rays BoFiBi and BoFoBi 
given, both the position and the magnification of the image may be 
determined for any object position whatever, such as O'. If a ray is 
drawn from B' through Fo, it will intersect the original object plane in 
some point Co and hence the image plane in a point C,* such that 

ICi = ai-OCo [13*14] 


Furthermore, it will emerge from the system parallel to the axis, as 
the image of Fo is at infinity. Thps the image point B'i — and hence 
the location and magnification of the image of O'Bj — are determined 
by the intersection of the parallel ray through Ci witli the rayBoB«F^^ 
Again, for the new position of the object and image, the magnification 
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is sem to be given by 



Fil' 

Si 


[13-15] 


If O'Ho = % the object distance^ and HiV = v, the image distance, 
the second part of Eq. 13*15 may be written 


_ So ^ St ^ 

u- So Si V U 

It follows that 


[13*16] 


m = 


ha. 

Si 


[13*17] 


Equations 13*16 and 13*17 are the well-known lens equations. They 
permit the determination of the image distance (distance of the image 
from the image-side principal plane) and the image magnification from 
the object distance (distance of the object from the object-side prin- 
cipal plane) and the focal lengths of the lens. By knowing the four 
cardinal points, Fo, F^, Ho, and Hi (focal points and principal planes), 
it is thus possible to construct the image for an object in an arbitrary 
position along the axis. It is necessary only that both object and 
image lie in field-free space, beyond the lens fields. 



An additional pair of points characteristic of th6 system is the nodal 
pmtSr They have this propeky: A ray in object space aimed at the 
object nodd point No has the same direction in image space, appearing 
to come Irpm the inu^ nodal point Ni. The determination of the 
poi^tibn of these points is indicated on Fig. 13*3. ConstEter a parallel 
penc^ irf eteetron rays incident in object space at an angle to the axis 8. 
As {his pencil may be regarded as diverging from an off-axis ^int at 
— it must focus in the image-space focal plane at the point P, a 
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distance fo tan 6 from the axis, as follows from a consideration of the 
ray through the object-side focal point Fo. 

One of the rays of the pencil will emerge from the lens at the same 
angle B with respect to the axis. Designate the point of the axis at 
which it is aimed with No and the axial point from which it appears to 
emerge with Ni. Then, because of the parallelism of the incident and 
emergent ray and the fact that the planes Ho and Hi are imaged on each 
other with unity magnification — so that a ray aimed at a certain point 
on Ho appears to come from a point at an equal distance from the axis 
on Hi — 

NiNo = HiHo [13-18] 

Furthermore, from the figure, 

NiFi = Jo [13-19] 

so that, since FoFi = fo+ fi — HiHot 

FoNo^fi [13-20] 

Thus the nodal points are determined if the principal planes and focal 
points are known. The points Hot Hi, Fo, Fi, No, and Ni constitute 
the cardinal points of a lens system. Ho and Hi are here used to denote 
both the principal planes and their intersection with the axis of sym- 
metry. 

13 -3. Fundamental Theorems Regarding Electron Lenses. A simple 
relation between /<, and /,• can be deduced from the form of the paraxial 
ray equation (Eq. 12-10) : 


If fi and r 2 are two independent solutions of this equation, there exists 
between them, according to the general theory of linear different^ 
equations of the second order the relation 


tA - [- £ J 

f) [13-22] 

Assume that 


fi « 1 rj = 0 for z ^ Zo 

[13-23al 

r 2 = 1 rj «= 0 for z = Zi 

[13-2»} 


Zo and Zi being points in object and image space, respectively. Then, 
* See Adams, reference 1, Formula 8.410. 
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by the geometiy of Fig. 13-4a, 


*■1 7 for « = 0 ,- 



Substituting this in Eq. 13-22 leads to 


[13-24oJ 

[13-246] 


or — 



fo fioY 

irW 113 - 25 ] 

Thus the object-side and image^ide focal lengths are to each other 
as the square root of the potential in the object and the image space. 




'Em. 13-4. ltdation between (o) ^e Focal Lengths and (6) the Angular Divergence 
in Objed and Ima^ Space. 

In oth^ words, they are iMioportional, jas in light optics, to the respec- 
^ mdiees erf r^raetibiL In particular, for a unipotefmal lens, for 
^ch tjie potentials in object and image space are the same, the two 




[13-26a] 



'Sec. IS-S] THEOREMS REOARDINO ELECTRON LENSES 


431 


As a consequence, furthermore, the nodal points of such lenses fall into 
the corresponding principal planes: 


No^Ho and Ni^Hi [13-266] 


An important relation exists also between the relative divergence of 
the imaging pencils in image and object space and the magnification of 
the image. Thus let the angle of inclination of a ray leaving the axial 
object point be do and the inclination of the same ray in image space 
be di. Then, in view of the definition of the principal planes, the height 
of incidence of a ray in object space on Ho must be the same as the 
apparent height of incidence of the ray in image space on Hi, Thus, 
let these heights be equal to h (Fig. 13*46). The two angles are then 
given by 

do = - and di = — 

u V 


Accordingly 




V 


u 


By Eqs. 13-17 and 13-25 this leads to the relation 



[13-27] 


This is a special form, applicable for paraxial rays in centered optical 
systems, of the very general theorem of Clausius or Helmholtz-Lagrange, 
which has been discussed in section 10-5. 

It may have been noted that in Figs. 13-2, 13-3, and 13-4 the principal 
planes and nodal points have been shown crossed.” Thus the objecj- 
side principal plane Ho and the nodal point No were drawn closer to 
image space (Fi) than the imagenside principal plane Hi and the nodal 
point N if respectively. This may be shown to apply quite generally for 
electron lenses. 

Consider (Fig. 13*5) a ray in object space aimed at the nodal point 
No, The corresponding curve R{z) = r{z)*^^{z) will, in object space, 
be represented by a straight line inclined, in general, at a different angle 
to the axis, but aimed at the same point. The curvature of R{z) is 
given, for paraxial rays, by 

R"^-TR [13-28] 

where T = ^(*^1 is always positive. Hence the curve R(z) is al- 
wa 3 rB concave toward the axis. Accordingly, R(z) will intersect the 
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axis to the left of Noy for example, at the point P. Consider now the 
tangent to the curve R{z) sX any point Qi, corresponding to the abscissa 



Q, beyond P. The slope decreases monotonically from P onward, so 
that the distance from Q of the intersection T of the tangent with the 
axis ia 

Therefore T and, also, the point of intersection Ni of the asymptotic 



Fig. 13*6. Poamble Location of the Nodal Points for a System Forming 
Intermediate Images. 

tangent to B(z) in image space with the axis lie to the left of P and, 
henee, of No, Thus the nodd points and, hence, the principal planes, 
are, in fact, crossed. 

HA proof does not apply when intermediate images are^rmed. In 
this ease (Fig. 13*6) the ray aimed at No may intersect the axis several 
times. The ccnnpound microscope considered as a whole is a 
Intern of this type. 
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Another important restrictive property of electron lenses bounded by 
regions of constant potential (object and image space) may be deduced 
by utilizing the variable 22. This is the nonexistence of negative lenses, 



Fio. 13-7. Nonexistenoe of Negative Electron Lenses. 


that is, lenses for which rays incident parallel to the axis emerge diverg- 
ing from the axis, without, in the interim, having crossed the axis. As r 
is represented in object space by a line parallel to the axis, 22 = is 
represented by a similar parallel line in this region. The curvature of 
of 22 is, however, always toward the axis. There are, therefore, only 
two possibilities (Fig. 13*7): 

a. 22, and hence r, crosses the axis within the lens. 
h. 22 does not cross the axis within the lens, but emerges, in image 
space, as a straight line converging toward the axis. Then r = 22$"“^ 
is also represented by a straight line converging toward the axis in 
image space, as is here a positive constant. 


In neither case does the electron lens act as a negative lens. 

13-4. Classification of Electron Lenses. Electrostatic electron lenses 
can be divided conveniently into the following six classes: 

A. Screen Lenses. The most exact analogue of the light-optical 
glass lens is, without doubt, the screen lens, studied in some detail by 
Knoll and Ruska® in 1932, Here 
two parallel wire screens at different 
potentials simulate the glass surface 
of a light lens, dividing space into 
two equipotential regions, inside 
and outside the lens (Fig. 13*8). 

Numerous other electron lenses 
using wire screens to form suitable 
equipotential surfaces have been 
sugg^ted. In all cases the image 
quality is impaired by the inevitable nonuniformity of field and potential 
in the plane of the wire screen. For this reason screen lenses have not 
attained practical importance. The replacement of the wire screens by 
thin metallic foil transparent to electrons, which would overcome this 
difificulty, has not been attempted because of the delicacy such fc^. 
Since the electrostatic field is discontinuous in screen lenses and foil 
* See reference 2. 



Fig. 13-8. A Screen Lens. 
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leOBes, the general theorems deduced in the preceding section do not 
apply to them. 

B, Unipotential or Unit Lenses, Characterized by Equal Constant 
Potentials in Object and Image Space, Among the typical electron 
lenses, that is, those in which the region traversed by the electrons 
between /Object and image is free from matter, the unipotential lenses 
resemble most closely the commonly employed types of lenses in light 
optics ~ glass lenses and lens systems in air. As indicated above 
(Eq. 13*26), the image-side and object-side focal lengths are here equal 
and the corresponding principal and nodal points coincide. 

Ct^ipotential or Immersion Lenses, Characterized by Unequal Constant 
Potentials in Object and Image Space, The second designation is derived 
from their analogy to the oil-immersion /objectives of the light micro- 
scope, for which object and image are placed in media of different index 
of refraction, that is, oil and air, respectively. The corresponding 
principal and nodal points are separated by a distance equal to the 
difference of the image- and object-side focal lengths: 

HoN, = HiNi ^ fi - fo 

The image-side and object-side focal lengths, themselves, are to each 
other as the square roots of the potentials in image space and object 
space, respectively (Eq. 13*25). 

D, Single-Aperture Lenses, These comprise the lens fields about an 
aperture in an electrode which separates two regions of different, con- 
stant electric field. Since, here, the electt'on paths in the object and 
image fields are not straight lines, but parabolas, the considerations of 
the last two sections, concerning cardinal points, do not apply. Simi- 
larly, the lens equations (13*16 and 13*17) cannot be utilized. It will 
be seen, however, that the image magnification and image distance can 
be lound from the position of the focal points and principal planes, if 
the points and planes are redefined in a suitable manner. 

E, Cathode Lenses, These are lens fields which are terminated on 
one side by a surface at zero potential (cathode) normal to the optic 
axis. The cathode constitutes at the same time the object surface, so 
that object space may be regarded as contracted into a surface at zero 
potential. CaHiode lenses occur in any system in which a cathode is 
hnaged by its own electron emission, be it thermionic, photoelectric, 
secondaiy, or field emission.^ 

F, Space^harge Lenses, , All the abpve types of lei^ may be 
modified in thdr action by.the presence of space charge — in the form 

* Hie eammon iMgnatioB of eadiode lensofl as immersion objectives is, in the exact 
,feiuie, a inis&oiiier. 
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either of large concentrations of electrons or of positive ions. Under 
certain circumstances these may exercise a strong, independent lens 
action. Thus the well-known experiments with thread heams^ (narrow, 
luminous electron beams in an imperfectly evacuated vessel held to- 
gether by the attraction of the positive-ion space charge formed along 
the beam) rely on this effect. Positive-ion concentrations in gas dis- 
charges have been employed by von Borries and Ruska* for forming 
electron images of wire screen objects. However, space-charge lenses 
have been found to be too difficult to control to render them valuable in 
the formation of images. Accordingly, space charge will here be con- 
sidered only as a disturbing factor in image formation.® 

The classification of electron lenses here given is, of course, by no 
means unique. An alternative, which cuts across this grouping, divides 
all electron lenses into long and short (or thin) lenses. Thin lenses 
respond to a particularly simple treat- 
ment and will hence be considered first. 

13-6. The Thin Lens.. A unipotential 
or an immersion lens is considered 
thin ” or ** short if the refracting 
field is short compared to its focal length. 

In this case it is permissible to re- v / 

gard the total lens action as taking fjq 13.9 Refraction of a Ray at 
place at a plane intersecting the axis in the Lens Plane. 

Ho = Hi = H. The nodal point No = 

Ni = N lies at a distance /» — fo from this principal, or lens, plane. If 
u is the object distance from the lens plane and v the image distance, 
they are related, according to Eqs. 13-16 and 13-25, by 



<f)H <l>^ 

U V fo Si 


[13-30] 


If Bo is the angle of inclination of a ray from the axial point 0 in object 
space and Bi that of the corresponding ray in image space (Fig. 13-9), 

= -j- [13-31] 

Jo 

In particular, if = t>,-, that is, in case of a unit or unipotential lens. 


AB 



const-^ 


[13-32] 


^ See Brilche, reference 3. 
* See reference 4. 

® See section 16*9. 
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Thus a thin lens between two media of equal potential (equal index of 
refraction) alters the angle of inclination of any incident ray by an 
amount proportional to the height of incidence, the factor of propor- 
tionality being the refractive power of the lens, 1//. 

If the refractive index on the two sides of the lens differs, the factor 
of proportionality becomes l/v. This is a constant for a fixed 

position of the intersection of the ray with the axis in object space, but 
varies as this point is displaced. 

It is relatively easy to obtain an expression for the focal length of a 
thin lens, since, here, the variable R = may be regarded as constant 
within the lens field.^® Thus an integration of the ray equation (13-28) 



leads to 

R^{h) - R'{a) = ^ [13-33] 


where a and h signify points just to thejeft and right of the lens, re- 
spectively. For a ray incident parallel to the axis. 


R'{a) = 0 


and 


1 

fi 



Hence, since R is assumed to be constant (= Ria)) between a and 6, 

rs©7:(lT- 


Similarly, 




13-6. Unipotential Lenses. The simplest and most thoroughly ^ 
studied electrostatic unipotential lens ‘is the symmetrical three-aperture 
lens. Figures 13-lOa and 13-106 show the potential distributions in two 
lenses of this type. The first has a large, the second a small central 

This assumption leads to a smaller error than setting r » const." As has been 
seen, R is uniformly concave to the axis, irrespective of the character of the lens^eld; 
r, however, varies so that its value is larger in the converging parts of the lens than 
in the diverging parts of it. Consequently, putting r « const invariably leads to too 
low a value for the refractive power 1 //. 
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aperture. The succeeding figures, Figs. 13»11 and 13*12, indicate the 
lens properties of these same lenses as function of the ratio of the voltages 
applied to the central electrode (Fc) and the outer electrodes (Vo). 



Ratio of voltiges applied to central 
and outer alactodas, 

F|q. liUt. Variation with the Ratio of the Applied Voltages of the Refractive 
Power and the Working Distance*' for the Eleotrostalic Lens Shown in 

Fig. 1310a. 

The charaeteristic quantities plotted are the refractive power , or reciprocal 
focal. Iwigth, 1//, and the worUng distance, or separation of the focal 
pdnt from the plane d nearest outer aperture. The latter notation 
is <ter#ed from the f^ thet, for large image magnificatioiS^the object 
pofdtitm and the focal pdnt coincide iqiproximately. 

A fflounina tion of the refractive power curves indicates that 

for a eleetron velocity strong lenses can be obtained much more 
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readily by maJdng the central electrode negative with respect to the 
outer electrodes than by making it positive. Consequently, lenses of 
this type are normally operated with the central electrode at a potential 



Fig. 13-12. Variation with the Ratio of the Applied Voltages of the Refractive 
Power and the “ Working Distance ” for the Electrostatic [Lens Shown in 

Fig. 13-106. 

which is low compared to that of the outer electrodes. The lowest 
potential of the central electrode for which such fields will act as lenses 
is that at which the axial potential at the center of the lens is just reduced 
to zero. For the large-aperture lens this occurs at Fc = — 0,278FoJ 
for the small-aperture lens at Yc = — O.OlSFo* A practical Imfit 
for most types of objects — is reached much earlier. The working 
distance should be positive and, preferably, large enough so that Ifce 
object itself does not modify the lens field. This is fulfilled if tiie WOTk- 
ing distance is equal to the diameter of the outer aperture. The condi- 
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tion is satisfied for the large-aperture lens for Ve > 0; for the small- 
aperture lens for Vc > 0.25 F®. The relatively small outer apertures in 
the large-aperture lens serve the purpose of reducing the least permissible 
value of the working distance. 


diam 



13*13. Variation with the Ratio of the Applied Voltages of the Refractive 
Power aiki fhe Working Distoce " for the in Fig. 13- 10b with the Central 
Aperture Replaoed by a Conducting Membrane. 

the lenses just dismissed are of course positive ii9tepective of 
niiethepthe potential of the central electrode is positive or negative with 
tesgexsi to Hiat of the out^ electrodes. This condition no longer holds 
if the.tientrd deetrode is replaced by fine metal screen or an electron- 
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permeable conducting membrane.^^ The resulting screen lens is positive 
if the central electrode is made positive with respect to the outer elec- 
trodes ; negative, if it is made negative with respect to them. However, 
lower positive voltages applied to the central electrode now suffice to 
attain a given refractive power, since there is np divergent lens action 
near the center of the lens. This is evident from the curves in Fig. 13'13. 
The refractive power is now a monotonically increasing function of the 
voltage ratio with uniformly decreasing slope. It is worth noting that 
in this case the principal planes are not crossed; the separation of the 
focal points from the center of the lens is greater than the focal length of 
the lens. If a metal screen is employed as central electrode, a projection 
of the screen will, in general, appear superposed on any image formed by 
the lens. Only in the very special case when the lens is made so strong 
that initially parallel ray pencils converge in the central plane of the 
lens will this effect be entirely absent. Under such circumstances, 
however, the utility of the lens is greatly restricted. 

13*7. Single-Aperture Lenses. In some respects the single circular 
aperture in a plane electrode separating two regions of different field 
forms the most elementary electrostatic lens. However, the fact that 
it is now necessary to define object space and image space as regions of 
constant electric field rather than as regions of constant potential de- 
mands a treatment which deviates from that accorded systems bounded 
by field-free regions. If the plane of the aperture has the abscissa 
2 = 0, the potential of the aperture electrode is ^>o, and the potential 
gradient at large distances from the aperture, to the right and to the 
left, is ^>2 and respectively, the electron paths in object and image 
space are parabolas given by 


and 


T + I13-36a] 

[13-366] 


Here ibi, k 2 f ibi, and k 2 are constants determined by the initial radial 
separation and slope of the electron path considered. is the 

potential in object space, + ^ 2 ^ that in image space. Assume now 
that the rays incident on the lens field parallel to the axis intersect ^ 
axis at points lying in regions where the potentials are adequately lep- 


See Knoll and Weichardt, reference 5 
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resented by these quantities. Furthermore (Fig. 13-14), define these 
points as the focal points ” and with the abscissas Zi and Zoj 


Plane 

{ of aperture 

tl* 


OiliKtspm 

♦;<o 


i, 

v* / 

[i 

Image space 

♦,'>o 

^ "5' I . 

— - 5^'^ 

du'. 






— 


\"4 

It 
1 — . 

♦; 



j 

Fig. 13*14. Cardinal Points and Image Construction for a Single-Aperture Lens. 


the primes indicating an unconventional definition. The paths of rays 
incident parallel to the axis at a distance r© and r,- from it are given by 


and 


[4-. + 4-k'l 

1*^1 J 

H 

• 1 

Ic- 

1 1 

r$. + 4-^41 

\ii\ J 

n — 

L 1*^1 J 


r = ri 


_ r + i'lz f 

. i*ii J L i4>;i ■ 


'h±j^ _ 

. i*(i J L \^’i\ J 


[13-37ol 


[13-376] 


rei^pectively. The principal planes and Hi, with the abscissas 
K wifi respectively, are the planes normal to the axis which con- 
^toin the points of intersection oi the parabolic paths (Eqs. 18«37) with 
the (^iginal axis-parallel paths. Then, if the image distance v' is the 
distance of the image from Hi and if is the distance of the object from 
inagnificaticm m and position of the image can be determined if 
the nev^ defined cardinal points and the object distance^e known: 

(♦o + - (^0 + 


Sec. tS-7] 


SmOLE-APERTVRE LENSES 


443 


(io + + hj])^ - (*. + 

($, + - (*. + ^iK)^ 

113-391 

= (*o + - (». + 

($, + «.![«' + - (f-, + #14)^ 

The lens equations in terms of these newly defined lens parameters are 
thus considerably more complex than the equations for an ordinary lens, 
bounded by regions of constant potential or refractive index. They are, 





Fig. 13-15. Definition of the Focal Length / of a Single-Aperture Lens. 


accordingly, rarely used. Normally, the focal length of a single- 
aperture lens is not defined by z,' — hi, but as the axial distance between 
the intersections of the tangent to the parabolic path Eq. 13*37a at 

^0 + ^2'Z = ^>0 ( ^ (^2 “ ^i) + ^0 is the potential at the center 

of an aperture of diameter with the parallel incident ray and with 

the axis (Fig. 13*15) . In the special case (Fig. 13*18a) in whidi the 
field in image space is equal to ievo, the two definitions of the focal 
length are identical. The refractive power 1//, f being defined m accord 
with Fig. 13*15, indicates the degree to which a ray is bent by the in- 
homogeneity of the field about the aperture (Eq. 13*32). 
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If the fields on either side of the aperture are small compared to the 
ratio of the aperture potential to the aperture diameter, formulas for 
this refractive power can be derived very simply. In this case the 
potential within the region of changing field may be set equal to f>c, the 
potential at the center of the aperture. Consider a cylinder, symmetric 



Fio- 13‘16. Application of Gauss’ Theorem to the Field Near an Aperture 
Separating Two Regions of Constant Field. 


about the axis and the plane of the aperture, of length 2&, just long 
enough so that the fields across the ends of the cylinder correspond, 
substantially, to the uniform fields Ei = and E 2 = ■“4>2, pre- 
vailing at large distances from the aperture (Fig. 1 3* 16) . As the cylinder 
contains no charge, the integral of the normal component of the field 
over its surface must vanish. Thus, by Gauss' theorem, 

ph 

2rr J Erdz= -Tr7^{E2 - Ei) [13-40] 


where Er is the radial component of the electric field across the mantel 
surface of the cylinder. In view of the assumptions made with regard 
to ^e field strengths 00 the two sides of the aperture, a paraxial electron 
incideoit parallel to the axis will change neither its separation from the 
aads noc its axial velocity to an appreciable extent while passing through 
the cylinder. The axial velocity is given throughout by 



[1341] 


However^ if the separation of the electron from the axis is r, it is 
pvezt a rachftl component of momentum equal to 



[ 1342 ] 
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It will hence emerge from the cylinder at an angle a relative to the axis 


tana = — 


r{E2 — ^i) 


[1343] 


The integration of Eq. 13 42 is made possible by the fact that, to a first 
approximation, Er = (r/2)‘i>" = -(r/2) dEJdz. The focal length of 
the single-aperture lens thus becomes 


r 4£c 44>c 

tan a Ei — E 2 ^2 — 


[13-44] 


This result^^ is, of course, only an approximation. It can be obtained 
much more simply by an applica- 
tion of Gans’ method of determining 
electron- paths.^^ For this purpose 
the potential is represented by a 
broken line with ,a single break point 

at 2 = 0 (Fig. 1347). Integration of g 

the ray equation^ ^ 

Method for Deriving the Lens Action 
2i/ ~ \4i/ of an Aperture. 

over an infinitesimal segment' including the point z = 0 yields, as ^ 
and r may be regarded afe constant and r' and are finite. 




(4>2 - 4>{)r _ r(E 2 ~ Ei) 
4^c ” 44 >c 


[13-45] 


With r( = 0 and rj = tan a this becomes identical with Eq. 13-43. 

Figures 13 18a and h compare the refractive power of single-aperture 
lenses as determined by numerical integration of the ray equation with 
that given by the approximate formula (13-44). The first graph 
(Fig. 13-18a) refers to the case ^2 = 0. The diameter of the aperture, 
D, serves as unit of length. The abscissas are the ratio of the potential 
gradient to the left of the aperture, ^{, to the potential of the apertured 
electrode, $ 0 - The distance z of the focal point in field-free image space 
from the plane of the aperture is also plotted in this figure; This is 
found to be greater than the focal length /, The principal planes ^ 

See Davisson and Calbick, reference 6. 

See section 12-4. 
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DU tfD 




Eta. 13*18. Foc^ Frop^es of a Single-Aperture Lens. 
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not crossed. It is seen that, as the field to the left of the aperture is 
made more strongly retarding, the refractive power given by Eq. 13-44 
la®s behind the true refractive power. On the other hand, for accel- 
erating fields Eq. 13-44 yields a very slightly too high (negative) re- 
fractive power. 

Figure 13*186 covers the case of equal fields of opposite sign on the 
two sides of the aperture (4>2 = Here the refractive power 1//, 

/being defined by Fig. 13*15, is compared with that given by Eq. 13*44. 
The values given by the approximate formula Eq. 13*44 are here seen 
to be high for convergent lens action, low for divergent lens action. 
The curves in the upper right quadrant refer to the case when both 
and 4>o are negative, while 4>c, the po- 
tential at the center of the aperture, ^ 

is still positive. 

In general, Eq. 13*44 is seen to 

give a good approximation of the I I 

refractive power of a single-aper- ' I 


ture lens, provided that the fields 
involved are weak compared to the 
ratio of the potential of the aperture 
electrode to the aperture diameter. 
This is to be expected from its der- 
ivation. Single-aperture lenses are 
not subject to the restrictive prop- 
erties applying to the more typical 
unipotential and immersion lenses 
(section 13*3). 

13 -8. Immersion Lenses. Possibly 
the simplest immersion lens consists 
of two apertured electrodes at poten- 
tials and 4>2, separated by a dis- 
tance d, object and image space having 



Fig. 13-19. Approximation of the Po- 
tential Distribution between Two 
Apertures for the Application of Gans’ 
Method. 


constant potentials 4>i and re- 


spectively (Fig 13*19) . This cfise may also be treated by Cans’ method. 
For this purpose the lens field is divided into three sections: 


I. $ = for z < -d/2. 

II. $ = ($2 + 4>i)/2 -h ($2 - ^i)z/d for -d/2 < « < d/2. 
III. - 4»2 for X > d/2. ' 

In the terminology adopted in section 12*4, the following rdatitms are 
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tibbiHiMsiusceesively for a ray incident parallel to the aids at a height r,,: 
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113-46o] 


[13-4661 


The principal planes are located at e = hi and z = h 2 , respectively: 


*2 = ;; + 


d , r„- Tit d 


4d*2 


2 3(*2 - * 1 ) 


[13-47o] 


d 

^ ” 2 ■" 3(^2 - ^ 1 ) 

Accordingly’, the separation between principal planes is 
/i2 - fci = - g 


113476] 


[1348] 


Figure 13*20 compares the values of the refractive power as given by 
Eq. 13*46a with those determined by numerical integration for the 
specific case in which the separation of the aperture planes is twice as 
large as the aperture dian^ters. It is seen that under these circum- 
stances the re ractive potvers determined by Eq. 13 46a are too large, the 
diSerenoe bdng especially great if the ratios of the applied potentials are 
large. The pqsitiims d the focal points ( 22 ) are, correspondingly, 
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farther removed from the plane of symmetry than is indicated by 
Eqs. 13-46a and 1347a. However, it is to be expected that these 
differences will approach zero as the apertures in the electrodes are 
made smaller and smaller, other quantities remaining unchanged. 



Fia. 13-20. Focal Properties of the Two-Aperture Lens. 

A second type of immersion lens, which finds very wide application, 
is formed by two coaxial cylinders at different potentials. K they have 
equal diameters and are separated by a very small distance, the po- 
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tential distribution on the axis is given by Eq. 11*83: 




^1 + ^ , ^2 “ 


. 2kz 
sin - 


r* D 

V 0 Aj*i/'o(tfc) 


dk 


[13*49] 


This.is very closely approximated by^* 

^/ \ ^1 + ^2 . ^2 — , 2.6302 

^(«) « -" g ■ + tanh [13*50] 

WiUi the aid of these fmmulas it is possible, by integratiap of the ray 
aquatic^ to determine the focal lengths of such lenses as well as the 
dktanoes of the focal points from the plane of symmetry. In man- 

^ See Beitrim, reference 7, and reference 8. 
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Fio. 13-22. Coaxial Cylinder Lens: Variation of Optical Parameters with Diameter 
Ratio. (After Epstein.) 

ner the curves in Fig. 13*21 were obtained. It is seen that the crossed 
prmcipal planes always lie on the low-voltage side of the immersion 
lens. For the two-aperture lens this follows from the form of J3qs. 1347. 

If the diameters of the two cylinders differ, purely analytical methods 
cease to be effective in the determination of the potential distributidi. 
Such cases have been studied, however, by Epstein^^ with the aid of the 
See EpsteiHi reference 9. 
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electrolytic tank and subsequent numerical integration of the electron 
paths. Figure 13'22 shows the variation of the optical parameters of 
the lens with the diameter ratio (treating the radius of the first cylinder 
as the unit of length) for various voltage ratios as derived from his 
determinations. As is to be expected, the refractive power of the lens 
decreases as the diameter of the second cylinder is increased, that of the 
first being maintained constant. 



Fig. 13-23. Electrostatic Lenses Consisting 
of Cylinders and Apertures. 


Other immersion lenses may be formed by combinations of cylinders 
and apertures, such as are shown in Fig. 13*23. In order to get a rough 
idea of the position of the cardinal points in such cases, the apertures 
may generally be replaced by cylinders of equal diameter. For more 
accurate information it is necessary to resort to the electrolytic tank and 
numerical integration. 

13 * 9 . Cathode Lenses. If electrons left a cathode with exactly zero 
velocity, cathode lenses would present no focusing problem, since all 
electrons from one object point would travel along the same course. 
Hence, if the wave properties of electron beams were disregarded, an 
infinitely sharp. electron image would exist in all planes beyond the 
cathode. In fact, however, electrons leave with randomly distributed, 
small initial velocities. Consequently there is a preferred plane in 
whii^ a true image of definite magnification is formed. As brought out 
in section 12*1, the location of this plane may be found by considering 
de^trcm pencils leaving the cathode with infinitesimally small lateral 
Initial velocities. In a cathode lens the image-side focal point and 
princit^al plane have their usual significance, provided that the cathode 
is fdane. However, riie cardinal points of cathode lenses possess little 
importance, since the object position (and, hence, the location of the 
rfiaip image) is imique. . ^ 

Among cathode-lens systems, also, circular apertures or cylinders in 
front of a fiat calhode form the simplest examples. Both result in 
^ negative lenses. In particular, the focal length of the field about a very 
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small aperture in a plane electrode a distance d in front of a plane 
cathode is, by Eq. 13*44, just —Ad. As the aperture is increased in size, 
the refractive power increases and the focal length decreases. Thus 
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Fig. 13*24. Elecstron-Optical Properties of an Aperture in Front 
of a Plane Cathode. 

(Fig. 13*24), if the aperture diameter is just equal to the distance be- 
tween the two electrodes, the focal length is only — 3.39d. The position 
of the virtual image of the cathode, which may be determined with the 
aid of the convergence equations given in section 12*1, is only 0.19d 



Fig. 13*25. Schematic Representation of a Cathode Lens by a Uniform 
Accelerating Field and a Short Unipotential Lena. 

behind the cathode plane; The image magnification is 0.67. By c<^- 
parison, if the aperture is very small, the lens action of the system 
corresponds to that of a uniform accelerating field of length d terminated 
by a short lens of focal length Ad. The electrons reaching the short lens 



464 0AU88IAN DI0PTRIC8 OF ELECTB08TATIC LEN8E8 [Chap. IS' 



Fig. 13*26. Focal PropertieB of a Two-Cylinder Cathode Lens 
](Electrostatio Image Tube). 
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will thus appear to come from an object at a distance 2d from the lens, 
the object size being the same as that of the original cathode object 
(Fig. 13-25). By applying the lens equation, the image distance v 
from the lens will be given by 

V 2d 4d ^ 3 

and the magnification by 

V 2 


Thus in this limiting case the magnification is also 0.67 and the position 
of the image is 0.33d behind the cathode in place of 0.19d. 

As has already been mentioned, a positive cylinder placed in front of 
a flat cathode disk also constitutes a negative lens. However, if a 
cylinder of equal diameter at cathode potential is interposed between 
the cathode disk and the positive cylinder, a real image is formed, pro- 
vided that the length of the added cathode cylinder exceeds 0.76i), D 
being the cylinder diameter. Figure 13-26 shows the variation of the 
distances of the image, the focal point, and the principal plane from the 
junction between the two cylinders as function of the length of the 
cathode cylinder, or the object distance,” u. From these three curves 
it may be shown that, to a good degree of approximation, the magnifica- 
tion is given by 



Here v is the distance of the image from the plane separating the two 
cylinders. This is exactly the relation which is obtained if the cathode 
lens is approximated by a uniform field of length u terminated by a 
unipotential short lens (Fig. 13-25). 

In order to be able to vary the strength of the cathode lens of the type 
last described, it is convenient to replace the cathode cylinder by a 
series of rings connected by resistors so as to simulate a uniformly 
resistive cylinder. One end of this ring assembly is connected to the 
cathode, the other to a variable voltage supply, placing it at a potential 
$ 1 . Figure 13-27 shows a plot of the image distance and magnification 
of such a system as function of the ratio ^i/^ 2 ) ^2 being the potential 
of the anode cylinder. The object distance u is here maintained at the 
constant value 0.9D. The image distance is reduced rapidly as 4^ is 
made more negative, the lens becoming increasingly convergwit. The 
magnification, however, first decreases and then increases. This is due 
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to the fact that the lens not only becomes stronger, but moves progres- 
sively closer to the cathode as is made more negative. With in- 
creasingly positive the point is soon reached at which the held ceases 
to form a real image of the cathode. 



Fio. 13*27. Image Distance and Ma|;nification for a Cathode Lens with a 
Resistive Cathode Cylinder; 


13-10. Electron Mirrors. K, in any axially symmetric electrode con- 
figuration, the potential drops below zero at any point on the axis, 
electrons proceeding toward that region will reverse their direction. 
Thus the retarding field acts on the electron rays much as a mirror acts 
on fight rays. Furthermore, the analysis of the action of axially sym- 
metric fields on electron beams presented at the beginning of this chapter 
appfifiS also in this case. An electron mirror consisting of an axially 
symmetric field distribution including a region on the axis with potential 
less, than zero forms, to the first order of approximation, a true and 
faithful image of any object placed on the axis of the system and emit- 
ting, or irtadiated by, electrons. It thus acts like a concave or convex 
(li^t) mirror which forms a real or virtual image of an object similarly 
difii^psed relative to it. Figure 13-28 shows a few of realizing 
deetron nurrors. Geimrally, any electrostatic lens may readily be con- 
vei1)ed into an electron mirror by suitably altering the potentials of some 
of rile fidd-formmg electrodes. 

As ^plest example d an electron mirror, examine the uniform re- 
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tarding field. Such a field, it is clear, acts as a plane mirror, since a 
pencil of rays parallel to the field returns along its own path, all rays 
reversing direction in the same plane normal to the field. The plane of 
the equivalent mirror lies twice as far from the object plane as the plane 
of reversal. This is seen readily as follows (Fig. 13*29) : Let the dis- 
tance between object plane and plane of reversal be d, so that the 
retarding field is £? = €>/d, ^ being the volt velocity of the electrons in 
the object plane. Electrons passing through a point P of the object 
plane with the same velocity, but at different angles 0 with respect to 
the field direction, will describe parabolas, returning to the object plane 
with the same angle 6 relative to the field. The time of passage from the 
object plane back to the object plane will be given by 2T, where 

deos^e = ^T^ = ~T^ [13-52] 



Hence the point of intersection of the path with the object plane will be 
separated from P by a distance 




sin 6^2T = 4d sin 6 cos 6 


For small angles 6 the virtual image is thus located a distance 4d from 
the object, just as though a plane mirror had been placed at a distance 
2d from the object. Furthermore, this virtual image is of the same size 
as the object and has the same orientation as for an ordinary plane mirror. 
It is not perfectly sharp, however, as the image position depends, 
through the factor cos^ 6, on the inolination of the imaging rays. 

Even in this simplest of examples the behavior of the electron mirror 
is thus more complex than that of its light-optical analogue. This 
applies even more to convex and concave electron mirrors, as, throughout, 
the complex fields in front of the zero-equipotential surface play quite 
as important a part in the performance of the mirror as the shape of 
this equipotential surface itself. Thus the mirror consisting of two 
adjoining equidiameter cylinders at potentials of opposite sign with a 
plane zero-equipotential surface midway between them acts not as a 
plane mirror, but as a strongly convex mirror (Fig. 13*30). 

It is also evident that the usual ray equations cannot be psed thnnifi^ 
out in tracing a paraxial ray through a mirror, since the slope of the ray 
must became infinite at the point of reversal. This difficulty can 1)6 
avoided by introducing the time as parameter, both the axial md radial 
velocity components remaining finite throughout. 
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Neglecting quantities of higher order than the first in r, the equations 
of motion for an electron in a meridional plane may be written 

i 113-55] 


1 ^ 
2 dr 



[13-56] 


Here a dot indicates differentiation with respect to the time, measured 
in units of (m/[26])^. The relation between the time parameter and 
the distance along the axis can be obtained from Eq. 13*55 by simple 



Fig. 13-30. Reflection of an Electron Ray by a Mirror Formed by Two 
Equidiameter Cylinders at Opposite Potentials. 


quadrature. Thus, if z„ is the point of reversal, tu the time of reversal, 
and Zo is the value of the z-coordinate of the electron at the time t = 0, 




t < tu 
- ^.. 1 ^ 


^ dz ^ — Zu" 

^tt ^ ± I 7—77 ^ 2 — -7 — 


[13*57a] 
t^tu [13*576] 


t = 2tu- tiz) t > tu [13*67c] 

t{z) in the last equation represents the value of t as function of z given 
by the first equation. With t(z)j and hence z(0, known, in Eq. 
13*56 may be expressed as a function of so that this equation may be 
integrated numerically in the manner outlined in section 12*3. 

It is also possible to avoid the introduction of a parameter altogether. 
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In this case the convergence equation (Eq. 12*14) 






“ c + ■ 

2 $ ^ 4 $ 


[13*58] 


is integrated to some point a small distance, Z2, from the point of reversal, 
2 = 0 (4»(0) = 0 — for simplicity in notation the origin of the z-co- 
ordinate is made to fall on the plane of reversal) by the usual methods. 




Fig. 13*31. Path Determination in an Electron Mirror. 


Let r( 2 a) = ra, r'( 22 ) = rj, 0 ( 22 ) = C 2 , c'( 22 ) = If 22 is small 
enough and a = 0 is not a saddle point of the potential, the field between 
r = 0 and 2 = 22 may be regarded as uniform. Within it the electron 
describes a parabolic path with the vertex at 2 = 0. If To is the ordinate 
of the path at 2 = 0, the equation of the path in this region is 

r — fo = 2r2(22a)^ [13*59a] 

f - r, = -2rJ(2a2)^ [13*596] 

Here r r^ers to the approach, f to the return path of the electron (Fig. 
13-31). 

SmcOi furthermore,' 

fo » ra — 2/^2 K = *“^2 


[13-60] 
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The derivative of the convergence becomes 

, C 2 (l - 2c^2) -t _ 62(1 + feaCs) 

222(1 + 4C222)* 


[13-62] 


Thus if the path has been integrated from the right (Fig. 13-31) up to 
Z 2 Ti, the integration may be continued from the left to the right, using 

tL iriitial values ca, 4 and fa = »' 2(1 + ^t)- 
It has been found in practice that the use of the parametnc equations 
involves, for equal accuracy of the results, less effort than the procedure 

just described. • • j x 

Figure 13'32 shows in detail the behavior of a paraxial ray incident 

parallel to the axis on two simple mirrors. Both are formed by the same 
electrode configuration, a pair of apertures separated by a distance 
equal to their diameter. In the first, “ convex,” mirror the negative 
electrode has a potential numerically equal to that of the positive 
electrode. In the second, strongly convergent, example, the potential 
of the negative electrode is only one-ninth as large as that of the positive 
electrode. The variation of the focal length and the position of the 
cardinal points with the ratio of the electrode potentials for this same 
electrode configuration are shown in Fig. 13-33. The mirror is found 
to change from a diverging to a converging mirror when the potentml 
of the negative electrode is reduced to about a fourth of that of the 
positive electrode. The principal plane, at the same time, recedes 
farther and farther behind the reversing plane. 

Data regarding the variation of the refractive power of a (convergent) 
mirror formed by two coaxial equidiameter cylinders with the electrode- 
voltage ratio will be found in Fig. 17-27. This form has been studied 

experimentally by Nicoll.^® _ 

If the point of reversal is a saddle point of the potential or very close 
to it, as for instance in the case of an equipotential lens with its center 
element made just sufficiently negative to turn back all the electrons 
incident on it, the electron paths become quite complex and the pr^ 
cedure outlined in Eqs. 13-58 to 13-62 can no longer be apphed. 
This case, important from the point of view of the control of electron 
currents by negative grid apertures, but not suitable for the formation 
(rf images, has been treated in detail by Recknagel.” It is found that 
the electrons execute, in the neighborhood of the s^dle pomt, an 
oscillation across the axis, the number of loops increasing as the point 
rf reversal approaches the saddle point. In the limit, the case of a 
lens or mirror of infinite refractive power is approached. The aberrar 


See reference 10. 
See reference 11. 
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tions of images formed by lenses or mirrors approaching this condition 
are so large that the images become quite unrecognizable. 

In the more important case in which the held at the point of reversal 
(z = Zu) is far from zero 0) it is possible to obtain an approximate 
formula for the refractive power of the mirror in much the same manner 



Fig. 13«33, Optical Constants of a Simple Electron Mirror as Function of the 
Ratio of the Electrode Potentials. 


as for a thin lens (section 13*5). Let r(z) be the ray approaching the 
point of reversal and f(z) the same ray leaving it. Then the ray equa- 
tion written in the form 

may be integrated, for a ray incident parallel to the axis, to yield 

(/*«), = - 113-64] 

Although / becomes infinite at the point of reversal and * 0, the 
product is seen to remain finite, as the denominator in the integrand 
passes to zero only as z^. At z = Zu it reverses sign. Tbus for the 
portion of the ray leaving the mirror, * 



[13<65] 
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If is the potential at large distances from the mirror, the expression 
for its refractive power thus becomes 


1 JL + f 

7" r, 


[13-66] 


A first approximation may be obtained by setting f = r = Vo- A con- 
sideratidn of the actual ray paths in Figs. 13-30 and 13-32 shows, how- 
ever, that this will be very greatly in error. A much better approxima- 
tion results from setting f + r = 2rtt, where fu, the height of the ray at 
the point of reversal, is given, according to Eq. 13-64, by 

[13-67] 


TI& approximation is equivalent to treating the electron as though it 
traversed the field of the mirror with a constant radial velocity, equal to 
that at the point of reversal. Substituting Eq. 13-67 in Eq. 13-66, there 
follows for the refractive power of the mirror the approximate relation 


-=— r 




1 r“^ 


dz 


[13-68] 


To Indicate the degree of accuracy that may be expected with the 
employment of Eq 13-68, it may be mentioned that the focal length of 
the mirror shown in Fig, 13-30 was found to be 0.34 diameter when 
calculated by this equation. Equation 13-66 with f and r set equal to 
To yielded 0.55 diameter. The correct value, obtained by numerical 
integration of the differential equations, is 0.29 diameter. The error 
incurred will, of course, vary greatly with the character of the mirror 
considered. In general, the relatively small amount of extra labor 
involved in integrating the parametric equations (13-55 and 13-56) 
will be amply ccsnpensated by. the greater reliability of the results 
obtained. 
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CHAPTER 14 


MAGNETIC FIELDS 


14*1. Determination of Fields in the Absence of Iron.^ Magnetic 
fields surround any conductor carrying electric current as well as any 
magnetized material. The laws governing them closely resemble those 
governing electric fields. 

The two basic equations^ of the static magnetic field are 

div B = V‘(ijh) = 0 
and 

47r1 

curl h = V X h = — 

« c 

Here B( « /ih) denotes the magnetic induction, h the magnetic field, and 
M the permeability of the medium at the point considered. In vacuum, 
and to a'good approximation in all nonferromagnetic materials, /i = 1 
and B » h. j denotes the current density at the point of the field in 
question. Equation 14*2 may be converted, by integration over a sur- 
face and application of Stokes’s theorem, into Ampere’s law: 

^b-dB = ^ 114-3] 


[14-1] 

[14-2] 


stating that the line integral of the magnetic field about any closed 

^ Iron refers to any material which can be magnetized to an appreciable degree. 

* The (Merential operator V has, in rectangular coordinates, the components d/dx, 
B a/df and may generally be treated as an ordinary vector. Thus, if i, j, k denote 
unit vectors along the three coordinate axes, its product with a scalar, its scalar 
product with a vector, and its vector product with a vector, as well as the Laplacian 
opero^ are given by: 

' x-- ■($ - $) -S) 
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path is equal to Ar/c times the current passing through any surface 
bounded by the path. 

In any region free of electric currents and ferromagnetic materials, 
Eqs. 14*1 to 14*3 become 

V-h = 0 [14-4] 

V X h = 0 [14*5] 

and 

yh-ds = 0 [14-61 

These are identical in form with the equations of the electric field in the 
absence of space charge (Eqs. 11*1 and 11*2). Hence there exists a 
magnetic scalar potential 

h=~V^ [14*7] 

obeying the Laplace differential equation 

VV = 0 [14*8] 

In spite of this exact analogy between magnetic and electric fields in 
free space, the methods of determining them differ, in general, materially. 
Whereas, in the case of electric fields, the potentials of conductors bound- 
ing the region of interest are normally known and serve to determine the 
field distribution, the scalar magnetic potentials of surfaces surrounding 
a magnetic field are known only in exceptional cases. More commonly 
the field has to be found from given current distributions or the known 
magnetizations of permanently magnetized materials, which correspond 
to permanently polarized dielectrics. In this section magnetic fields 
produced by currents in the absence of iron will be considered exclusively. 

Under the circumstances mentioned above it is not surprising that the 
scalar magnetic potential plays only a secondary role. It proves con- 
venient, however, to introduce another quantity, the vector potential A, 
with the differential properties 

V X A = h [14*9] 

V*A = 0 [14-10] 

to simplify the calculation of magnetic fields produced by currents. 
Introducing Eq. 14-9 in Eq. 14-2 and making use of Eq. 14-10 lead to 


-VX (VXA) - V*A 


c 


(14-11] 
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Equation 14*11 may be regarded as a Poisson equation applying indi- 
vidually to each of the three vector components of A. It may thus be 
solved in perfect analogy with the usual scalar Poisson equation by an 
application of Green’s theorem,® leading to 

A= f^dr [14.12] 


Here r signifies the separation of the volume element of space dr with 
the current density j from the point of reference. The integration is to 
be carried out over all space, or at least over that part of space which 
con'tains the currents responsible for the magnetic field in question. 

Equation 14*12, together with Eq. 14*9, makes it possible, in principle, 
to calculate any stationary magnetic field in the absence of iron, provided 
that the distribution of the field-producing currents is known. However, 
many simple cases can be treated more directly by applying procedures 
antedating the introduction of the vector potential. 

The first of these, known as the law of Biot-Savart, can be obtained 
simply by taking the curl ” of Eq. 14*12: 

VXA = Jvx(j-^dT [1413] 


As the differential operation V refers to the coordinates of the point of 
reference only; Eq. 14*13 may be written 


If the total current i is confined to a thin wire, 

i dr ^ ids 

whereas is an element of the wire. Thus in this case 

rr X ds 


-<r- 




[14-15] 


[14-16] 


Hie law of Biot-Saviwt is usually stated in the differential form ; 

„ . ds X r ids . „ 

on “ ® 

*8eaJeMa, nfoence 1, pp. 154r-184. 


[14-17] 
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Here 0 is the angle between ds and r, and dh is normal to the plane con- 
taining these two vectors, as shown in Fig. 14*1. 

The second method is Ampere’s. As is shown by Eq. 14*3, no unique 
values of scalar magnetic potential can be ascribed to points in a region 
containing a conductor carrying current. Every integration about a 
loop linking current i adds an increment of Avi/c to the potential. This 
indefiniteness can be removed by passing a separation surface through 
the current-carrying conductor, making it im- 
possible for any closed loop to link electric cur- 
rent. Figure 14-2 shows possible choices of 
separation surfaces in the case of an infinitely 
long current-carrying conductor and a simple 
loop. By Eq. 14*3 the potential on the two 
sides of the separation surface must differ by 
47rt/c. Ampere postulated that the magnetic 
field due to the current i is identical with that 
produced by the separation surfaces considered 
as a magnetic double layer with a magnetic 
moment i/c per unit area directed normal to 
the surface. 

The validity of this theorem can be deduced 
simply from the law of Biot-Savart. Imagine 
the shell corresponding to an arbitrary current 
loop to be subdivided into elementary squares (Fig. 14*3). If the cur- 
rent i is assumed to flow in the counterclockwise direction about every 
one of these squares, the net effect is that of a current i around the outer 
boundary of the shell, currents in opposite directions canceling each other 




Fiq. 14-2. Equivalent Magnetic Sheaths for Infinitely Long Straight Conductor 
and Simple Current Loop. 

on the inner boundaries. Hence, also, the magnetic fidd due to the 
current around the outer boundary must be identical with the vectOT sum 
of the fields due to the elementary currents. If, for convenience, ike 
X- and y-axes are chosen parallel to the edges of a particular element at 
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PoiXoiVti^), the field due to the current about this element at the refer- 
ence point P(x,y,z) will be, by Eq. 14-17, 


i |dy X (r -b dx) dy X r dxX(r-|-dy) 


|r -I- dx|» 
dx X dy 


i d T 




|r|* 

- 3dy X r 


X dx 


\i -t- dy|* 
-|-3dxXr-y^ 


dx X r 

IW® I 


[14-18] 



Fig. 14-3. Derivation of Ampere’s Theorem from the Law of Biot-Savart. 

The final expression, however, as may readily be verified, is the field due 
to a dipole with a magnetic moment {i/c)*dx>dy = idA/cj where dA is the 
area of the element considered, oriented in the ^-direction — normal to 
the separation surface. 

The concept of the equivalent magnetic sheath leads to a very simple 
expression for the scalar magnetic potential due to a current loop. The 
scalar potential of a dipole of magnetic moment md {m = pole strength, 
I » length) <Niented in the n-direction is 

. , d /m\ Im 


where is the angle between n and r, the radius vector to the reference 
pmai P, Applying this result to an element of the magnetic shell 
bounded by current i, n representing the nonnal to the shell, results in 


^^ idA cos $ idSt 
^ c 


[14-20] 


Hete do is sdid an^^e intercepted by dA at P. Integrating, the 
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c 


[14-211 


That is, the scalar potential at P due to a current i is equal to the prod- 
uct of i/c and the solid angle Q subtended by the 
loop at P. 

The example of an infinite thin straight wire 
carrying current i (Fig* 14-4) will illustrate the 
application of the three procedures. Let the 
2 -axis of the coordinate system coincide with 
the wire and let the reference point P be located 
at (r,0,O). Then Eq. 14-12 yields for the vector 
potential component in the 2 -direction 

__ P* i dZp ri4.221 Fig. 14*4. Magnetic Field 

~ + 2?)^ Infinite Straight 

“ Wire Carrying Current. 

The remaining components vanish. Accord- 
ingly the magnetic field is in an azimuthal direction and equal to 



dAg _ ^ r* d2o _ ^ 
■ IT ■ c J_. (r* + «• 


[14-23] 


The law of Biot-Savart, Eq. 14-16, leads to the same result more directly: 


i r* , rdzo _ ^ 
cJ_. (»-* + *?)” ~ «• 


[14-24] 


To apply the method of the equivalent magnetic sheath, imagine the 
sheath to Ue in the infinite half plane 9 = ir. Tto ^1 cut a lune of 
vertex angle —8 or of solid angle —29 out of an mfinitely large sphere 
about P, so that, by Eq. 14-21, 





[14-26] 


and, again. 


1 ^ ^ 

r dB or 


[14-26] 


The relative convenience of the three methods varies greatly from prob- 
lem to problem, so that no general conclusion should be drawn from this 
example r^arding their preferability. 
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The origmal method of the vector 
potential will be applied to one other 
"z problem because of its basic importance 
for iron-free magnetic lenses: the simple 

„ ^ circular current loop. If the center of 

Fig. 14-5. Manietic Field of Cir- .11 • 1 j i. xu • • j 'x 

cuJar Current Loop. and its 

axis taken as the 2 -axis (Fig. 14*5), the 

vector potential will, for reasons of symmetry, be in an azimuthal direc- 
tion and be given by (from Eq. 14*12) : 

I 2 t 


= -f 

cJo 


a cos Uo dfJo 


(** + r* + a* — 2ar cos 

Changing the variable of integration to 9^ = (ir — 9,)/2 and rearrang- 
ing terms result in 

2i (2* -I- r* -b o*) 


A,= 


cr {r -f- [r -I- 


■ o*) 

af)^Jo ( 1 -. 




fc* sin* 

- I ( 2 * -I- [r -f a]*)’^ f (1 - fc* sin* 9')« dej 

[14-28] 




4ia 


with 


C(2* -b [r -I- o]*)^ 


uF 


** = 


4or' 


2 ® + (r -b o)* 

F and E are the elliptic integrals of the first and second order: 

Hence 

2irta 


c(s^ + [r + 


-IP’-' 


(i^) 

[14-29] 

[14-30] 

[14-31] 

[14-32] 
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1 ^ . N 2irta r , 3/lV 


+ 


KM) (3a-2r)fc^ + ---] 


[14-33] 


dAf 




2riaz 




[14-34] 


dz c(2* + [r + a]*)’‘ 

On the axis (r = 0) these three expressions simplify to 

A, = 0. hr = 0, h. = H{zj = — [14-35] 

This example has been discussed in detail because the circular current 
loop is the elementary constituent of all iron-free magnetic electron 



Fig. 14-6. Solenoid with Arbitrarily Distributed Windings. 


lenses. Thus the axial field of an arbitrary coil (Fig. 14-6) whose radial 
boundaries are given by ri (z) and r 2 (z), and which is constructed so that 
there are n turns per unit cross section of the coil, is given by 

pTiiMo) 

Hi{z) = n I dzo I H{a,z - z©) da [14«36] 

the expression for H(a,z) under the integral being given by H{z) in 
Eq. 14-35. 

In the special case in which the coil consists of unevenly spaced turns 
of uniform radius a, with a turn distribution n{Zo) centimeter”^, the 
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field on the axis is given by^ 
2ria^ 


^ _ 2riar n{Zt 

c J— [(« - Zo 


n(zo) dzo 




[14*37] 


For an infinitely long solenoid of uniform cross section and turn dis- 
tribution this 3 delds the familiar relation 

Ami 

H = [14*38] 


if t is measured in electrostatic units and H in magnetic units, and 

Ami 


H = 


10 


[14*39] 


in practical units {H in gauss, I in amperes). 

It is seen that even the simplest magnetic lens field short of the uni- 
form magnetic field is expressible, except on the axis, only in terms of the 
functions of higher mathematics or in series. Fortunately, it is adequate 
for most purposes to know the field on the axis only, together with its first 
few derivatives. For, since the magnetic scalar potential ^ obeys the 
same differential equation as the electric potential 0 , it is possible to 
express its values off the axis in terms of those on the axis, in perfect 
analogy with Eq. 11*75: 








n-0 


(n!)* 


[14-40] 


The relations = ~ lead hence to 

dz dr 

h.M = H(z) - ^ - . . 

[14-41] 

" “0 (nl)* W 


* The oonverae problem of detetmming the distribution of ooQ windings on a cylin- 
dlioal,sur&oe which will give rise to s given axial field distribution H (s) has been 
solved by Qlaser (refermioe 2). .His formulas lead to the expression; 

r r -tn 

Here is the Hankel fimotion of the first kind of the first order (see^for example, 
Jahnke aad l^de, reference 3, pp« 199 ff . ). In the coefficient of the integral t signifies 
theounent, in the exponents the imaginary quantity (-1)^. u is an integration 
variaUe. 
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+ 

[14-421 

h nl(n-l)! [ 2 ) 


It may be of interest to the reader to verify the identity of the expressions 
in Eqs. 14-33 and 14-34 with those obtained by substituting Eq. 14-35 
in Eqs. 14-41 and 14-42. 

The vector potential A can be similarly expressed if use is made of 
Stokeses theorem, which states that the surface integral of the normal 
component of the curl of any vector is equal to the line integral of the 
same vector about the bounding curve. If a circle of radius r about the 
axis is considered as surface of integration, 


or 


j r»2T pX p2T pt 

AsrdB= I I curlg At dr d$ = 2t I h^rdr 
0 VQ*/q J Q 

1 

Afl = - I hgfdr 
rJo 


[14-43] 

[14-44] 


By substituting Eq. 14-41 in Eq. 14-44, 

A. = lH(z)-^^H"iz) + ^H^''(z)-... 


n!(n + 1)! W 


Equation 14-44 may be written 


Ae == 


JL 

2irr 


[14-45] 


[14-46] 


where N is the magnetic flux through the circle of radius r passing 
through the reference point. This gives a simple meaning to the vector 
potential in axially symmetric systems. 

The Eqs. 14-40 to 14-46 apply generally to all axially symmetric mag- 
netic fields provided that the region under consideration, about and 
including the axis of symmetry, is free from ferromagnetic material and 
electric currents. It is immaterial whether electric currents or magneUc 
materials, or both, are the source of the field. 

14-2. Magnetic Fields in the Presence of Iron. Although iron-fm 
fields are easier to treat, they are much the less important ones in prac- 
tice. Normally the use of ferr(»nagnetic materials is valuable both for 
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obtaining stronger fields for a given number of ampere-turns and for 
shaping the field distribution in a manner suitable for the purpose at 
hand. Finally, the use of particular ferromagnetic materials, perma- 
nent magnets, does away with the need of electric current altogether. 

To begin with, consider materials such as soft iron, mu-metal, and 
permalloy, which show no appreciable residual field on removal of the 
exciting current and thus require electric current for the production of a 
magnetic field. As before, the basic equations of the magnetic field are, 
both within and without the magnetic material, 

div B = div (juh) = 0 

and-v 

^hdB = ^ 


However, it is no longer possible to set the permeability equal to unity; 
for soft iron and similar substances it has values of the order of several 



->Fig. 14*7. Magnetic Material Placed in Uniform Field (Schematic). 


thousands. The magnetic field h within the ferromagnetic material 
pauses a degree of alignm ent ctf the molecular magnets of the material 
depending on the strength of 'the field, resulting in a magnetization per 
unit vcduxne I, In a homogeneous material the net effect of this align- 
ment, is equivalent to the lotmation of a surface layer of tfiagnetic poles 
witii a mirfaoe density «■: 


(m-1) 

4ir 


hn 


a me I 


[1447] 
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where In and K are the components of the magnetization and the field 
normal to the surface. This polarization of the ferromagnetic material 
results, in general, in an enhancement of the field at the entrance of the 
field lines into the material and a reduction thereof within it (Fig. 14-7). 
As demanded by Eq. 14*1, the lines of in- 
duction 

B = h + 47rl [14-48] 

are continuous, whereas the field lines are | j 

not. 

Consider, as an example (Fig. 14*8), a 
ferromagnetic shell, provided with a gap, 
about a wire carrying current i. Imagine, 
as on previous occasions, a separation sur- 
face to be passed through the wire, so as to 
make the scalar magnetic potential single- 
valued. The magnetic-field conditions are 
here identical with the electric-field condi- 
tions in a system consisting of a highly 
conductive shell (conductivity (t = /*) im- 
mersed in a medium of low conductivity 
(<7 = 1), the two halves of the shell being 
separated by a double-layer plane produo- 
ing a difference of potential 4iri/c on the 14-8. Magnetic Circuit 
two sides. The current lines become here Formed by Magnetic Shell 
identical with the lines of magnetic indue- Conductor, 

tion, the electric-field lines with the magnetic-field lines, since the ba^ic 
equations of the electrical model may be written 



div j = div (crE) = 0 


E is here the electric field, j the current density in the two media. The 
line integral is to be carried out from one side of the separation surface 
to the corresponding point on the other side. For all closed paths wUhin 
the singly connected region it vanishes, as for the magnetic field h. 

The analogy here given immediately suggests the electrolytic tank as a 
means of plotting the magnetic field. Owing to the very large value of 
the permeability of the iron shell compared with that of fi^ space, the 
pole faces may 1^ regarded as being at uniform potential Furthermore, 
but little error results in the field map between the poles if in the model 
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m 

only the region near the pole faces is immersed in a low-conductivity 
conducting medium, the remainder of the magnetic circuit being replaced 
by a conductor and voltage source (Fig. 14'9). Here the insulating wall 
ot the electrolytic tank acts, in effect, as a reflector for the mode 



Fiq. 14-9. Application of Electrolytic Tank to the Determination of the Field 
Distribution in the Gap between Pole Pieces. 


immersed in the electroljrte. It is readily seen that for permeability 
ratios of the (H'der of 1000 no attempt need be made to match the ratio 
of conductivities to that of the permeabilities, provided only that the 
difference in the conductivity of the electrodes and the electrolyte is 
chosen large enough. 

|t is obvious that the method applies equally well if the single wire in 
Fig, 14*8 is replaced by n parallel wires, each carrying a current i/n, 
so liiat i now stands for the sum of the currents in the individual wires. 
If the gap in the shell is quite large and p is very high, not only the field 
distribution, but also the actual values of the field in the gap can be 
obtidned from the field map, as the difference of magnetic scalar poten- 
tial (m$gneioim1ive force) is given directly by Ari/c, 

If the gap is narrow this is not true. Furthermore, an accurate 
field representation by the ^ectrolytic tank may require in this case a 
matchinji of the ratio the electrode and electrolyte conShctivities to 
that of^he permealriliries of the iron of the shell and of free space. 

such a fidd representation at hand, the actual value of the poten- 
tial differOnee between the equipotential surfaces in the gap can be estab- 
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lished by following an induction tube, that is, a tube bounded by induc- 
tion or flow lines, around the magnetic circuit (Fig. 14-10). If dS is the 
cross section of the tube at any 


point, Eq. 14-3 states that 


/ 


C 4ti 

——ds = — 
fidS c 


[14-51a] 


since B/n k the density of the 
induction lines and h = B/fi. 
The constant C represents the 
quantity BdS. 

The integration is to be carried 
out along the axis of the induction 
tube. For the part of the tube 
within the ferromagnetic material 
of the shell, dS may be put equal 
to kS, where S is the cross section 
of the shell at any point and k a 
constant, since practically no lines 
of induction leave the shell except 
in the inunediate proximity of the 
gap. k is given by 


h-dS 

J h-dS 


[14-51&] 


S 



Fia. 4- 10. Magnetic Field Determination 
about a Very Narrow Gap. 


where h and dS are the magnetic field (in relative units) and the tube 
cross section at one particular equipotential in the gap, and the inte- 
gration is carried out over that entire equipotential surface. The value 
of the constant C is determined for the tube in question by carrying out 
the integration over the circuit and substituting the result in Eq. 14-51a. 
The actual potential difference between any two points A and B in the 
tube (for example, at the faces of the gap) is given by 



If this is applied to the simplest possible case of a magnetic ring of 
length 6, permeability m, and uniform cross-section area, with a narrow 
gap of width a, it is found that the magnetic difference of potential 
between the faces of the gap becomes 


AiriaiJL 
c(h -f a/i) 


{14-63] 
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SO that the field in the gap approaches the constant value 4iri>/(c*6) as 
the gap width approaches zero. 

In the discussion so far the permeability of the ferromagnetic material 
has been treated as a constant, independent of the exciting field h or the 
corresponding induction As the curves in Fig. 14‘11® show, this 



Fig. 14-11: Variation of Permeability with Magnetic Induction for Various Ferro- 
BM^etic Materials. (Reprinted from S. 8. Attwood, Electric and Magnetic Fields, 
John Wiley and Sons, New York, 1041, with permission of the author.) 


assumption is valid at most for limited ranges of B. In particular, the 
permeabihty drops down to a value approaching unity at very high 
fidds; the magnetic material becomes saturated. Thus it is not possible 
to increase the field in the, gap of an electromagnet indefinitely by reduc- 
ing the diameter and spacing of the pole pieces or increasing the number 
of ampere-turns, at least not by appreciable amounts. TJ^ material of 

^ The principal conolusions, such as the applicability of the electrolytic tank, 
depend, lortimatdy, only on the requiremrat that, throughout, the permeability is 
very xnueh greato* Uiah 1. . 

* Bee Attwood, reference 4, Fig. 162. 
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the pole faces eventually reaches a condition of maximum magnetization, 
and the value of its permeability drops correspondingly. Under such 
conditions the electrolytic tank method becomes inapplicable. 

14-3. Magnetic Shielding. The fact that ferromagnetic materials 
placed in a magnetic field tend to concentrate the lines of magnetic induc- 
tion within themselves may be utilized to screen a region of space from 
external magnetic fields. Such shielding is quite essential in the case of 
electron microscopes, as has already been indicated.^ 

Consider an infinitely long cylindrical ferromagnetic shell with inner 
radius ri and outer radius r 2 and permeability /*. Let it be placed in a 
uniform magnetic field with a component 
hz parallel to the cylinder and one K nor- 
mal to it. To begin with, consider the 
parallel component only. When the cylin- 
der is placed in the field hg, the S 3 nnmetry 
conditions are such that all the lines of force 
must still remain parallel to the cylinder 
(Fig. 14-12). Taking the line integral of 
the magnetic field along any rectangular 14 . 12 , Continuity of the 
path with two sides parallel to the cylinder Magnetic-Field Component Par- 
demonstrates, in view of Eq. 14*3, that the allel to the Interface between 
field must everywhere be identical, within Regions of Different Per- 
and without the ferromagnetic shell . Thus meability. 

the shell exerts no shielding action for the component of the magnetic 
field parallel to the axis of the cylinder. 

Equation 14-3 applied to an elementary path such as A in Fig. 14*12, 
two sides of which are on opposite sides of any boundary surface between 
media of different permeability and separated by an infinitesimal dis- 
tance, shows quite generally that the component of the magnetic field h 
parallel to the surface is the same on both sides. However, it may be 
concluded from Eq. 14*1 that in the case of the normal component it is 
the induction B = ph, and not the field, which is continuous across the 
surface. For, if Eq. 14*1 is integrated over an arbitrary region, Gauss’s 
theorem states that 



J divB dr = J’b, dS = 0 


where S is the surface enclosing the r^on of integration and Bn the 
component of B normal to this surface, regarded as positive if directed 
outward. The application of Eq. 14*54 to an elementary flat prismatic 
disk (Fig. 14*13) parallel to an interface of two media, the two base 

^ See section 4-9. 
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surfaces being placed on opposite sides of the boundary, indicates that 
Bn must be the same on the two sides. 

The continuity of the normal component of the induction and of the 
paraUel component of the field will now be utilized to determine the field 



Fig. 14*13. Continuity of the Com- Fig. 14*14. Shielding Action of a Mag- 
ponent of Magnetic Induction Normal netic Shell of High Permeability, 
to the Interface between Two Regions 
of Different Permeability. 

within the cylindrical shield when placed in an originally uniform mag- 
netic field Ao -normal to the axis of the cylinder (Fig, 14‘14). It is con- 
venient to adopt polar coordinates and to denote the magnetic scalar 
potential functions in the shielded region, within the shield, and outside 
the shield by ^ 1 , ^ 2 , and ^ 3 , respectively. Then the fact that for very 
large values of r the field is undisturbed may be described by 

lim ^ 8 * Vcos^ [14-55] 

The general solution of the potential field in polar coordinates is 
given, according to Eq. 11-16, by the Fourier series 

^ “ E (^kr^ + (sin + Dfc cos kB) [14-56] 

The ilymmetry conditions of the problem considered are such that all the 
sine {erms and the cosine terms of even order must vanish. If, in addi- 
tion, use is made of the fact that the potential remains finite in the central 
1 re(^, as well as of Eq. 14-55, the expressions for the potential in the 
three legimiB become 

i'l ^ hir cm 6 + bar® cos 3^ + - • - [14-57] 

-f cos 0 + cos 3d -t- - • • [14-58] 

#»-^A.r + ^^ooe« + ^coe3«+--- [14-69] 
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The coefficients in these series are determined by the requirements of 
jontinuity of the tangential components of the field and the normal 
components of the induction at the interfaces: 


II 

II 

ju — at r te r j 

dr 

[14-60] 

II 

II 

#3 . 

= — at r = r 2 

dr 

[14-61] 

ks these must hold for all values of 6, they must be satisfied by the 
3 oefficients of corresponding terms in the Fourier series, leading to 

4 

&1 = Cl + 

*>8 = CS + ^ " 

[14-62] 

6 i = m(ci-^) 

1 

II 

-- [14-63] 

Ci+^- + ^ 

C 3 da 

[14-64] 

1 

II 

1 

/ 'ci\ ds 

.'‘r"4; = -75 •• 

- [14-65] 

The solution of this simultaneous set 

of equations yields 


hi 4iLl' 

4/1 

[14-66] 


_ 1)2 ~ *‘(»l - 4) 


Since all the coefficients of higher order than the first vanish, the field 
in the central, shielded region is uniform, and Eq. 14*66 gives directly 
the factor by which the field intensity is reduced as a result of the shield- 
ing. In regions other than the central region the field consists of a uni- 
form field on which the field of a dipole line located along the axis of the 
cylinder is superposed. For the region outside the shell the dipole field 
is given by 

— cos ^ « ^ cos 6 [14*67] 

r r 

It is, for sufficiently large values of m and adequate thickness erf tbe sheU, 
practically independent of jn and corresponds to the field produced by a 
dipole liTift with a magnetic moment “~ho7^/2 per umt length. 

The same method may be applied for calculating the shielding faetor 
for a shield consisting erf several coaxial cylindrical sheaths. Thus, if a 
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second sheath with outer radius and inner radius is placed around the 
original sheath, the shielding factor becomes: 

h IBrJrlrl nirRi 

ho ” M*(ri - M - ri){4 -ri)+ ^ri(riri - ^rf) 

An ex&mination of Eqs. 14-66 and 14-68 shows that: 

1. For a single shield and a given amount of material the shielding 
factor improves in inverse proportion to the square of the diameter of 
the shield. 

_2. With a given amount of material, a great improvement in the 
shielding can be obtained by subdividing the shield into several con- 
centric cylinders separated by nonmagnetic media. 

Three examples, all utilizing the same amount of material with the 
permeability /x = 10,000, will illustrate this- 

1. Single shell with ri = 1, ^2 = 3.606. Equation 14-66 yields 


^ = 2300 

h 

2. Single shell with ri = 3.606, = 5. Equation 14-66 yields 

^2 = 1200 

3. Two coaxial shells with ri = 1, r 2 = 2i = 4, r 4 = 5. Equa- 
tion 14-68 yields 

^ = 1,300,000 
Ol 


|j 144. Permanent Magnets. Mostfer- 

B romagnetic steels and alloys, when 

subjected to a strong magnetic field, do 
\ lose their magnetism on removal of 

/ Br f ' the magnetizing field, but retain a resid- 

T I i ^ induction (the rermnence) Br, They 

V ^ ^ become permanent magnets and require 
^ considerable reversed field, the coercive 
j 1 T j .a- .i D hcf to render, the int&btion within 

and Force ^ of a Pennar them equal to Figure 14-16 shows 

nent-Magnet Steel, the effect of subjecting a material of 

this type to an increasing field and de- 
creasing and reversing the field after having reached some peak 
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An isolated permanent magnet (Fig. 14-16) will, in general, have a 
residual induction smaller than Bf. Since along any closed path, in 
particular along any induction line, i 




h'ds = 0 


[14-69] 



X 


the field within the magnet must be op- 
posed in direction to that outside, the pole 
faces exert a demagnetizing action on the 
magnet. The value of the induction corre- 
sponding to the negative field hi within the 
magnet may be found from the left half of 
the magnetization curve. 

As has already been mentioned, per- 
manent magnets can be used to replace 
coils as sources of magnetomotive force. Fig. 14- 16. Lines of Magnetic 
Indeed, the fact that a coil carrying current I*i4uction for a Perm^ent Mag- 
has been shown to be equivalent in effect to (Schematic), 

a magnetic shell inserted at a convenient point in the magnetic circuit 
makes this immediately obvious. It is thus of interest to determine 

the most advantageous shaping of the 
magnetic material, that is, that shape 
which will yield the strongest field in a 
given gap for a given total volume of 
permanent-magnet material.® 

Assume that (Fig. 14-17) the perma- 
nent magnet is of length L and cross 
section S and that the magnetic circuit 
is completed by a soft-iron armature 
with a gap of length I and a cross section 
5. Assume further, to simplify the prob- 
lem, that the spreading of the lines of 
induction at the gap, as well as the stray 
field, may be neglected. Then it fol- 
lows from Eqs. 14-54 and 14-69 that 

ha = BS [14-70] 

hi -- -hJL [14»71] 

h and K being the magnetic fields in th% 
gap and in the permanent magnet, respectively. In the second equation 
the contribution of the path La in the soft-iron armature (hLa/ti) has 
been omitted because of the very large value of its permeability /i. 

® See van Urk, reference 6. 



Fig. 14- 17. Determination of the 
Most Favorable Dimensions of a 
Permanent Magnet 
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Multiplying Eqs. 14*70 and 14*71 leads to 

l8-h^ = -LS-Bhi [14*72] 

Tliifi means that the field strength obtainable in the gap is determined by 
the product of the volume ratio of the permanent magnet material and 
the gap and the maximum value of the product —Bhij the area of a 

12 

I 

1 0.4 
0 

— *- -hi, gauss 

Fig. 14‘18. Variation of the Product —Bhi for a Particular Permanent- 
Magnet Material, (van Urk, reference 6.) 

rectangle inscribed under the left half of the magnetization curve as 
shown in Fig, 14*15. The value of —Bhi varies with the demagnetizing 
field hif that is, with the length of the permanent magnet, as shown for a 
particular permanent-magnet material in Fig. 14*18. The optimum 
value of Increases with the ratio of the coercive force to the rema- 
nence of the steel used. As this ratio is much greater for the modem 
permanent-magnet steels, such as Alnico, than for the older tungsten 
magnet steels, the former should be made into shorter and wider perma- 
nent magnets than the latter. If a certain value of /i, the field in the gap, 
is prescribed, the optimum dimensions follow from Eqs. 14*70 and 14*71 : 

^ L=-^l [14-73] 

D 

% 91 dSB being the values of the field and induction in the magnet, which 
correi^nd to the maximum value of — 

^ F<v refinements taking into account the spreading of the induction 
Hnee, the reader is r^erred to van Urk’s original article. 

14*8. MeaBurement of Field DiatributionB. As has already been 
shown, the calculation, of magnetic fields quite generally presents con- 
BiderftMe difficulties, in spme cases, that is wherever i^ially satu- 
rated nmgnetks mataials are used, it is well-nigh impossible. Also, as 
has bem pdnted out, under conditions of saturation the field detenninar 
tion with the aid of the electrdytic tank cannot be carried out. For this 
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reason special interest must be attached to methods of measuring 
magnetic fields directly. 

Either dynamic or static methods may be employed to measure mag- 
netic fields. The former rely on the induction of an electromotive force 
in a moving coil, the latter on the change of resistance in a magnetic field 
or on the Hall effect of certain metals such as bismuth. For a number of 
reasons the dynamic methods have found wider favor up to the present. 

Consider a small coil of cross-section area A, number of turns n, and 
resistance R connected in series with a ballistic galvanometer of resist- 
ance Ro» Assume the coil to be placed in a field of strength h with its 
axis parallel to the field lines, so that the magnetic flux N = nAh is 
linked by the circuit. The electromotive force induced in the circuit 

when the coil is moved is — - ^ , that is, the rate of change of the flux 
c dt 

linked with the circuit divided by c, and the resulting current is 


1 1 dN 

c R Rg dt 


[14-74] 


If, now, the coil is suddenly pulled out of the field, a total pulse of 
charge 



1 N 
c R Rg 


C{R “f* Rg) 


[14-75] 


passes through the galvanometer, producing a deflection proportional 
to q and, hence, to the magnetic field h. If the damping of the gal- 
vanometer is negligible, the instantaneous deflection due to the passage 
of unit charge will be just 2ir/T times the steady deflection for unit 
current, where T is the period of the galvanometer. Thus, for example, 
a coil of twenty turns, a cross-section area of 1 square millimeter with a 
resistance of 1 ohm would give, with a galvanometer of 1 ohm resistance 
and a period of 1 second, approximately the same deflection for a field of 
1 gauss as a current of G-KT® ampere. For the measurement of the 
magnetic field on the axis of an electron lens the coil is conveniently 
placed on an insulating rod and jerked out along this rod to produce the 
deflection. If the magnetomotive force is generated by electric current 
rather than by permanent magnets, the search coil may be left in place 
and the exciting current simply turned on or off or reversed. Care must 
be taken here to prevent eiror from hysteresis effects in the iron. 

The sensitivity of the dynamic method can be increased, at th|^' 
expense of greater complexity of apparatus, by rotating, with the aid of 
a synchronous motor, the coil within the field about an axis normal to the 
lines of force, taking off the alternating voltage by means of fricticm clips, 
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and amplifying this by means of an alternating-current vacuum-tube 
amplifier. If is the frequency of the motor, the electromotive force 
applied to the amplifier input becomes 




ei = 


2irvnAh 

c 


sin 2frvt 


[14-76] 


= 2irvnAh {BUi 2rvt)^10'~^ volt 

For the coil mentioned above, at 3600 revolutions per minute and h = 1 
gauss, e< « 1 microvolt. 

^ Among the static methods of field measurement, that making use of 
the jchfmge of resistance in a magnetic field of bismuth is most valuable. 
Figure 14-19® shows the relative variation of resistance of bismuth wire 
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Fio. 14* 10. Relative Change in II&- 
sistanoe of a Bismuth Spiral and a 
Sputtered Bismuth Film as Func- 
tion Of the Magnetic Field. (Bub- 
UtSi^ reference 6. By permission of 
the Alien Property Custodian in the 
public interest under License No. 

A-663.) 


and an evaporated bismuth film as a 
function of field strength. This prop- 
erty of bismuth depends greatly on the 
mode of preparation, shape, and even 
orientation in the magnetic field of the 
bismuth specimen, as well as on its 
temperature. Using flat, noninduc- 


Compensating 
and balancing 
resistors 



Fxa. 14-20. Circuit of a Magnetic Flux 
Meter Employing Bismuth Spirals. (G. B. 
Smith, reference 7.) 


tively wound spirals of fine bismuth wire and taking extraordinary pre- 
dautums ^ diminate thermoelectric effects as well as other thermal 
effects by assembling all l^anch^ of his Wheatstone measuring bridge 
together on a fiat strip copper, as well as by balancing the tempera- 
ture coefficients of resistance of the branches, G. S. Smith^® ^ developed 
a risible fiux meter , on the principle indicated by the dia^am in Fig. 
14*20. it and a sintable bii^e galvancnneter a sensitivity oi the 


^ See Suhliti, reference 6 . 
See reference 7. 
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order of 20 gauss per scale division can be attained, making it well 
suited to the measurement of relatively high fields. The fiat shape of 
the field probe fits it particularly for the measurement of field strengths 
in air gaps. 

The Hall effect consists of the phenomenon that a magnetic field dis- 
turbs the current distribution in a strip of metal placed normal to it, so 
that a difference of potential is established in a plane normal to the 
original current flow. This Hall electromotive force is proportional to 
the current i and the magnetic field h and inversely proportional to the 
thickness of the strip d: 

C-hi 

Ch = — [14-77] 

where C is a constant characteristic of the material. Figure 14-21 
shows an arrangement for measuring the Hall electromotive force, and 
hence the magnetic field, by compensating the former with a known 
difference of potential. 

Equation 14-77 applies only for an approximate range from 0.3 to 1000 
gauss. As the magnetic field is increased beyond 1000 gauss, even- 

Reki - measuring p 
potentiometer L 


' V 

Fig. 14*21. Circuit Applying the Hall Effect of Biemuth to the Measurement of 
Magnetic Fields. 

tually reaches a maximum and thereafter decreases, whereas for very 
small fields and thin films, again, the Hall constant C becomes anoma- 
lously large and the results become irregular. An important drawback 
of the Hall effect method is its great temperature dependence. 

A frequent difficulty in the application of any of the above methods 
of field measurement in electron optics is the small physical dimensions 
of the fields to be measured. Thus, in measuring the field distribution 
in an electron microscope objective whose pole pieces had a clear diame- 
ter of about 3.5 millimeters Dosse^^ found it necessary to construct a 
search coil with 100 turns of 0.02-millimeter wire whose outer diameteg 
was 0.3 to 0.4 millimeter and whose length was 0.4 millimeter. The 

See Craig, reference 8. 

See reference 9. 
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displacement of the coil afong the axis of the lens is measured with the 
aid of a microscope and an object micrometer joined rigidly to the coil. 
The location of the coil on the axis could be checked by the fact that, in 
planes normal to the axis, the field has a minimum on the axis near the 
center of the field distribution and a maximum on the axis in the outer 
portions pf the lens field. For the given dimensions of the lens coil it was 
found that the error resulting from the spatial extent of the coil was, at 
the center of the field, approximately equal to the experimental error of 
the readings, about 0.2 per cent. Figure 14*22 shows a field distribution 



14*22. Measured Field Distribution of a Magnetic Objective and Its Deriva- 
tives. (Dosse, reference 9.) 

curve measured in this manner tc^ther with curves for the first two 
deiivatives of the field obtained by numerical differentiation of the first 
cterve. The number of ampere-tums in the coil was approximately 2300. 
Figure44«23 shows the variation of the maximum axial field strength Ho 
of the lens with the number of ampere-turns, indicating the effect of the 
saturt^tion of the pole .pieces above 2000 ampere-turns. The simul- 
taneo^ Itfoadening the (fistribution is also shown by^otting the 
half-valtle widths of the fi^ distribution. 

method for measuring the axial field distribution in a mag- 
^ nede electron lens utUixes ^he image rotation by an axially symmetric 
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magnetic field. The latter is given by*® 

0.148 


SO that, for fixed do, 


H(zo) = 

dZo 


[14-78] 

[14-79] 


Here c4> is the kinetic energy of the beam electrons and Zo and are the 
positions of the object and imagey respectively, on the axis of the lens. 
The object, which may be displaced by measurable amounts along the 



Ampere 'turns 


Fig. 14'23. Variation of Maximum Field Strength and Width of Distribution as 
Function of Number of Ampere-Tums. (Dosse, reference 9.) 


axis of the lens, contams a straight edge (for example, the edge of a fine 
wire) which intersects the axis. It is illuminated by a beam of electrons 
incident parallel to the axis, which, thus, forms a shadow projection of 
the object on the image plane. The orientation of the straight edge (Oi) 
in this image is measured for different object positions, yielding the curve 
6i{Zo), from which, by differentiation, the field distribution H (zo) may be 
derived. No satisfactory image pattern is obtained if sio is near the rear 
focal point of the lens, since, here, the illuminating beam converges to a 
point. It is, therefore, necessary to interpolate values for in this 
region. Furthennore., the passage through the focal point is accom- 
panied by an abrupt shift in 0,* by 180 degrees. Although this method is 
not suited for high-precision field measurements, it gives a roi^ idea tf 
the field distribution with relatively little effort. 

“See, e.g., Eq. 15-60. 
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It is possible, in principle, to circumvent the difficulties arising from 
the sm^ spatial extent of the lens fields by constructing models, en- 
larged to scale. Care must be taken, however, if any saturating ferro- 
magnetic material shares in the production of the held, to increase the 
magnetomotive force, that is, the number of ampere-turns, in the same 
ratio as tl^e linear dimensions of the model. 

REFERENCES 

1. J. Jeans, Mathematical Theory of Electricity and Magnetism^ Cambridge Univenaty 

Press, 5th Edition, 1925. 

2. Wr^LABBR, '' On the number of J^ums of a circular coil pertaining to a given mag- 

netic field,” Z. Phyeik, Vol. 118, pp. 264-268, October 1941. 

3. E. Jahneb and F. Emdb, Tables of Functions, B. G. Teubner, Leipzig and Berlin, 

1933. 

4. S. S. Attwood, Electric and Magnetic Fields, John Wiley and Sons, New York, 

1941. 

5. A. Th. van Urk, “ The use of modem steels for permanent magnets,” Philips 

Tech. Rev., Vol. 5, pp. 29-35, February 1940. 

6. G. Bcbutz, Measurements of constant magnetic fields with bismuth spirals and 

bismuth films,” Arch. tech. Messen T 61-63 (V 391), May 1938. 

7. G. 8 . Sbiith, ” A new magnetic fluxmeter,” Elec. Eng., Vol. 56, pp. 441-445, 

475-476, April 1937. 

8. P. H. Craig, “ The Hall effect of bismuth with low magnetic fields,” Phys. Rev., 

Vol. 27, pp. 772-778, 1926. 

9. J. Dobsb, T^e measurement of the field of magnetic electron lenses,” Z. Physik, 

VoL 117, pp. 437-443, 1941. 



CHAPTER 15 


ELECTRON MOTION IN MAGNETIC FIELDS AND 
MAGNETIC LENSES 


16-1. General Properties. Historically, the use of magnetic lenses 
long precedes that of electrostatic lenses. Thus, even in the Nineteenth 
Century a “concentrating coiP’ was employed by Wiechert^ to obtain a 
narrow electron pencil in a cathode-ray tube. Furthermore, it was a 
study of the action of magnetic field coils on electron beams that led 
Busch^ to formulate the general theorem that all axially S3rmmetric 
magnetic and electric fields possess the properties of electron lenses. 

This is not due, as might be thought at first sight, to a particularly 
close analogy between light optics and magnetic electron optics, but 
rather to the fact that magnetic fields are unimpeded by glass or metal 
tube walls, greatly simplifying experimentation with their action on 
moving electrons. Electric lenses must be built into electron beam 
tubes, whereas magnetic lenses may, very frequently, simply be slipped 
over them or wound on them. Another factor giving magnetic lenses 
such an important role in the beginning of electron optics is, without 
doubt, the easily observed ability of a uniform magnetic field to form a 
real image of an electron’Nemitting or obstructing object. A simple 
electric accelerating field does not possess 
similar properties. 

The force action of a magnetic field on a 
charged particle may in simple fashion be de- 
duced from the law of Biot-Savart (Eq. 14-17) 
and Newton^s third law, stating that to every 
action there is an equal and opposite reaction. Action of 

According to Eq. 14*17 the force exerted on ^ Chaige 
unit pole (for example, one end of a very long, 

thin permanent magnet) at P (Fig. 15*1) by a current i in a path element 
ds at Po is 



K = 


.ds X r 

' cr« 


[16.1] 


The third law demands that an equal and opposite force must act; 

^ See reference 1, 

^ See references 2 and 3 . 


403 



494 ELECTRON MOTION IN MAGNETIC FIELDS [Chap. 16 

because of the presence of the pole, on the charges carrying the current 
in the element ds. If the charge in ds is dg and its mean velocity v, 

ids = V dg [ 15 . 2 ] 

and the force on the charge dg is 

K'=-K=-dg^ [15.3] 

Since the magnetic field at Po due to the unit pole at P is given by 

_ h = - i [15.4] 

and since the magnetic pole can act on the charges only through the 
medium of its field, there results the general force law for a charge dg 
moving with the velocity v in a magnetic field h; 

K'=-vXh [15.5] 

c 

Thus for an electron of charge — e, moving in a magnetic field h and an 
electric field E = — V^, the law of motion becomes, in vector notation, 

^ = TXh [15.6] 

m me 

The dot over v indicates, in conventional manner, differentiation with 
respect to the time, whereas m and c represent the mass of the electron 
and the velocity of light, respectively. It is seen that the force exerted 
on the moving electron by the magnetic field is at right angles to its 
direction of motion, so that it changes its direction, but not its velocity. 
Unlike an electric fi^d, a magnetic field does no work on a moving charge. 

(Optically, the effect of a n^agnetic field on electron beams resembles 
most closely the action of a doubly refracting medium on light rays. In 
both cases the index of refraction becomes dependent on the direction of 
the ray in question. As has been brought out in section 104, Fermat’s 
laf; (]^. 10*26) may be written, for the motion of electrons in a field 
wi& eled^c potent^ ^ and ma^etic vector potential A (for electron 
velooities small compared with that of light), in the form 

the mtegcand r^Mcsenting the index refraction n. The three Carte- 
ls components of the vector ^nation 15-6 are identical with the Euler 
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equations 

^di dx~ dt d^~ ay~ 

of Eq. 15*7 transformed into 

* fu \f^” ~ (^) * Xf 

The reader can readily verify the equivalence of Eqs. 15*8 and 15-6 if 
he makes the following substitutions in the former set of equations: 

V‘(S^ + f + i^)^ = (^y [15-10] 

h = V X A [15-11] 

The first of these is a consequence of the conservation of energy; the 
second, a part of the definition of the vector potential. 

16-2. Motion in Uniform Magnetic Field. As the simplest example, 
consider a uniform field parallel to the 2 -axis, hg = H. For this con- 
dition Eq. 15*6 reduces to 

£= - — iH [15-120] 


i^—±H [16-126] 

me 


i = 0 


The last equation can be integrated directly to give 

2 = M + 2o [15-13] 


' where i is the time and Zo and io are the initial values of the 2 -coordinate 
and the 2 -component of velocity of the electron. The component of 
motion in the Erection of the magnetic field is thus not affected by the 
latter. Correspondingly, also, the kinetic energy of the electron motion 

mi? 

projected on the 2 -axis, , remeuns constant throughout. Since 


the total kinetic energy of the electron, = 60, -f 60syi where 

= “ (:^ + j?*) is the kinetic energy of the electron motion jhx)- 

jected on the is constemt in the magnetic fi^d, ^ must also 

be constant. 

To determine the projection of the electron motion on the xt^plane, 



496 ELECTRON MOTION IN MAGNETIC FIELDS [Chap. 15 

Eqs. 15*12a and 15«126 may be differentiated with respect to the time 
and the values for It and i? given by them substituted in the result : 


y = - I— j 2/ 
Kmc/ 


A first integration yields 




j. - I— 

\mcj 


(x-Xc) [15-16] 


where Xc and pc are arbitrary constants. These two equations are 
solvod^juite generally by 


■ M \ 

a: - *<, = p sm ( — t + B„] 
\mc ) 

y - i/c = p' cos (— t + 

\mc ) 


[15-16] 


[15-17] 


Here p, p', tfj are integration constants. Substitution of this solution 
in Eqs. 15-12a and 15-125 establishes the following relation between 
them: 


p' = -P = 9, 

[15-18] 

Equations 15*16 to 15*18 indicate that the motion of the electron pro- 
jected on the :ry-plane is a circle of radius p, with center at the point 
^ciVc* The magmtude of the radius p is obtained by determining the 
kinetic energy correspondmg to the motion described by the equations in 
question: 


[15-19] 

whence 



[15*20] 

^jy bdng measured in volts and H in gauss. 

If the: Coordinates of the point of origin a;(0) = x 
Introduced, Eqs. 15*16 and 15*17 pass over into 

»i »(0) = y. are 

x = x, + pj^irin < + 9.^ - sin 9.j 

[15-21o] 

y = y« “■ p l^coB t + 9,^ - cos 9« 

[15-215] 
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By differentiating it is seen that 6o - arctan (io/xo), that is, that $o 
is the angle in the xy-plane which the projected electron path makes with 
the x-axis at the origin. Together with Eq. 15-13 for the translation in 
the direction of the field, Eqs. 15-21 show that the electron describes a 
helix whose diameter, for a given magnetic field, is proportional to its 
velocity component normal to the field (Eq. 15-20) and whose yitch d 
(Fig. 15*2) is determined by its velocity component parallel to the field: 

d^^v, = 2KC (—T ^ = 21.08 ^ cm [16-22] 
eH \ e / H H 

The frequency of rotation of the electron, 

V = = 2.800-10®H sec-» [16-23] 

2Tmc 

depends exclusively on the strength of the magnetic field and is inde- 
pendent of the velocity of the electron. 



Fig. 15-2. Motion of Electron in Uniform Magnetic Field. 


Consider now electrons leaving the origin 0 on the z-axis with the 
inclination <ro. Then in Eqs. 15-21 and 15-13: 


11 

II 

II 

O 

[16-24a] 


[16-246] 



io = cos (To 

[16-24c| 

In cylindrical coordinates 


x = rcosw y*rsin^ 

[16-%] 
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Equations 15*21 become, in this special case, 
r = 2p sin (^ - do) 
. eH 


2 mc 




[16*26a] 

[15-266] 


By substituting the value of t from Eq. 15-13, utilizing Eq. 15-24c, the 
last equation becomes 


6 == 



[15-27] 


The path equations (15-26a and 15-27) may be put into a particularly 
convenient form by expanding in terms of (ToI 


where 


r = 2p sin a + Ar 
6-60 = a + Ad 


Ar ^ 2p cos a-A0 = 




[15-28a] 

[15-286] 

[15-29a] 

[15-296] 


and 



[15*30] 


It is thus seen that, for angles of inclination at 0 which are small 
enough so that the terms involving the second and higher powers of <ro 
may be neglected (that is, Ar ^ 0 and A0 ^ 0), all electrons leaving 0 
m reunited on the axis at Oi, O 2 , • • • On (Fig. 15-3), the separation OOn 
being given by 

% 

or 





2l.08n^ 

H 


[15*32] 


Since line parallel to the magnetic field might have been chosen as 
gxis, the same applies to similarly spaced points Q, Qn] S, Sn} etc., Q 
and fSlyi^ in tim plane nqrnud to the field passing through 0. Accord- 
ii|^y the homogeneous magi^c fidd forms a sequence uniformly 
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spaced real, erect images with unity magnification of an object placed 
normal to the field which emits, or is “ illuminated ” by, electrons of 
uniform velocity. 

The existence of Ar indicates, however, that the image obtained with 
electrons leaving the object at finite angles to the axis is not sharp. If 



Fia. 15*3. Image Formation by a Uniform Magnetic Field. 


the normal plane through On is considered as the image plane, electrons 
leaving 0 with an inclination Co will strike the image plane at a distance 
from the image point for paraxial electrons j On, equal to 


Ar = -.i; 


= nv 




* 10.54n ^ ffl [15-33] 

li 


This aberration thus increases, neglecting the fifth and higher powers of 
(To, linearly with the order n of the image and is inversely proportional, 
for the same order n, to the strength of the focusing field H, 


( 

5 > 

1 
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Fia. 16-4. Object, 

^ 77 

, Aperture, and Image Planes 

for an Axially £ 

z 

Symmetric Electric 


and Magnetic Field. 

15*3. Motion in Axially Symmetric Magnetic Fidds. As in sec- 
tion 13-1, consider (Fig. 15-4] a perfectly general axially symmetric 
configuration with a magnetic as well as an electrostatic field. Let 
^ofVo be the coordinates of an electron in the object plane, those in 
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the image plane, and Xa^ya its coordinates in some aperture plane.’’ 
It will be assumed that the image plane is in a field-free region and that, 
furthermore, the region between the image and aperture planes is field- 
free, so that here the electron paths are straight lines. Once again, the 
coordinates Xi^yi of the intersection of an electron path with the image 
plane are ^uUy determined when the intersections with the object and 
aperture planes, Xo^yo and Xa^yay are known and Xi,yi may be expressed as 
a function of these four coordinates by the power series given in Eqs. 13*1. 
However, the degree of symmetry of the mixed magnetic and electric 
field is less than that of the electric field alone. For, although any 
rotation about the axis leaves the field unchanged in either case, a reflec- 
tion at a plane through the axis reverses the sense of the currents produc- 
ing the field as well as that of the magnetic vector potential and hence 
the direction of the magnetic field itself. Thus the electron path and, 
accordingly, the coefficients in Eqs. 13*1 will in general differ for the field 
obtained by such a “ reflection ” from those for the original field. Ac- 
cordingly the symmetry requirements lead to Eqs. 13-7 : 

Xi = a\Xo + CL^o + “h ^4^0 + 0(3) [15 *340] 

yi * + diyo - + CLzVa + 0(3) [15»346] 

and no farther. As before, the expression 0(3) lumps together terms of 
the third and higher orders in a;o,2^o,Xa,yo. 

Consider now a ray leaving the intersection of the axis with the object 
plane and intersecting the aperture plane in the point Xa = c, = 0. 
The corresponding point in the image plane is given by 

Xi^ a3C+0(3) [15-35a] 

yi = ~ 04 C + 0(3) [15-356] 

In a purely electric field the entire path of the electron would lie in the 
same meridional plane (that is, plane through the axis), since all forces 
exerted^ on electrons in such a field are confined to meridional planes. 
Themaj^tic field alone causes the electron to leave the meridional plane 
in which it has started. However, it can readily be shown that an elec- 
tion, which anywhere within this h^l^l crosses the axis, has zero angular 
v^odty i about the axis ((^ moves in a meridional plane) in any region 
where the magnetic field vanishes altogether. If the equation of motion 
cH the electron, Eq. 15-6,, is expressed in cylindrical coordinates r. By z, the 
equation expreesing the vatiation of the angular momentum^ the elec- 
tron about the axis is given by 

1 d . « 
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where K and hr are the 2 -component and the r-component of the magnetic 
field, respectively. Let the coordinates and the angular velocity of the 
electron at the time t = to he 2©; 6o and the corresponding quanti- 
ties at the time ^ be ri, di, 21 ; Then the integration of Eq. 15-36 
yields 

i\6i — t^o6o = ■“ /* — ihr) dt 

tnc 

[15-37] 

= — I f\h,dr- f\hrd;\ 

^ [Jto Jzo \ 


Substituting the expressions for hg and hr given by Eqs. 14-41 and 
14-42 in Eq. 15-37 gives 


1./.. n-O 




2n+l 


(nl)* 


dr 

-dz 

dz 



(_l)n+ljy(2n+l) 


(r 


(n + l)!n! 


dz 


[15-38] 


An integration by parts of the first term yields, in addition to the inte- 
grated sum, an integral identical except for sign with the second term of 
Eq. 15-38. Hence, simply: 


Ak -A6o = — 't 

me n ~0 


(_l)»^(2n)( 

(n+l)<!n! 


2n+2-lfi,ri 


mcl2 


16 


384 


■r 


[15-39] 


.fi 

'OtTo 


If the initial point of the integration is a point on the axis, that is, if 
To = 0, the value of the expression on the right vanishes at the lower limit 
(2o,^o). Furthermore, if 21 , ri is in a region free from magnetic field, 
^( 21 ) and its derivatives vanish so that here also the expression becomes 
zero. Hence for the electron considered, leaving the object plane at its 
intersection with the axis, 

fid = 0 


in the region between the aperture plane and the image plane, so that ^ 
electron must remain in the meridional plane through the pdnt Xa ^ c, 
Va - 0, that is, in the 2 : 2 -plane. 
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Select now as the image plane the plane in which the straight line 
representing the electron path for c = 0 beyond the aperture plane 
intersects the axis. Then Xi = = 0 and, since c 0 , Eq. 15«35 
demands that 03 = 04 = 0 . Since c is assumed to be very small, the 
terms of third and higher order in c, represented by 0 ( 3 ), may be 
ne^ected; 

Thus Eqs. 15*34 become 

Xi = aiXo + 022/0 + 0(3) [15*40a] 

Vi = -O 2 X 0 + aiyo + 0(3) [15*406] 

IiSSgine now (Fig. 15*4) the coordinate system of the object plane to 
be rotated through an angle x such that 



tan X = 

ai 

[1541] 

Then the coordinates XotVo of the object point 
will be given by 

in this coordinate system 


f aiXo + a^Vo 

x^ = 

[1542a] 


f —a^o "f o,iyo 

[15425] 

with 

oj = (<^ + oi)^ 

[1543] 

In terms of these new 
image point is given by 

object plane coordinates the position of the 


+ 0(3) 

[15-44a] 


= a^', + 0(3) 

[15445] 


'Diue eg ain, by n^lecting terms of the third and higher orders in the 
coortSnates of the electron paths in the object and aperture planes, a 
sharp,. geometrically similar image of the object, either real or virtual, is 
ftt^uoed. Its magnification is^given by the factor a(. However, in 
distutetibii to the case of the purely electric field or a light-optical lens 
system, the image is rotated through any angle x with respect to the 
object * ^ 

To detetmiim this ang^ <!if rotation Xt es «well as the position and 
inag^ficidon of the image for any particular field, it is necessary to take 
leeourse to the equations'goveming the electron motion in the magnetic 
H account is takm of the fact that in axially symmetric fields 
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only the azimuthal component of the vector potential A, = A diffe 
from zero, Eq. 15-7 becomes 

sjFdz = sJ^4>^{/^ + r*e'* + 1)« - = 0 [15-45] 

Its Euler equations 

/}. aw aw 

[15-46] 


d BF BF ^ 

5 = 0 

dz Bt Bt 

dz Be' Be ~ 

accordingly take the form 
d r'<t>^ (r'^ + r^e'’^ + 1)^ B<l> 


dz (/* + r^e'^ + 1)^ 


24>^ 


Br 


[1547] 


[15-48] 


(/* + + 1)^ ^ ® 


d , 

dcl(r'* + r^e'^ + 1)« 



[1549] 


The second of these equations can be integrated immediately: 
r^e'it^ / e 

(/* + + 1)H ~ (i^) 


C being a constant of integration. It is seen to vanish if for any point 
of the path of the electron r = 0, that is, if the path crosses the axis, or if, 
in field-free space {A =0), it travels in a meridional plane (0' = 0). In 
a space free of magnetic field it repr^ents, furthermore, but for a con- 
stant factor {2em)^, the angular momentum of the electron about the 
axis, since is proportional to the velocity of the electron and its coeffi- 
cient is the product of r and the direction cosine for the tangential com- 
ponent of velocity. 

To put the other equation, Eq. 15*48, into convenient form, introduce 
the function D: 


D = 



[16-51] 


and solve Eq. 15*50 for r$': 
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i tatny aoir be used to eliminate 9' from £q. 15-48. lo 
OT potential A may be expressed in 

terms of D with the aid of the relation^ following directly from Eg. 15*51 ; 




Substituting Eqs. 15*52 and 15*53 in Eq. 15*48, canying out the indi- 
cated differentiations, and collecting terms result finally in the differen- 
tial equation 


2^(1 - D^) 1 dr '’dr f 


[15-54] 


This differential equation is identical in form with Eq. 12*9 for the 
path of an electron in a meridional plane of an axially symmetric electric 
field. Thus, provided that the initial direction of motion (determining C 
from Eq. 15*50) and the distribution of the magnetic field in terms of its 
vector potential as well as that of a superposed electric field are given, 
all the methods of graphical and numerical path determination given in 
Chapter 12 may be applied directly to plotting the variation of the 
separation of the electron from the axis as function of z. It is necessary 
only to replace the potential function by the more complex function 

*<i - - [7 + (2-7?)“'* j 


The meridional plane in which the electron is located at any time and 
in which, hence, r is measured is not the same throughout even for an 
electron which crosses the axis scmiewhere along its path. It rotates 
about the ajds, its azimuth being given at any time (according to 
Eq. 15*52) by 





[15*56] 


^ Ibe '^uations given up to this point are exact, applying to any elec- 
trons traveling in axially symmetric fields. They can he greatly simpli- 
ha if attention is confined to ra]^ proceeding close to the axis and mak- 
ing small angles therewitl^ that is, paraxial rays. Substituting the 
expansimis in r (from Eqs. 11*'J^5 and 14*45) 

+ 

4 64 


A 



[16-675] 
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in Eqs. 15*54 and 15*56, and neglecting terms containing powers of r 
and r' than, the drat, the eqyiationa 


^ 


[15-58] 


p*r C / eH^ \^1 

'-‘•+X.[?P+(wi) J* '“■®" 


Here C is not a general constant of the differential equation, but one 
determined by the initial conditions of any one particular path. Since 
C, being in substance the angular momentum of the electron about the 
axis in field-free space, is proportional to the initial value of r^, the equar 
tion has linear character in the sense that even with C 5^ 0 its solutions 
are similar for equal initial values of 6' and //r. For (7 = 0, that is, for 
rays passing through the axis or incident on the magnetic field in a 
meridional, plane, the angle of rotation of the electron about the axis and 
its path in the plane rotating with the electron are determined by the 
two equations 


6 = 60 + 



[15*60] 


(^" elfi \ 
^2# ^ \43> 8toc*$/ 


[16-61] 


Equation 15*61, like the analogous Eq. 12*10 for a purely electric field, 
may be simplified somewhat by the introduction of the dependent 
variable R = r4>^: 


= -TR 


16 \ / 87ru?^ 


[15*62] 


This has the same form as Eq. 12*11 for the electric field. T, in either 
case, is a uniformly positive function. 

The identity in form of Eqs. 15*61 and 15*62 with the corresponding 
Eqs. 12*10 and 12*11 for the purely electric field makes it possible to 
apply immediately the theorems deduced in section 13*3 to mixed electric 
and magnetic fields. Thus 


1. An arbitrary axially symmetric mixed electric and magnetic fidd 
constitutes an electron lens with obiect- and imagenside focal points 
Fo, F<, principal planes Ho, H,-, and nodal points No, Ni (Fig. 15*5). i 
In the presence of a magnetic field a ray aimed at the object nodal 
point No will appear to emerge from the image nodal point Ni wiHi its 
inclination to the axis unaltered. However, the meridional idane of 
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emergence will be rotated with respect to the meridional plane of in- 
tidence by an angle x- 

. 2. The focal lengths, fo = P(Mo and /» = HiFi^ are related by 
U/U *= where and are the electric potentials in the 

object and image spaces, respectively. 

*3. The nodal points are located by the relations = /<,, 

FoNo^U 

4. Both the nodal points and the principal planes are crossed (for 
fields forming not more than one real image) ; that is, Ho and No lie 
closer to than Hi and Ni^ respectively. 

-4k Negative electron lenses (free of space charge and conductors 
within the lens field) bounded by uniform-potential regions in object 
and image space do not exist. 



Fig. 15*6, The Cardinal Points of an Arbitrary Electron Lens. In the presence 
of a magnet field the ray paths in image iq)ace (right of figure) are situated in a 
meridional plane rotated through an angle x with respect to the meridional plane 
containing the ray paths in object space Geft of figure). 

The analytical determination of electron paths in magnetic lens fields is 
effective in only a few cases. The simplest of these, the uniform field, 
has already been considered in section 15*1. Among the more complex 
fields whic^ have been studied in this manner, the bell-shaped ” field 



Whem 2a is the half-value width pf the field distribution, has been investi- 
gated <|uite exhaustively by Glaser.^ It is of special interest because 
cf its resemUance to the magnetic fields commonly employed as electron 
nuoFQsoqm objectives. .Wi^ this field the paraxial ray equ^ion (15*61) 
mhgr bo wiittoi in the dimeasion-free form 

y 

t * 8e« t«iteNiioe4. 


(1+**)* 


[ 15 - 64 ] 




Sec. 16-S] AXIALLY SYMMETRIC MAGNETIC FIELDS 


m 


The introduction of the new independent variable ft 

a; = ctn ft 

brings Eq. 15*64 into the form 

^ + 2 ctii/s| + &*j, = 0 

This may be solved by the substitution y = A(p)*v(p): 

. d^v . ( ^dA . ^ , \ dv 




+ 2A ctn p 


if A is chosen so that the coefficient of dv/dp vanishes: 


A = exp ( — f ctn jSdjS) = - 7 — 
J smi 


This leaves as equation for v: 

J + (fc* + !)» = 0 [16^] 

Hence the general solution of Eq. 15*66 becomes 

y = = -ri- {Cl sin [(fc*+ 1)«3]+ C* cos [(fc* + 1)X /?]{ [15-70] 

sm p 

Consider, in particular, a ray incident from the right (positive z) 
parallel to the axis. For it y must remain finite for x “S* « (j 8 = 0) so 
that 

y = - 7 ^Ci 8 in[(fc» + l)«fl [16-71] 

sm p 

in terms of the original coordinates (Eqs. 15*64 and 15*65), 
r “ Cl ^1 + ^ sin |(fc^ + 1 )^ arctan 


0 < arctan- < r 



The shape of these paths projected on the same meridional plane is 
shown, for several values of in Fig. 15*6. The field distribution has 
been drawh in to indicate the behavior of the electrons in the field. It is 
seen that for large (strong fields) the ray intersects the axis several 



Fxo. 15*6. Paraxial Electron Paths in Bell-Shaped ” Field for Various Values 
of = eHy/iSmc^<^). 


times. As in the uniform magnetic field, the points of intersection lie 
closest together and the amplitude of the oscillations about the axis is 
least in the regions of greatest field strength. The points of intersection 
are given by 

(*?+ irarctan— = nx »» = a ctn 

[15-73] 

n = 1, 2, 3, • r • . »w. < + 1)« 

Tl^ua the Ims has one focal pcmt for it* < 3, two focal points for < 8, 
tiuee focal {xnnts for < 15, etc. The corresponding refractive 
powers (for example, those <4 ^ electron microscope 

obiective) are given by 

. 1 vw (-1)"-* 

/,“»■(«)“ <» (fc* + i)« 


[15-74] 
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The focal length can thus in no case he numerically smaller than a, 
half the half-value width of the distribution. Figure 15*7 shows the 
refractive powers and positions of the focal points as function of 



Fig. 16-7. Refractive Powers and Focal Points for Bell-Shaped Field ff/H® ■ 
1/[1 + (z/a)^] Employed as Objective (Object Real). 


If the complete lens held is utilized for imaging, that is, if the abject 
is virtual as in the case of the electron microscope projector/ the focal 
* See section 4*6. 
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length becomes unique and is given by 



Fig, i5*8. Behaotive Powers and Foeal Points for Bell-Shaped Field Employed 
^ as Proje<^ (Object Virtual). 

Agauii Urn focal length cannot be smaller than a. As is increased, 
the refmetive poww' oscillates between positive and negative values 
i|ith deerearing ami^itude. Ihe (virtual) object position or focal point 
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is given by 



0 5 10 15 18 


Fiq. 15*9. Image Rotation Product by the Bell-Shaped Field, 

The variation of both the refractive power and the position (rf this focal'' 
point with is shown in Fig. 15*8. The same scale has been chosen 
for Figs. 15'8 and 15*7 to facilitate comparison. It is seen that the 
refractive powers aH the lens used as projector (Fig. 15*8) are quite 
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generally smaller thaji those of the lens used as objective. The refrac- 
tive powers of -the projector oscillate back and forth with decreasing 
am^ditude as the maximum field strength Ho is increased. The bell- 
shaped field differs from the magnetic fields normally employed as 
electron lenses primarily in the more gradual dropping off of the field 
strength at large distances from the center of the lens. This accentu- 
ates the difference in the refractive powers of the lens employed as 
objective and as projector. 

The information derived above determines the proper object position 
and the magnification of the image formed by the bell-shaped field 
under-yarious imaging conditions. Another quantity of interest is 
the image rotation, given by Eq. 15*60. Substituting Eq. 15*63 yields 

/ ( Z' z\ 

Substituting « and Zo = Zn (Eq. 15*73) leads to 

Xn - — ^0 = ^^2 >(_ [15*78] 

which approaches nir for large k^. If the lens is used as projector, how- 
ever, 

X/ = Oi -So^Tk [15*79] 

Both variations are shown graphically in Fig. 15*9. 

The properties of a number of other magnetic electron lenses have 
already been discussed in sections 4*4 and 4*5. They may serve as 
additional examples of the action of axially symmetric fields on electron 
beams. 

16*4« Approximate Methods of Path Determination in Axially Sym- 
metilc Magnetic Fields; the Thin Lens; Magnetic Lenses without 
Image Rotation. The normal procedures for determining paths in mag- 
netic Sields as as the focal properties of magnetic electron lenses 
are perfectly analogous to those for finding the corresponding quantities 
fqr^eleetrostatic lenses. The graphical methods of section 12*5, that is, 
those based oh Snell’s law and the drde method^ can be applied directly 
to rays originaUy parallel to the axis or inclined to it in a meridional 
{dane if, to with, an e^potenUal map 

^(1 — D*) ^ ~ [15*80] 

is^ propped for equa^ steps the value of the modified potential ^ - 
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eA^I{2rru?). This yields, of course, only the variation of the distance 
of the electron from the axis and must be supplemented by the graphical 
or numerical quadrature indicated by Eq. 15-56 yielding the rotation of 
the electron about the axis: 


e = eo-h 


c‘ 1 (eA^{\ + r'^)\^ 

J,,r\2nu»4>-eAy 


[16-81] 


r and r' being taken from the graphical ray trace. 

For paraxial rays, which alone enter into consideration for the deter- 
mination of the cardinal points, focal length, image position, and 
magnification of the magnetic lens, the numerical methods of section 
12-3 may be applied to integrate the differential equation 


r 




8mc^4> ^ 


[15-82] 


assuming the absence of an electric field, and to evaluate the image 
rotation formula 



[15-83] 


An alternative to this procedure consists in approximating the actual 
variation of the axial magnetic field by a succession of regions of uniform 
field and determining the electron path in the substitute field. Plotting 



Fiq. 15-10. Approximation of Magnetic Field by a Step Function. 

against z (Fig. 15-10), the area under the curve is subdivided into a 
series of rectangles, each having an area equal to that below the curve 
segment for the same range of abscissas. 

Within any segment, for example, segment 5, H is ocmstant 
and the general solution of Eq. 15-82 may be written 
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which, with the initial condition and at z = Za6, becomes 


fob cos 


\(j^Y 


(Zh — Zab) 


+ rab 




r-Ki 


[15*84] 




(Zb "" Zab) 


Within a plane rotating about the axis with the electron, the path in the 
substitute field thus consists of sine-function arcs. These, unlike the 
parabolic arcs discussed in section 12-4, join together smoothly, since 
£r^,*-«Bd hence the second derivative of r in Eq. 15*82, remains finite 
at the junction between segments. The rotation of the electron about 
the axis is given by 

/ eH? 

ft - fab = “ *«») I16‘85] 


In the particular case when the magnetic-field distribution is so 
limited in space that an electron incident parallel to the axis changes its 
separation from the axis imperceptibly within the field, the magnetic 
field in question constitutes a thin ’’ ma^etic electron lens. As for a 
corresponding electric field, the focal length can then be determined by ' 
quadrature, since r on the right side of Eq. 15*82 may be treated as a 
constant. Considering an electron incident on the lens parallel to the 
axis from object space, 


1 

/ 



0^2 


f 

t/f. 


dz cm”^ 


[15*86] 


In the last expression $ is measured in volts and H in gauss, as usual. 
The rotation the image is given, again, by Eq. 15*83. 



Fm. 15*11. Magnetic Field bUftributions with Equal Refractive Power 
and Different Spatial Extent. 

Assusm now that the field distribution is contracted by a factor 1/n 
(Fig. 15*11), so that ^ new distribution is given by 




[15*87] 
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where a is a constant. If 


_1 

fn 


e 




[15*88] 


that is, if the new, thinner lens is to have the same focal length as the 
original lens, a must be given by n^. The corresponding rotation of 
the image becomes, by Eq. 15*83, 




It is thus seen that the image rotation of a magnetic lens is steadily 
reduced as it is made thinner, the refractive power being maintained 
constant. Consequently, for a very thin lens the image rotation is zero. 
The image rotation of a magnetic lens approaches ir, on the other hand, 
as the field distribution is made very broad, * 
the uniform field constituting the limiting 
case (Eq. 15*31). 

Magnetic lenses with zero image rotation 
may be obtained, by one other device: If 
the axial magnetic-field distribution between 
image and object is made antisymmetric about 
some point z = Zo.’ 

H(z) = -H{2za - z) [15*90] 

the image rotation, as given by Eq. 15*83, 
vanishes, since it is equal, but for a constant (6) 
factor, to the area under the field distribu- 
tion curve (Fig. 15*12a). The refractive 
power, being proportional to the integral of 
the square of the axial field strength (Fig. 

15*126), does not vanish unless the field on 
the axis is equal to zero throughout. An Fia. 15*12. Field Distribu- 
antisymmetric, rotation-free magnetic lens tion and Coil Arrangement 
may be realiz^ by using a pair of ahnik-r for a Rotation-Free Magnetic 
coils traversed by the same current in op- 
posite directions for forming the magnetic field (Fig. 15*12c). 

15*6. Electron Motion in Two-Dimensional Magnetic Fielda. 
Two-dimensional magnetic fields, as wdl as superposed magnetic and 
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electric fields with other than axial symmetry, are used in a number 
of practical devices, such as deflection systems, mass spectrographs, 
cyclotrons and magnetrons. For their consideration it is convenient 
to return to the equations of ‘motion of the electron (Eq. 15*6) in 
rectangular coordinates: 


Consider, to begin with, an idealized magnetic deflecting field pro> 
duced, for example, by pole pieces of infinite extent in the z-direction 
and infinite permeability, whose cross section in any plane normal to 
the z-axis is sketched, together with the field lines, in Fig. 15-13. As 

in this case /i, s 0 and s dhy/dz 

s 0, Eqs. 15-91 reduce to 



£ = thy 
me 


If = 


me 


[15-92a] 


[15-926] 


2 = (xhy - yh^) [15-92c] 

me 

Electrons incident on the deflecting field 
in the a:z-plane of symmetry of the field 
remain in it, since here and hence y 
are zero throughout. Both the path 
and the angle of deflection of an elec- 
Ra. 16113. Magaetic Deflecting tron incident in this plane can readily 
Reid Formed by Two Parallel Flat found from Eqs. 15-92a and 15-92c 


Pieces. 


if it is remembered that 
Thus, by putting hy{xfi) = H{x)^ 


dzjdx 


[ 15 - 93 ] 


If this is traneposed to yMd a readily integrable form: 

. ds' eH ^ 

{! + *'•)?* mev 
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the solution becomes 


(! + *'*)« (1 + 


i 

* 0 *)^ J 0 ' 


If 0 is the angle which the ray makes with the a^-axis, this may be written 
in the form 


sm 0 = sm do — I — dx 
Jq mcv 


Assume now that the beam is incident parallel to the axis, that is, 
that do = 0. Then, if the deflecting field is confined between a; = 0 
and X I, the apparent point of intersection of the deflected ray with 
the axis is given by 

zi 1 

Xo = I- I — 7 = I - : — - / tan d da: [15*96] 

tand/ tan d/ Jo 

where tan d is to be regarded as a function of x, as given by Eq. 15*95. 
The identity of the last two expressions in Eq. 15*96 follows from the 
fact that dz = tan d dx. 

Equations 15*95 and 15*96 assume familiar, forms for a uniform de- 
flecting field of length I, this permitting all the integrations to be carried 
out in elementary fashion. Thus the angle of deflection is here given by 

[15«1 


and the apparent point of origin of the deflected ray by 

/ 1 \ 2 
Xc = ill - . ■ ^ — 7 I sinddd) = t— r ^ [15*98] 

\ smditandiJo / 

The first equality follows from Eq. 15*96 if 

eH , . ^ dx 

cos dad da: = sm di -r- 

mcv I 

is substituted. For small angles of deflection the apparent point of 
origin of the deflected ray on the axis is se^ to be locat^ at the center 
ci the field, that is, Xe = 1/2. 

For rays incident parallel to the axis outside the plane of symmetry, 
the electrons, in addition to being deflected downward in the ^-direction, 
receive a velocity component at right angles to the plane of symmetry 
equal (by Eq. 15*926) to 


^ f±] 

J me 


Since the deflection in the 2 -direction is, to a first approximation, inde- 
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pendent of the original separation yo of the incident ray from the plane 
d symmetry, and since is, to the same degree of approximation, 
proportional to yo (in fact, equal to yH')^ Eq. 15-99 indicates that the 
deflecting fleld acts simultaneously as a cylindrical lens, causing con- 
vergence for a fringe field of the type shown in Fig. 15*13. 

The fiil9t«approximation differential equation for the deviation in the 
{^-direction can be derived from Eqs. 15*92a and 15*925 in similar manner 
as Eq. 15*93: 


y 


// 


e tan^d 
mcv sin0 


(H'y + Hy') 


[15*100] 


where sin 6 and tan 6 are given by Eq. 15*95 with Oo = 0. This equa- 
tion may, for any given field variation in the plane of S3anmetry, be 
integrated by the usual methods of numerical integration (section 12*3). 

For a more detailed discussion of 
the effects produced by the non- 
homogeneous character of the de- 
flecting field the reader is referred 
to the treatment given by Maloff 
and Epstein.® 

The magnetic deflecting field is 
not, however, the true analogue of 
the electric cylinder lens.® In a 
magnetic cylinder lens the field in 
the plane of symmetry is hx{xfi) 
= H{x)f that is, the field vector 
lies ia the plane of symmetry and 
is normal to the generatrices of the 
cylindrical surfaces of the configur- 
ation, as shown in Fig. 15*14. 
Here the field is shown generated 
by two identical cylindrical per- 
hoaiieat magnets. More commonly, it would be produced by two pairs 
d cylindrical pole pieces of an electromagnet. 

For such a field it is possible ^ write, in view of Eq. 11*55 for an 
analogous ^tric field, . 



I 

1 . 

Fig. 15rl4. A Magnetic Cylinder Lens. 




K - -VE' + ■ 


K' 




[16*101] 


’SeerafemifieS. 

* flee seetioa 11*5* 
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where ^{x^y) is the magnetic scalar potential and its value in the 
a; 2 ;-plane. Thus Eqs. 15-92 become, to a first approximation, 


2 zyH' 

me 


zH 

me 

S = — OyH' + iH) 
me 

The corresponding path equations may be derived as before: 
„ ( e Y 


V = 


*3 


I15-102O] 

[15-102bl 

[15-102C] 

[15-103a] 


In the approximation here employed x = (2e^>/m)^. 

To gain insight into the action of such a magnetic field, assume that 
the field is short and consider rays incident parallel and close to the 
x-axis in the a:^-plane. Equation 15*1036 may be integrated dii^tly, 
yielding 

- (si*)"'"' 


which, substituted in Eq. 15* 103a, gives 
y" “ 

2nu?^ 


yiP 


[16-105] 


or, for y = yo'm the region where H ^0 (that is, for a thin lens), 

Hence all paraxial rays incident parallel to the x-laxis intersect the plane 
of symmetry at a distance from the lens field x = /: 

k= - — = I H^dx cm~‘ [IS'lOT] 

which is just four times the refractive power of the axially symmetric ^ 
thin lens with the same axial field distribution (Eq. 15*86). However, 
the rays incident parallel to the axis in the xy-plane do not come together 
in a point, as for the electric cylindrical lens, but strike the vertical 
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line a; « /, y = 0 at a distance (Eq. 15*104) 

proportional to the original distance yo of the ray from the axis, above 
the a^-plane, as shown in Fig. 15'15. The conditions for the vanishing 
of this vertical displacement are the same as the conditions for the van- 
ishing of the image rotation in the case of axially S3nnmetric magnetic 
lenses, discussed in the preceding section. 



a b 

Fig. 16* 16. Action of a Magnetic Cylinder Lens on a flat Parallel Horizontal (o) 
and Suitably Inclined Pencil (6). 

16*6. Superposed Electric and Magnetic Fields. As early as 1897 
J. J. Thomson^ utilized the characteristics of the motion of electric 
charges in crossed uniform electric and magnetic fields to measure the 
velocity of cathode rays, preliminary to the determination of the specific 
charge of the electron. Since then crossed fields have been employed in 


Po Pi Pt Pi ij 

Vo V+Vo 2V^Vo3V^Vo AV^Vo 



0 P 27 3P 47 

c Tj r, r, 


liG. 16*16. Electrode Arrangement and Electron Paths in Magnetic Electron Mul- 
tiplier (Schematic). 

, ^ 

numerous practical electronic devices. Thus the condition of a crossed 
uniform dectrostatic and uniform magnetic field is approxis 4 p,ted in the 
magnetic electron multiplier (Fig. 15*16),^ where electrons leaving a 
photocadiode C and succeeding secondary-emission targets Ti, T 2 , * * * 

^ See leference 6. 

i ^ See Zwoiykm, Morton, and Malter, reference 7. 
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are accelerated by the electric field between these electrodes and the 
field plates Po, Pu ^ 2 , * ‘ • opposite the targets, but are turned back to 
the next target electrode by the superposed uniform magnetic field 
normal to the plane of the sketch. A similar field combination is em- 
ployed for the horizontal deflection in the Orthicon,® a television pickup 
tube. 

With the magnetic field in the z-direction and the uniform electric 
field E = —d<l>ldy in the ^-direction, Eqs. 15*91 become 

- — yH [15-1090] 

me 

- — {cE-±H) [15-1096] 

me 

S = 0 [15*109c] 

All these equations can be integrated. For an electron starting from 
the point (0,0,0) with the velocity components Xo, yo, ^o’ 

- —yH • [15-llOa] 


y - Vo = - — {cEt- xH) 

7HC 

Z = Zot 


[15*1105] 
[15*1 10c] 


Substituting the first two differential equations in Eqs. 
15*1096 leads to the two ordinary differential equations 



15*109a and 


[15*lllo] 

[15*1116] 


These are linear differential equations with constant coefficients and 
can be solved by standard methods,^® yielding 



* See Roae and lama, referaice 8. 

See Adams, reference 9, Formulae 8.100-8.111. 
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rM 

eH 


[15-1126] 

\ ■h“'7 


Some of the paths represented by these parametric equations (with 
io ■* 0) are shown in Fig. 15*17. For zero initial velocity they are 
simple cycloids, corresponding to the path described by a point P on 



Fia. 15*17. Paths of Electrons in Crossed Uniform Fields for Zero Initial Velocity 
(®)» an Initial Velocity in the y-Direction (6), and an Initial Velocity in the x- 
Direction (c). 

the rim of a wheel* rolling on the a;-axis with a forward velocity 
cttrtuneters per second and a radius R = -mc^EKeH^) = -5ME/H^ 
centimeters, with E measured in volts per centimeter and H measured 
in gauss. distance between successive aitivals at the x-axis is 

35 7E 

d » 2Tfl = cm [15*113] 

If the dectron enters the field with a certain initial velocity the 
path is such as is described by a point Q or Q' on a spoke of the whwl a 
distant 
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from the center. This may be either greater or less than giving rise 
to a prolate or curtate cycloid (curves ^and c of Fig. 15*17). Although 
the velocity of the wheel is unchanged, the level of the track ” on 
which the wheel rolls is raised (or lowered) by ah amount mcXoKeH). 

The compound field considered may also be used to defiect electrons 
entering the field with a considerable velocity in the ^-di^ection, that is, 
normal to both fields. In this case Eqs. 15*112 give the path of the 
electron in the crossed uniform fields if t is replaced by zl&o. Figure 
15*18a and b shows the projection of this path on the xz- and yz-planes, 



Fig. 15* 18. Superposed Uniform Electric Field in ^-Direction and Uniform Mag- 
netic Field in z-Direction as Deflecting Fields. Projection of Electron Paths on 
the xz- and j/z-Planes. 


respectively. It is seen that the action of this deflecting field is quite 
different from that of the simple magnetic or electric deflecting field. 
It does not produce a change in direction of the incident beam, but 
merely a displacement in the rc-direction, provided that the incident 
velocity of the beam and the magnetic field are such that an integral 
number (n) of loops are executed during the traversal of the crossed 
fields: 


^ HI 

me mezo K^nu?) 


[15*114] 


where I is the length of the deflecting field and <i>o is the potential cor- 
responding to the velocity of the incident electrons. The required value 
of the magnetic field is therefore 


E = 



21.2n4»? 


I 


I 


gauss 


[15*115] 
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The deflection in the o^direction is proportional to the electric field E 
and given by nd, where d has th^ value indicated by Eq. 15*113. 

The loops characteristic of electrons entering crossed uniform fields 
with zero initial velocity normal to the magnetic field are disadvan- 
tageous for deflection systems of this type, since they give rise to a 
relatively large spreading of the beam if the beam contains electrons of 
slightly varying velocity, so that not all the electrons can simultaneously 
satisfy the condition 15*114. Furthermore, many applications require 
the electrons to enter a space free from transverse electric field after 
deflection, a transition which cannot be carried out abruptly. Hence 
the electric deflecting fields normally employed will not be uniform, but, 
preferably, will taper off at both ends. The design of suitable deflecting 
platc^resents an interesting example of electron-optical method. 

An application of Laplace’s equation to the field of the given sym- 
metry makes it possible to express the potential variation in the form 

<t>=9‘o-yE + ^E"-^E^'' + --- [15-116] 


where E(z) is the electric field in the plane of symmetry, directed in the 
y-direction. * 

Whereas Eqs. 15*109a and 15*1096 apply, to a first approximation, 
also here, Eq. 15*109c should be replaced by 


m dz 


[15-117] 


The term on the right is small, however, and, at least for moderate 
deflections, it may be neglected, leading again to Eq. 15*110c with 
io “ (26^o/m)^. If this relation is used to eliminate the time parame- 
ter in Eqs. 15*109a and 15*1096, there results, with zero initial veloci- 
ties assumed in the x~ and y-directions: 



2^0 * 2^0 2nu?^o 


y 


[15*118a] 

[15*1186] 


With the aid of these two equations it is possible to determine the field 
vmation E{t) resulting in a prescribed path x(z), y (z) : 






[15*119] 


For example, let the prescribed path be 


X 


^arctan * + 0 


[15*120] 
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possible. The limit for this is given by the deflection in the ^-direction, 
whose maximum value is given by Eq. 15*121 : 

- -3.37 - 1.07 ^ cm [15-124] 

a a 

where Xtaa^ is the maximum total deflection in the 2 ;-Klirection required. 
Assume, for example, 

^w»x = 1 cm €>0 = 50 volts = 40 gauss 
then Amax “ 0.318 cm yn»x = 0-2 cm 

If it should be assumed that the approach of the electron paths 
to the^deflecting plates is closest at the center of the field, substitution 
of the above values of 4>o, H, and y in Eqs. 15*122 and 15*123 with 2 = 0 
will yield the value of the constant 

— = 8.2 volts per cm 
A 

for that equipotential surface which is just reached by the electron for 
the maximum deflection in the ^-direction. If the deflecting plates are 
shaped to follow this equipotential (and that for the value of the constant 
—8.2), the voltage which has to be applied to them for the required 
maximum deflection will be 

2(4>o - 0) = 5.2 volts 
1cm j 

• • I 



fW. 16*20. Shape of Deflecting Plates Resulting in Path of Fig. 15*19. 

Evaluating the curve for the equipotentials, by solving Eq. 15*123 for 
y^ nsglecdng the third term on the left, for the prescribed value of the 
emistfimt invdves the solution of a cubic equation. ^ ^ The result is shown 
m Fig. 15*20. It is seen that the plates approach the path closest not at 
tbe cento, but about 0.5, centimeter away from the center. Jn fact the 
maadmunt deflection in the ^a-direction possible with these j^tes is less 
than hifli that miipnally prescribed. 

See Adams, tthteoot 9, Formula 1.271. 



Sec. IBS] SUPERPOSED ELECTRIC AND MAGNETIC FIELDS 


527 


A simple arrangement for demonstrating the motion of electrons in 
crossed electric and magnetic fields has been devised by A. Rose of the 
RCA Laboratories.^^ Consider (Fig. 15-21) a long, thin permanent mag- 



Fig. 15'21. Mechanical Model for Determining Electron Paths in Crossed Fields. 


net, of length 2Rj rotating at a high angular velocity v about its axis and 
supported in a frictionless universal joint at its center of gravity. When 
one end of the magnet with pole-strength /i is subjected to a magnetic 
field Hy the motion of the magnet will be given by^^ 

M + Cvic = [15-125o] 

Ax- Cv6^ fiH^R [15-1256] 


It is assumed that the angular deviations 6, x of the axis of the magnet 
from its original position remain small. Hg and are the components 
of H in the 0 and the x-directions. C and A are the moments of inertia 
of the magnet about its axis of rotation and an axis through the center of 
gravity normal to the axis of rotation, respectively. Since, with the 
assumptions of the smallness of 6. and x here made, it is permissible to 
write 


II 

X 

II 

[15-126] 

Equation 15-125 may also be written in the form 


® " A 4 * 

[16-1270] 

mB* ,Cy 

[16-1276] 

These two equations are seen to pass over into Eqs. 15-91a and 15*916 


for the case hx - hy = Oif the following substitutions are made: 


-H,- 


--Ey 

m A m 


116-1281 


A ■ 


me 


See Rose, reference 10. 

“ See Osgood, reference 11, p. 236, Problem 3, 
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Under certain conditions the motion of the rotating magnet pole in the 
magnetic field thus becomes identical with the motion of an electron 
in an electric field similar to the magnetic field. These are that a 
uniform magnetic field of the same direction as, and proportional to, 
the spin of the magnet is superposed on the electric field and that the 
velocity of the electron in the direction of the uniform magnetic field 
is zero. If the velocity of the electron in the direction of the mag- 
netic field is not zero, the analogy still holds for the projection of the 
path of the electron on a plane normal to the magnetic field (the xy- 
plane), provided that the variation of the magnetic field in the model 
is made to correspond to the variation of the electric field along the 
pathj^f the electron. Thus the first substitution in Eq. 15-128 might 
be written 

A m 

if the y-component of the electric field may be regarded as a function of z 
only. Here x(z) is the a;-component of the path. Since this is normally 
not known, being in fact part of the desired information, it is desirable 
to replace it by some readily determinable approxima- 
tion, for which 

*(*) - [15-129] 

may serve. 

The mechanical model demonstrates strikingly the 
reduction in the amplitude of the loops executed by 
the electron if the electron is permitted to enter a 
gradually increasing electric deflecting field instead of 
one which reaches its maximum value almost m- 
stantly. 

Two other types of superposed electric and mag- 
netic fields will be considered briefly: A crossed 
uniform magnetic and radial electric fidd, the basic 
ccmfiguration oi the magnetron, and a superposed 
vtA 09 cylwwlrical mastic and electric field. In the first 
ttode i^ransement consider 0^- 15*22) two coaxial cylinders, the 
in Magnetron. radius ri and potential Vi (the cathode) and 

the outo of radius r 2 and potential V 2 ^e anode). 
The dectric potential dii^bution between the cylinders is men given 

See Hnll, raferanoe 12. 


S- 
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according to Eq. 11*24 by 


log- 

*(r)= (Fj-yi)— 
log- 

ri 


[16*130] 


Let a uniform magnetic field H parallel to the axis (the ^-direction) be 
superposed on the electric field. The equations of motion of an electron 
in this compound field are then (Eq. 15*6) : 

y - # ±Hr6 + - ZinZl 1 [16-1310] 

me w , r 2 r 
log- 

= [15-13161 

r at me 

2 = 0 [15*131c] 


Consider an electron leaving the point r = ri, ^ = 0 on the inner 

cylinder with zero velocity at the time t = 0. The integration of 
Eq. 15*1316, multiplied through by r, yields 





[16*132] 


The electron leaves the surface of the inner cylinder perpendicularly 
to the surface and is deflected in a counterclockwise direction by the 
magnetic field. Unless it is intercepted by the anode, it will attain a 
maximum separation from the axis, and then return toward the 
cathode. At the point of greatest distance from the axis the electron 
moves in a tangential direction so that all its kinetic energy is given by 


2 


wt/eHy - rf)* 
2 \2mc) ima 


e(7, - Vi) log^ 

n 



[15*133] 


For r 2 = fniax, that is, the condition in which the electron barely 
reaches the anode, the relation between the magnetic field, the anode 
voltage, and the electrode dimensions becomes 


\ e / ti-ti 


6.757*^ . *** a gauss 
— q 


[IS-W 
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where F = F 2 — Fi. The actual path of the electron may be obtained 
by substituting Eq. 15*132 in Eq. 15*131a: 


f - 


'eHV T*-r\ e(7i-7i) 

^mc) r* Ti 

mr log — 


[15-135] 


Multipl 3 ri^ the above by f dt and integrating leads to 




e 

2(V^ _ y.) 1 —li 

m ra 
log- 
ri 


(r^ - rf)^ 

,2mc) 


[15*136] 


This, finally, can be translated into a simple quadrature by taking the 
square root, dividing by the right side of the equation, and multiplying 
by dt: 


t = 


dr 


log • 


1 ^ log “ 


eHV 


[15*137] 


For any specific values of the parameters ri, ra, and Fa - Fi the 
function t{r) (and hence the function r(f)) can be calculated numerically 
from r *= ri to r = rn^,. B^ond the latter point the square root under 
the integral sign changes sign. The function r{f) is symmetrical about 
the point tm » ^(w) bi the sense that 

r(t) = r(2tm - t) 


The,path becomes fully determined in parametric form after the addi- 
tional integration of Eq. 15*132: 


$ 




[15*138] 


Figure 15*23 shows the path of an electron when it just reaches the 
anode « ra) for ri = ra/^ and for ri ^ 0. In the latter case the 
path beccHnes a circle, since the electrons travel, except in the immediate 
neighbprhpQd of the catbodcj with their full maximum v«)pcity in a 
uniform magnetic field. In most practical cases it is necessary to 
account df the effect space char^ on the paths of the electrons. Its 
primary effect is to lower the potential near the cathode, sinoe the space 
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Fia. 15-23. Electron Paths in Spaoe-Charge-Free Magnetron: (o) for ri — rj/4, 

(6) for ri = 0. 


charge is densest there. This causes a deviation from the circular path 
even for the case ri = 0. For details regarding the effect of space 
charge on the paths the reader is referred to Hull^s original article. 

The second fii^ld distribution, that is, 
two superposed cylindrical magnetic and 
electric fields, may in principle be real- 
ized by two coplanar semi-infinite elec- 
trodes at different potentials and <f >2 
meeting at the z-axis placed over two 
similar infinitely permeable pole pieces 
of a permanent or an electromagnet 
(Fig. 15*24).^® This type of field is of 
interest primarily because, like the uni- 
form magnetic field superposed on a Fia. 16*24. Productioii of Super- 

uniform electric field, it can be employed Cylindrical El^c and Mag- 
, . i* netic Fields, 

for image formation. 

For the configuration described the electric and magnetic fields are 
given by^® 



r dB 


See Hose, reference 13. 
'•SeeEq. 11*28. 
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^ being the magnetic scalar potential. The held lines of both fields are 
circles about the 2 -axis. Omitting the subscript 6 and writing Eoj Ho for 
the field strengths along circles of unit radius about the 2 -axis, 


E = — H = — 
r r 

The equations of motion in this field become then 

me r 

r at m r 

me r 


[15-140] 


[15-141a] 

[15-1416] 

[15-141c] 


The last two equations can immediately be integrated, leading to 


- r% = — — Eot 
m 


[15-142a] 





[15-1426] 


This set of equations is not readily integrated exactly. Hence two 
important limiting cases will be considered separately: (1) that of 
infinitesimal initial velocity components roiof K and non-vanishing 
electric field and (2) that of a finite initial velocity component rJot 
infinitesimal components loi ^<n and zero electric field. In both cases it 
will be assumed that 


eHl 

Sm(^<l>2 


»1 


[15-143] 


This signifies that, if Ho were a uniform magnetic field, the electron 
considered would execute several complete loops about the field direc- 
tion. It may be regarded quite generally as the condition for which the 
electron follows the magnetic field lines in its course. It will follow 
them m<^ closdy, spiraling about them in a tighter helix, in proportion 
as is lar^. 

With the above assumptions r — fo may also be regarded as small and 
Eq. 15442a may be integrated to yield, as a first approximaticSli!^ 






+ 


mij 

eEo 


•144] 
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Furthermore, Eq. 15*141o, with Eq. 15'142a substituted in it, takes on 
the approximate form 

* my 


I 


f = To 


m 


+ 


mcTo \ me To / 


This may be integrated by standard methods^^ to yield 
/mc^E^ / 


+ ro -77- sm Q + - cos Q) 

eHo eHo 


with 


L -mcrEo J wcToV eE^ / 

By utilizing Eq. 15-146, Eq. 15-1426 is solved by 
/mc^E^/ . 

e-*. = 2r,(-^)(a-sma--j 


[15-146] 


[15-147] 


[15-148] 


WlCTo . _ . mCTo 

+ ;So~7r-sinn - ro-^{\ - cos 0) 
eHo ^Ho 

It is seen that for U = 2nir all the terms involving the initial velocities 
vanish, indicating that in the corresponding planes 

{2mrc)^mEo 


B = Bo- 


2ein 


[15-149] 


true images of the object are formed. The remaining terms indicate 
that these images are not free from distortion. As the distortion terms 
are proportional to r<„ the image 
shift is seen to increase linearly 


Object 



outward, taking the form of a 
simultaneous stretch in the r- 
direction and a shift in the z-di- 
rection, as shown in Fig. 15*25. Fia. 15*25. Stretch and Shear Distortion 
Figure 2-19 shows an actual 
electron picture obtained with ' 

a field configuration of the type discussed. The original “ resolution 
pattern ” was projected on a photocathode forming one of the two flat 
electrodes. 

See Adams, reference 9, Formula 8.410. 
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It is interestiiig to 8tu(^ the variation in image distortion with the 
order d the image, if the position of the latter is kept fiTBH , Thus if, 
for example, $ — 80=’ ir, and hence, by Eq. 15*149, 

tru^Eo 1 

-liFi ^ [15-150] 


the position of the image points is given by 


r-r =-^r 


' n* [15*151o] 

2 /- (2im)»\ 2jr 2.09 

* 6 /’'°*‘ 3 * 1 ’’”'“ n ’■* [15-151o] 

Thus both distortions decrease rapidly with the order of the image or the . 
strength of the magnetic field. 

In the second case, that is, electrons of uniform velocity = 
traveling in a cylindrical magnetic field with infinit,ftHiTtia.l 
lateral initial velocity components fo and Eqs. 16*142 reduce to 


/- (2im)»\ 2jr 2.09 

- -r. = - — r. [15*161o] 




* i r 

io log ~ 

me Tn 


[15-162a] 


[15-1526] 


K, with consi^ent neglect of small quantities, this is substituted in 
Eq. 15*141<;t, it follows that 


rjn(l-z'^) + ^U-^{r-r,)) [15*153] 

\ fp / mcTo \ mcTo ) 

By utilising the inequality (15-143) and setting 


Eqs. 15*153 and 15*152 are solved approximately by 

2mc*^» „ rMX,( , . cA^_\ ,, 

‘■‘•v 

. 2c*, , 2cM . „ roc*A* „ 


[15*154] 


[15*155o] 


[15*1556] 
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Here it has been assumed that, in addition to the initial velocities in 
the r- and 2 -directions, there may be a variation eA0, also infinitesimal 
in character, in the original kinetic energy associated with motion in the 
flLdirection. It is seen that also in this case an image is formed for 

n = 2wir 


The only distortion term is a linear shift, or “ shear,” in the 2 -direction 
which, for d — = v, becomes 

2nir 1.57ro [15-156] 

2 — Tq 2 — 

{2ny n 


As in the case of the accelerating field, this term decreases inversely as 
the order n of the image. 

16-7. Combined Electric and Magnetic Lenses. Any superposed 
axially S3nnmetric electric and magnetic field constitutes a combined 
electric and magnetic electron lens. The equation of motion for paraxial 
electrons originally in a meridional plane (Eq. 15-61), together with the 
expression for the rotation of the image (Eq. 15-60) have been given. 
Just as in the case of the thin electric lens and the thin magnetic lens, 
the focal length of the thin combined lens can be obtained by integrating 
Eq. 15-62, utilizing the assumption that within the refracting field 
R = may be treated as a constant. Thus, by considering a paraxial 
electron incident parallel to the axis from object space, 



[15-157] 


$0 and being the potentials in object and image space, respectively. 
The refractive power 1//,- is, accordingly, simply the sum of the refractive 
powers of the component fields, with a suitably weighted value used for 
the potential in the calculation of the refractive power of the magnetic 
field. 

The rotation of the image is again (Eq. 15*60): 

- 9. = 0.148 J***^<fe I16*lj58] 


and vanishes in the limit of a very thin 1^. 

The approximate method of path calculation resulting from dividing 
up the field into regions of constant field may also be adapted readily 
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to the use of path calculations in combined lenses (Fig. 15*26 ). In 
order to solve the equation 

it is convenient to introduce the new independent variable 

f = 2 - 2a6 4- [15*160] 


where Zah and ^db are assumed to be the initial values of the 2-coordinate 
and of the potential for the interval considered (that is, the interval h in 
Fig.-15’26). 



Fig. 15'26. Approximation-Field Representation for Calculating Electron 
Paths in Combined Lenses. 


Equation 15*159 then becomes 




2f ^ 


It has the general solution 


If theii^tial conditions r = ro6, r' = are substituted for 2 = 2 a 6 or 
f this becomes in terms of the original independent variable 2 : 


r = 0 

[15-161] 

/ Y 

\27nc^^/ 

[15-162] 


■ » foiOOB ~ 

+ (5^) sin [( 2 ;^^)'* (!(* -*.»>*' + *.6]« - 


[15-1631 


^*See Jsh&ke and Emde, reference 14, pp. 214 and 202. 
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The change in slope at the junctions between intervals is given, just as for 
a purely electric field, by 


^o6+ 


Tob- = 




Tab 


[15-164] 


and the rotation of the ray about the axis by 


B — Bah 




([(Z - ZabWb + 


[15-165] 


In general the study of combined electric and magnetic lenses requires 
recourse to the numerical integration of Eq. 15-159 or to the approximate 
procedure just outlined. Only in one case can the effects of the two fields 
be separated completely: that of superposed uniform electric and mag- 
netic fields prevailing in the field intervals just considered in connection 
with the approximate method of path integration. The possibility of 
separating the effects of the two fields becomes evident only, however, 
if the time is introduced as parameter. Thus the motion in the direction 
of the z-axis of an electron leaving the origin at ^ = 0 is seen to be con- 
trolled entirely by the electric field, in accord with the formula for free 
fall: 

eE n 

* = [15-166] 

whereas the projection of the motion on a plane normal to the axis is 
governed exclusively by the magnetic field: 


r = 


2mcfo . 


[15-167a] 


-6+^ 


[16-1676] 


being a circle with a radius proportional to the initial velocity component 
normal to the axis fg and inversely proportional to the strength of the 
magnetic field H. The path of the electron is thus a helix with pro- 
gressively increasing pitch if E is an accelerating field. Erect images of 
unity magnification are formed by electrons with the same axial velocity 
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component at eHtH^mc) » that is, at 


^ mcio ^ o o 

Zn — 2m —Tz — 2T^n^ 
eH 


mc^E 


« 21.08n 


W) 


112 . 2 n^ cm 

IP 
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[15-168] 


4>bo being measured in volts, E in volts per centimeter, and H in gauss. 
4>»o designates the accelerating voltage corresponding to the initial axial 
velocity of the electron. 

If all the electrons enter the field with the same initial velocity, but at 
slight^Tvarying inclinations tan (To = K/io = {fi>r/<l>Bo)^ (for = 0 ), the 
electrons incident at the angle <ro will focus ahead of those with <r = 0 
at the plane z = Zn + Az: 


dz dz 

A* = 7 — A^m = - — = -10.54n 

<Upgo ^MO 




[15-169] 


forming.a circle of diffusion of radius 


At “ Az ” — Az 



-10.54W 


H[<I>bo{<I>zo - zE)f 


[15-170] 


in the plane z — Zn- ^ is the accelerating voltage corresponding to the 
initial radial velocity f©- Equation 15-170 becomes identical with the 
corresponding expression for the uniform magnetic field (Eq. 15-33) 
alone if £7 is equal to zero. 

Equations 15-169 and 15*170 assume that the angle ao is small, that is, 
that the initial axial velocity component is large compared to the initial 
tangential velocity component. An important case is that in which the 
initial tangential and axial velocities cover the same narrow range, as 
with the emission of electrons from a cathode, vo going up to ir/2. In 
tins case the axial deviation of focus for the electrons emitt^ tangentially 
beoomeev. 



[15*171] 


and the racBus of the circle of diffusion 


Ar as Ag ^ M Ag 



E 


[15-172] 


Thus the eircle of diffusion becomes independent of the order of focus. 
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CHAPTER 16 

ABERRATIONS OF ELECTRON LENSES 


16*1. Classification of Aberrations. In Chapters 13 and 15 it has been 
demonstrated that, disregarding diffraction effects, any axially symmetric 
electric and magnetic field is capable of forming a true, geometrically 
faithful electron image of any object in a plane normal to the axis of 
symfflfitry of the field. However, the sharpness and faithfulness of the 
image so formed are contingent on the fulfilment of a number of con- 
ditions. They are : (1 ) The electron rays forming the image must make 
small angles with the axis or, in other words, the imaging aperture must 
be small. (2) The part of the object imaged must cover a small area 
about the axis or the image field must be small. (3 ) All the image-f orm- 
ing electrons leaving the object must have the same speed. If these 
conditions are not fulfilled the image will be, in general, neither sharp 
nor geometrically faithful. It is always possible, however, to construct 
a perfect, faithful image of a large object by assuming the same magnifi- 
cation, orientation, and sharpness for the image as a whole as for the 
small central portion about the axis imaged by narrow, paraxial pencils. 
This imaginary, perfect image is known as the Gaussian image of the 
object. The deviation of the actual image from this Gaussian image is 
termed the total aberration of the iniage. A specific vector value of the 
aberration may be ascribed to every imaging ray. It is the radius vector 
of the actual point of intersection of the ray with the Gaussian image 
plane from the Gaussian image point corresponding to the point of 
the object from which the ray considered originates (Fig. 16*1). 

T^ total aberration of any ray may be regarded as the vector sum 
of a series of constituent aberrati<ms which arise from different sources 
and are conveniently studied separately. They may be classified into 
geom^Cal aberrations, chromatic aberrations, space-charge defects, 
fmd the effects of disturbing fields and inaccuracies of construction and 
aBgimynt 

The geometncal aberratiops are tne deviations of the ray intersections 
from the Gaussian image points which arise from the employment of 


imaging pendls of finite aperture and from the imaging of objj^ of finite 
extent in the absence of other disturbing factors. They are so named 
since Ui^may be regarded as a function of the geometry of the refracting 
fields exduinvely (for example, the shape of the equipotential surfaces). 


540 
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The chromatic aberrations arise from differences in the initial veloci- 
ties of the electrons. Just as variation in the color or wave length of 
light results in variations in the refractive power of glass lenses and other 
light-optical elements, so variations in initial velocity of the electrons 
correspond to differences in the refractive indices and the deflecting 
power of focusing fields. 

A fixed amount of (axially symmetrically distributed) space charge of 
itself will influence the focusing properties of a refracting field, but, like 
a single fixed initial velocity, will not give rise to image defects. Varia- 



Qaussian Image 


Fid. 16*1. The Abemition Ar for Any Hay PP' from the Gaussian Image Point P". 

tions in space charge or beam current, however, will cause such defects. 
Since it is rarely practical to keep the current perfectly constant and sym- 
metrically distributed, the space-charge, defect may in general be defined 
as the deviation of the ray intersection for the maximum space charge 
encountered from that for negligible space charge. 

If the space-charge distribution is asymmetric it will act like the fourth 
source of aberration — external disturbing fields, mechanical misalign- 
ment, and constructional imperfections. All these destroy to some 
extent the basic condition for the lens property of electric and magnetic 
fields: axial symmetry. However, if the deviations from axial sym- 
metry are small, they give rise to comparatively small deviations in the 
position of the ray intersections in the image plane. 

16*2. The Derivation of the Geometrical Aberrations. Th^ exact 
total geometrical aberration for any ray could, in principle, be found by. 
calculating its exact path through the lens field either by means of the 
equations of motion (Eq. 15*6) or, more conveniently, with the aid of the 
path equations (15*54 and 15*56), and by determining the distance of its 
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m 

mtersection with the Gaussian image plane from the Gaussian image 
point (rf its point of origin in the object plane. The positions of the 
Gaussian image plane and image point would have to be determined 
separately, for example, by solving the paraxial ray equation, 



I16-1] 

r’‘/ eSP 

[16-2] 

for the two rays Va and r, with the initial conditions 


r„(zo) = 0 = 1 

[16-3o] 

o 

II 

r— 1 

tl 

[16-36] 


with the image assumed to be in field-free space. The position of the 
image plane is fixed by the intersection of with the axis: ra{zi) = 0, 
whereas the magnification is given by \/rp{zo) and the orientation of the 
image ^th respect to the object by x{zi) = - K Thus, if the object 

point for any one ray is (rp, ^p, «<,), the corresponding Gaussian image 
point is (rp/r^(2o), Bp + xfe), 2»). 

The procedure of finding the exact aberration for a single ray, out- 
lined above, is, however, unsatisfactory from two points of view: 
(1) th6 exact calculation of the actual ray may meet great mathematical 
difficulties and require too detailed a knowledge of the electric and mag- 
netic field distnbutions and (2) the nesult obtained is incapable of 
generalization. For these reasons it is customary to be content with an 
approximation to the actual aberration, baeed on the assumption that 
the apertures of the imaging pencils and the separations of the object 
points from the axis, although too large to permit disregarding all terms 
of order hi^er than the first in the lateral coordinates (the procedure 
leadffig to the pu'axial equation and the Gaussian image), are yet small 
enoui^ to r^der the added consideration of the third-order terms ade- 
q^tOi w^ brought out in sections 13*1 and 15*3 the coordinates of 
^ rsy intersections in the image plane depend on odd-order terms in the 
0 ^ 1 ^ nnd aperture coordinates only. Accordingly, in what follows, 
01 ^ tile abeirraUone wiM be considered. 

It may be remarked parenthetically that practical light optics, unlike 
eleo^son optics, makes relatively little use of the third-order aberrations. 
Tbe.dei!ig^ of light-optienl instruments depends on the genelMly simple 
exact ealculatimi d ^e aettml rays. This , becomes necessary since, 
because ^ the possibffity of correcting the aberrations in light optics, 
ap^tiire end object SmmA<xia are frequ^tly employed whidi render 
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the higher- (fifth-, seventh-, etc.) order aberration terms decidedly 
important. It will be seen below that similar possibilities of correction 
are lacking for the major electron-optical aberrations, resulting, in 
particular, in a restriction to small imaging apertures. This makes the 
third-order terms the predominant factor in determining the image 
quality under normal circumstances. 

Formulas for the third-order aberrations have been derived in a num- 
ber of different ways. Glaser^ first adapted the methods familiar from 
light-optical theory to the problem, and Scherzer^ obtained the same 
results directly from an integration of the path equation, retaining terms 
of the third order in the radial coordinate and the slope of the ray. The 
optical method, simplified in a manner suggested by Rogowski,^ is 
outlined below. 

The point of departure for this method is the Hamiltonian characteris- 
tic function, alternatively called 'point iconal or simply ray function: 

W(Xo,yo,z„; x,y,z) = / n-ds _ [164] 

PoiXo, Vo, to) 

with 

where A is the value of the vector potential at the path element ds and 
X the angle between it and the path element. The path of integration 
is such that 

* = 0 [ 16-61 

that is, that the integral over the actual path is a minimum or assumes a 
stationary value as compared with neighboring paths of integration 
between Po and P. W thus represents the optical distance between Po 
and P, optical distance being defined as the geometrical distance along 
the actual path weighted by the index of refractiwi n. 

If Po is kept fixed, W = const describes a surface about Po which may 
be regarded as the wave surface of the electron radiation diverging from 
Po. For a purely electric field this is apparent, since here n « « 

const/X, where X is the electron wave length, so that 

ds 

— = const' [16-7] 

p, ^ 

denotes a surface of constant phase, the integral being equal to the num- 

^ See reference 1. 

* See reference 2. 

* See reference 3. 
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ber of wave lengths between Po and the surface. In particular, for a 
region of constant index, 

TT = n{ (x - x.)* + (y - y.)* + (* - [16-8] 

so that here tlie wave surfaces are simply spheres about Po, If the index 
is variable, that is, where the wave penetrates into a lens field, the 
sphere becomes distorted. An ideal lens would distort the wave surface 
into a spherical surface about another center, the image point (Fig. 16*2). 



Fig. 16*2. Action of an Ideal Lens System on Wave Surfaces. 

Actual lenses, on the other hand, will change the original spherical wave 
diverging fronj Po into a wave which only approximates a sphere con- 
verging at the (Gaussian) image point, the deviation increasing with 
increasing distance of Po from the axis and with increasing angular 
aperture of the imaging pencil (Fig. 16-3). 



Fig* ia*8. Aetioti M a Lens System with Aberrations on Wave Surfaces. 

In isoiroffio regions (that is, regions free of magnetic field) the electron 
paAs or^edam rays from the point Po are the orthogonal trajectories 
the Wave surfaces XjyfZ) * const, ^ids follows 

from the fad; that the neys between two points corMpond to the mini- 
mum optical distance between those points. If, for example (Fig. 16*4), 
a certabi ray passes Pi, and Pi (on IF » Ifi) it will have to 
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intersect the adjoining equipotential W = W 2 ^ P 21 where P 1 P 2 is 
normal to the equipotential surfaces, since P 1 P 2 is smaller than any 
other possible path, such as PiPj. (In the small region considered the 
index of refraction may be regarcied as constant, so that optical and 
geometrical distances differ only by a constant 
factor.) Thus a normal to any wave surface in 
field-free image space is the continuation of some 
ray leaving the object point Po, and the deviation 
of its intersection with the Gaussian image plane 
from the Gaussian image point P» is the total 
geometric aberration of this ray. The property 
of the rays or electron paths of being wave-sur- 
face normals in image space will be utilized below 
to determine this aberration. 

Once again (see section 15‘3, Fig. 154) con- 
sider an arbitrary axially symmetric electric and 
magnetic field, the object plane 0 (coordinates 
Xo,yoyZo)y the image plane I (coordinates Xi,yi,Zi), 
and near the image plane, in field-free space, the aperture plane A 
(coordinates a;a,ya,2a) , * 0 , and Za being kqpt fixed. Furthermore, write 

Zi - z« = Z [16-9] 



Fig. 16-4. The Rays aa 
Normals to the Wave 
Surfaces. 


The optical distance W between the points of the object plane and 
those of the aperture plane, being a function of the initial and final points 
only, can be written as a power series in the coordinates XoyyojXajVa’ 

W = Wq + aiXo + a^o + 0>8lXa + CLAVa + + 52 ^ 0^0 + * * ' 

[16-10] 


- Wq + Wi + W2^+ Wz + W4 + • • • 


Wn denoting the part of the series containing terms of the nth order in 
the coordinates. 

Now, in view of the axial symmetry, a rotation of the coordinates in 
both the objject and the aperture plane through an identical angle d does 
not change the optical distance W, W must remain invariant under the 
transformation 


Xo — ► Xo cos 0 — Vo sin ^ yo-^Xo^B + yoC 08 6 [16*lla] 

®o Xo cos 0 — Vo sin ^ y® — ► Xa sin 0 + ya cos B [16*116] 


Since a rotation through 180 degrees changes the signs of all the oo(Mxii- 
nates, and hence changes the signs of the odd-order terms in W, these 
must vanish if IT is to be unaffected by the transfonnaticm: 

ITi - If 8 = • • • = 0 


[1642] 
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'If ^ e&ardwBtes are set equal to zero, W Wo becomes the optical 
distance from obiect to aperture plane along the axis: 



W3, Wi, • • • thus signify the deviation of the actual wave shape at the 
aperture t>lane from a plane wave normal to the axis. The first term may 
be written: 

W2 = + hy^o + MoX® + tel/a + boytfiCa 

[ 16 - 14 ] 

_ + hTyoya + + h^aya + hioy^ 

Introducing the transformation ( 16 - 11 ) with a = 90 degrees leads to 
TF2 ” biy^ *“ b^oyo “h b^x^ b^yoya b^ycPCa "" b^oya H” b’jXcfCa 
+ b^^a - b^aya + 

or, with Eq. 16 - 14 , 61 = 63; 62 = 0; 64 = 67; 65 = —60; 63 = &10; 
&g 0, so that 

^2 = biis^o + 2^) + biiXcXa + Voya) + bsiXoya " 2/oXa) 

[ 16 - 15 ] 

+ &8(®a + T^) 


These four terms are the only second-order combinations of the four 
coordinates which are invariant under an arbitrary rotation. Hence all 
invariant fourth-order terms must be made up out of products of such 
terms, leading to the expression for 1^4: 

IT* - «i(i 4 + y?)* + 62(3^ + yt)(.XcXa + y<^a) 

+ - y.®.) + 64 + y?)(iE: + y?) 

+ etifcjca + y.y.)* + e#(x.a:« + y»ya)(*<,y. - yrfc«). 

[ 16 - 16 ] 

+ erixoya - VcXar + + yoyt^){^ + yt) 

+ ^^(Xoya “ y<^a)ixl + y?) + + V?)* • 

The terms with 64, 65, and 67 can be combined into two terms 

«4 + |*l-|)(x*+V?)(a^ + »:) 

-- 1 (•B - Ma + yrf^oWl 

As mseetion 15 * 3 , it is convenient to introduce a coordinate system in 
the qb|6ct plane rotated through an angle xa with rei^)ect to the original 
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coordinate system in the object plane as well as to the coordinate sys- 
tems in tiie apeitxire and image planes*. 


, b4Xo - bgyo 

bi 

(6| + «^)’< 


f _ bfXa + 64^5 

Vt ~ 


bi 


. 65 

tanxa = - r 


[16-17] 


Then, with the new coordinates, it is possible to write 
If = TTo + 61 + y'^) + biixica + yiva) + bg(Xa + y^) 

+ ei(x'^ + yj*)* + 62 (x'* + yi^)(x'oXa + y'ya) 

+ 4(x'o^ + y'J‘)ix'oya - yixa) + eiix'J^ + y'J‘)(x^ + j/*) 

+ e'iiW^a + yiyaf - [x'oya - yi^af) [ 16 - 18 ] 

- y',;ta){x'^a + 1 /ij/a) + + yjy«)(x* + y*) 

+ e^ix'sa - yia:a)(x* + yi)+ do (a* + lA)^ 


+ terms of sixth and higher orders 



Fig. 16*6. Determination of Image-Plane Intersection from Wave Surface in 
Aperture Plane. 

Consider now (Fig. 16*5) a particular point Xo,yo in the aperture plane. 
The rays from the object point are the normals to the surface 
W * const through the point (xa,ya;*a). The direction cosines of these 
normals to the surface are^ 

1?E 

Ui dxa fii By a rti dZa 

n.- = - [(dlf/ax.)* + idW/dya)^ + (dW/dZa)^^ being the gradi- 

^t in image space of the ray function, in accordance with its definition 
in Eq. 164. Accordingly the location (A the intersection with the image 

^ See Adams, reference 4, Formula 2.641. 
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plane erf the actual ray through Xa^pa is given by 



(*»• - *.)* . 

(Vi 

- Va)' 


z* 


z* 

^ zewr ^ 

(*,• - *«)* . 

(Vi 

- Va)' 


Z* 


z* 


The first-order terms in the expressions for Xi and yi are 


r 

r 


[16-19o] 

[16-196] 


2Z, 


’ = *o + — hWo ^ 68*, 

n,- Ui 


[16-20o] 


# = ya + ^hW. + —l 

fli Tli 


[16-206] 


A comparison erf these relations with Eqs. 15-44 shows that the coeffi- 
cients of XatVa must vanish, whereas those of Xo^yo must be equal to the 
magnification M : 



^4 


Mm 

z 


In other words, to this approximation a sharp, faithful image is obtained. 
The third-order terms yield the deviation of the actual ray intersections 
from the Gaussian image points: 


tl% vXq 

[16-21a] 

1 / (*(» - XaY (yi» - V.)y W2 
m \ 2Z / dXa 




(1) ^ 

n< dy. 


+ 


1 / (*[» - ».)» (y[*> - y.)"y F2 

ni\ ,2Z 2Z / dya 


[16-216] 


where and are the second- and fourth-order terms, respectively, 
in Tf I Eq, 16*16. The second term on the right of Eqs. 16-21 is obtained 
by^d^tmnding the squa^ met in Eqs. 16*19 and retaining l&h first terms 
of thaestMmnon. if thefaetthat 
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is utilized, the total aberration can be written 
AXi = S\Xo{x^^ + Vo^) — S2yo{^^^ + Vo^) + 

+ - y'o^ + 2j:iyJya) 

[16<22a] 

+ S6(ya[*f - y?\ - ^yyo) + Se(®^[34 + ySl +_2yixaya) 

+ Sri—y^lSx^ + ^] + ^oXaVa) + SsXa(xS + V^) 


Ayi = Siy'oix'J^ + V?) + iS2a:'(a:'® + y!?) + Ss^aC*'* + y?) 
+ Si{-ya{x? - y?\ + "ixyy) 

+ S6(*a[®^* — Vo^\ + ^y^y!)) + + ^'cXaya) 

+ S7(*o[3^ + ~ ^y'i^oila) + Sayai^i + vt) 

with 


[16-225] 


_Ze', 


54 = 


2Ze's 

rii 


Ml 

■ 212* 

Sr = 


z4 

5a = ^ 

tii 


^3 „ ,y2 


Ui 




Ui 


s% = 


4Zeio 


. M 

J_ 

2Z^ 


It is thus seen that the deviations of the intersections of all rays with 
the image plane from the corresponding Gaussian image points may be 
determined from the eight coefficients Si* • * S% and the coordinates of 
their intersections with the object plane and a suitably chosen aperture 
plane.' The coefficients /S«, in turn, are functions of the field distribution 
in the electron-optical system and of the position of the object plane and 
the aperture plane. If the lens is purely electrostatic, the additional 
mirror symmetry about any plane through the axis causes 82 , < 85 , and <87 
to vanish, leading to the same number and types of geometrical aberra- 
tions as occur in light optics. In this case, also, xa = 0, = x®, and 

Vo = Voi as has been seen in section 13*1. The component aberrations 
corresponding to the eight coefficients are described in detail below. In 
every case the aberration figure is derived for an object point on the 
Vo axis (xo ~ 0 ). Furthermore, polar coordinates are introduced for the 
aperture plane: 

Xa = fa cos ^ Va * sin ^ [16‘23] 

a. Distortion (Fig. 16*6). This aberration causes a shift ci the image 
point proportional to the cube of the distance from the axis: 

Aa: » 0 Ay « SiyJ* 


[16-241 
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It does not affect the sharpness, but only the faithfulness of the image. 
Depending on the sign of Su the distortion is either pincushion- or 
band-shaped, as shown in the figure. 



Si<0 (M<0) Si>0 


Fig. 16*6. Pincushion- and Barrel-Shaped Distortion. 



5|<0 (if<0) 5j>0 

Fig. 16*7. Rotational Distortion. 


6. Anisotropic Distortion (Fig. 16-7) . 

Ax = Ay = 0 [16*25] 



This occurs only in the presence of a magnetic field. 
The lateral shift, {U'oportional to the cube of the 
separation of the object point from the axis, reverses 
sign with the direction of the magnetic fidd. 
c. Curvature of Fidd (Fig. 16*8). 

^ * SsV'o^Va cos ^ Ay « Ssyo\ sin 6 [16*26] 

The abdration figure is a circle of radius proportional 
to the square of the distance from the axis and to the 


Fw. hB Si Curva- first pow^r of the radius d the apertul®^ The name 
“ derived from the fact that, if it alone is present, a 
la tm Ftgaia image is formed on a curved surface tangent to 


the image i^ane on Ibe aads. The radius of curvature R of the image 
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mrjace can be deduced from the geometry of Fig. 16*9: 


IJ 

Ta 


'2 jir2 


Depending on the sign of jSa, the image surface is concave or convex. 




Fig. 16*9. Curvature of Field; Origin of Fig. 1610. Astigmatism, 

Aberration Figure. Aberration Figure. 

d. Astigmatism (Fig. 16*10). 

Ax « cos 0 Ay = sin 0 [16*28] 

The aberration figure is again a circle with radius proportional to the 
square of the distance of the, object point from the axis and to the first 
power of the aper ure radius. However, the sense of rotation around 
this circle is now opposite to that of the radius vector in the aperture 
plane. The formation of the aberration figure is shown in Fig. 16*11. 
The astigmatic pencil leaving the aperture plane converges more sharply 
in, for example, the meridional plane than in the tangential plane. Thus, 
at the two points of convergence, A and B, image lines rather than image, 
points are formed, the two segments being mutually perpendicular. At 
a point midway between, in the image plane, the beam has a circular 
cross section of least diameter. The sets of line images A and B Ue on 
two curved image surfaces — the tangential and sagittal image surfaces Sf 
8sf respectively. Except at the image plane and at the two image 
surfaces the beam cross section is elliptical. If curvature of field and 
astigmatism are sinaultaneously present, the aberration figure in the 
image plane becomes elliptical and the two image surfaces cease to be 
symmetrical with respect to the image plane. 

e. Anisotropic Astigmatism (Fig. 16*12), 

Ax = - Ssyl\ sin 6 Ay = - SgyiVa cos 6 [16*29] 



aberrations of SLEKHTBON lenses {Cha'p. 



Fig. 16*11. Astigmatism; Origin of Aberration Figure. 

This appears only in the presence of a magnetic field. The figure is 
again a circle with radius proportional to the square of the distance of the 
object point from the axis and to the first power of the aperture radius. 
It is traversed in a sense opposite to that of the ray intersection in the 



^0* 16*12. Axdflotroi^e Astig- • ^ Fig. 16*13. Anisotroi^o Astigmatism; Origin 

matkiifl Aheiratiaii Figure ^ of Aberration Figure. 

pWe. In ad^itioz^ there is a phase difference of gO d^rees, so 
tha^ hohe of the rays of the pencil intersect anywhere, the least cross 
section the beam occurring in the image plane (fig. 16 * 13 ). In 
cmnUnation with ordinaiy astigmatism or curvature of field, the aberra- 
^tion b^comaa an of arbitra^ orientation. 
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/. Coma (Fig. 16'14). 

Ax = StVorl sin 2^ Ay = /Sey^rJ (2 - cos 2B) [16-30] 

The aberration figure for fixed r® is a circle of radius proportional to the 
square of the aperture radius and to the first power of the separation of 



Fig. 1614. Coma; Aberration Figure. 

the object point- from the axis, with its center a distance equal to its 
diameter from the Gaussian image point. The circles due to different 
zones of the aperture fill up a 60-degree angle. The resulting cometlike 
appearance of the image point is responsible for the name of the aberra- 



3 

Fig. 1615. Coma; Origin of Aberration Figure. 


tion, the vertex of the figure being the brightest portion thereof* Fig- 
ure 16-16 shows the formation of the aberration figure. A single revolu- 
tion about an aperture zone corresponds to two successive revolutions 
about one of the circles cl the aberration figure. 
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g. Anisotropic Coma (Fig. 16*16). 

Aaf « — (2 + cos 26) Ay - —Siyoii sin 2$ [16*31] 



Fia. 16‘16. Anisotropic Coma; Aberration Figure. 



Fig. 16*17, Anisotropic Corns; Origin of Aberration Figure. 


This aberration, present only with magnetic fields, leads to the figure of 
ordinary coma rotated through a right angle. Figure 16*17 shows the 
formation of the figure by the ray pencil leaving the 
aperture. 

k Aperture D^ect or Spherical Aberration (Fig. 
16*18). 

Ax “ iSgii cos 0 Ay = iSgrJ sin 6 [16*32] 

The aperture defect is the same for all points of the 
object. .Thc| aberration figure is a circle about the 
Gaussian image point with a radius proportional to 
Fig. 1618 . Apaiw the cube of the aperture radius. Figure 16*19 shows 

taro or the origin. the aberration figure, which results from 

Abe rtor the stro!^ convergence of the rays p^ng through 
^ aperture. The rays passing 

throuj^ Ibe aperture cone fa come to focus a dis- 
^ tanoe from the hnage fdaro. 
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Two cautions with respect to the application of the above results to 
practical cases are not out of place: 

1. The shape of the aberration figures depends (except for the case 
of distortion) on the electron distribution in the aperture plane. If, as 
is the case in electronic optics at times, the imaging pencil does not 
possess symmetry about the axis in the aperture plane chosen, the 
aberration figures will differ from those given above. They may of 
course still be determined by substituting the proper range of values 
TafO in the aberration terms considered. 


A 



Fig. 16-19. Aperture Defect or Spherical Aberration; Origin of Aberration Figure. 

2. The plane^of best focus will not in general coincide exactly with 
the Gaussian image plan6. Thus, by taking account of spherical 
aberration alone, the smallest circle of confusion is obtained in a plane 
a distance d = 0.75^8^o ma**^ from the Gaussian image plane. The 
circle of confusion is here only one-fourth as large as in the Gaussian 
image plane. Calculating the intensity distribution in different planes 
by the method of wave optics, Strehl® has shown that the pl^e of 
optimum focus lies somewhat closer to the Gaussian imEige plane, that 
is, at a distance d = O.SSgrJ ra^-Z. If the intensity distribution in 
the imaging pencil is not uniform, but has a maximum for r® = 0, the 
focusing plane will lie yet closer to the Gaussian image plane. 

16*3. Evaluation of the Geometrical Aberration Constants. It will 
be assumed that the paraxial ray equation (16*1) has been solved for the 
boundary conditions (Fig. 16*20) : 

TaM = 0 
TyiZo) = 1 


* See reference 6, p. 69. 


r'M = 1 

TyiZa) * 0 


[16.83a] ,, 
[16.336] 
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Taa will denote the distance of the ray Va from the axis in the aperture 
plane. The rotation of the image will be given by 



[16-34] 


since the region between the aperture and image planes is, in accordance 
with the definition of the former, field-free and so does not contribute to 



Fig. 16‘20. The Solutions and ty of the Paraxial Equation. 


the integral. The path of an arbitrary ray leaving the object point Vofio 
and passing through the aperture plane in the point Tafia will be expressed 
by the complex function 

w - X + iy — r-c* [16‘35] 


The location of the electron relative to a plane rotating, due to the 
presence the magnetic field H, about the axis through the angle is 
giv^ by the function 

u = w-c”** = [16*36] 

with 

rf eH^ , 


r U eH^ Y 


Utilising Eqs. 15*58 and 15*59 for r" and u, for paraxial rays, is 
found^to satisfy quite generally the equation 

^ t “ + sSi) ” ° 

which is satisfied in paHicular by and Vy, Accordingly, u may be 
eoqnessed as a linear c<^bination of these two solutions : 

U - KoTy + — • fa [ 16 * 38 ] 


and ifa hemg the values of u in the object and in the aperture planes, 
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respectively. In terms of the values of the function w = x + ip in these 


u = Wo-ry + ~ • e = [w^Ty + — • ra) e [16*39] 

?oo ^ao 


where represents the coordinates of the object point measured with 
respect to a system rotated through the angle xo relative to the original 
coordinate system. 

Since the optical distance W between points in the object and aper- 
ture planes is to be expressed in terms of their respective coordinates w' 
and Wa, it is necessary to find the value of the angular momentum con- 
stant C (arising in the expression for d') in terms of these quantities. 
Since, according to Eq. 15-59, 



[16*40] 


it follows from Eq. 16-36 that 



On the other hand, by Eq. 16*39, 



(WoWg - WoWa){rl/a - r^Ty) 
raa 


[16*41] 


[16*42] 


Here C, w'oj Wg denote, in conventional manner, the complex conjugates of 
u, w'oj and Wg, respectively. The value of the second factor on the right 
of Eq. 16*42 follows directly from the multiplication of the equation 






[16*43] 


with Tyj the multiplication of the corresponding equation for ry with 
and their subtraction: 

- v" = - iryri - ^ [16-44] 

which integrates to 

. « const 

log - far') = log [16-^ 


Since the expreasicm in parentheses on the left becomes unity fmr t ■> c,, n 



116-46] 
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SO that 

and 


li'fl — U'u 


— WoWg 

Taa 


C 


2?aa 


[1647] 

[1648] 


The expression in polar coordinates for the optical distance is 




dz 


[1649] 


ThiTi^uantity is a minimum for the actual path between given points 
in the object and Wa in the aperture plane. The paraxial path solution, 
as given by Eq. 16«39, deviates from the actual path by quantities of the 
third order in w'o and as has been shown in section 15-3. Since 17 is a 
minimum for the actual path, it increases, for infinitesimal deviations of 
the path, at most with the square of the deviation. Hence, if in place 
of the actual path the paraxial solution is substituted for r, r', and in 
Eq. 1649, the resulting error will be only of the sixth order in the coordi- 
nates w'o and Wa. This will be without effect on the third-order devia- 
tions (corresponding to fourth-order terms in W) which are to be 
derived. . 

With the substitutions 




u'n' 


+ 


elP 




[16-61I 


rAt ~ 



— n H" 


[16-52] 



Tl» expreBBwn frar W may be separated into its terms Fo,J^s» Wt, etc., 
of thdicro, second, fouitii, etc., order in the coordinateB: 
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/*»• u f ^ 

J.. l 8$ 16mc*$ 2 J 

d /i^u'u\ pVoT* 

~ J,,dz\ 2 / L 2 i. 


= - - 




M' 

^ + itjoW>a)^Y 
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[16-55] 


The expressions for r'^, r^o, follow from the geometry of Fig. 16-20. 
In addition, Eq. 16-46 is applied at 2 = ««, yielding 

w; = - (^y 116.66] 

Finally, 


.T, r‘‘ f . iP^ , , , . M' , , 

W4= I { “ 7 (uU)^ H — uU(u'u — u'u) — —uUu'u 

J j, I 4 2 2 

+ ~ (u'n - c'm)* + w'n'(«'5 - B'u) - T («'o')®| * 

4 2 4 J 


[16.67] 


where 


- 1 |_* 
32I 




e*ff- 




„,_1|$", eH^ 1 


X = 


lewic**” 


Q 


(-f- 

\32??ic^/ 




p . 1 / « y [ fig* B") 

16\2m*/ ,2mc®$ ci e \ 


2eHH" 

nu?^ 


[16.68a] 

[16.686] 

[16.68c] 

[16.68d] 

[16.68e] 

[16.68/] 


ore functions of the field distribution which were first introduced by 
Glaser.. By substituting the expression for u in tenns of v>i and Wa 
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given by Eq. 16*39, W 4 becomes: 




SJK®')* + ^V)',w'.{WoW, + UlX) 


- t Y V>'.w'o(^',Wa - V)',Wa) + y 
of 

+ y - U>:®a)*] 

-i-r + V>i^a)i.^'.V>a - wjffia) 

4 

s$ 

+ y (roX + wX)««®« 


» y (®:«)o - w:®a)wo®« + y (Wo®o)* 


where 


Jlf /**• 

“ i? J, n.r')M' + r'ViAT} (fe 

\Pr> + Qr;»} dz 

4“ 4>o/ir I cte 

S4 “ jr^ + 2M'r^r„r'ri + ATrfr'* - *aii:| (fe 

8 i~^ r{Pryra + Qryj<k 

Taa «/f, 

S* “ + <r«) + Nry*} dt 

Si’‘^J^{Pii + QrL*}dz 

Si = li»-l + + iVri*} * 


[16-59] 


[16-60a] 

[16-60&] 

[16-60c] 

[16-60d] 

[16-60e] 

[16-60/1 

[I 6 - 6 O 9 ] 

[ 16 - 60 A] 
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obtained by the differentiation of Eqs. 16*59 and 16*55, as indicated by 
Eq. 16*21. Hence: 

Awi = Ax + iAy = + iSi + wi^w'o + WgWoWa 

+ ^§4 + iSi - w'J^Wa + ^5* - iSj + W,vili 

[16-61] 

+ 2 + tS? + w'oWa^a + 


The only terms under the integrals which do not vanish in the field-free 
region between Za and Zi (aperture and image planes) are those with the 
coefficient N, Eq. 16*58e. In this region, furthermore, all these terms 
are constant, with 




/ = ^ 
^ z 


= -l(hY 

KaW mW 


[16-62] 


Thus, for example, for S{, 

^ ^ ^ 2 2Z* 

Accordingly, S{ H- M^I{2Z^) is equal to the expression resulting from 
S[ (Eq. 16*60a) if the upper limit of the integral is made «»• in place of Zo. 
The same will be found to hold for the remaining aberration coefficients. 
Thus 


+ 


2Z* 

2Z* 


S2= Si 


Si = si- —2 Se = Si 


Sz = , Si 

Se ^ si + ^ [16*63] 


^7 = St Ss ^ si — 


2Z* 


are obtained simply by replacing the upper limit Za in the integrals in 
Eqs. 16*60 by 

These equations for Si • • * Sg are not particularly convenient for^ 
calculation, since they involve the fourth derivative of the deetric 
potential and the second derivative of the magnetic field along the axis. 
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These derivatives are difficult to obtain in practice, especially if, as is 
usually the case, the fields are measured experimentally and the differen- 
tiation has to be carried out by graphical or numerical methods. By 
repeated integrations by parts it is possible, however, by utilizing the 
fact that fa vanishes for both z = Zo and z = z,-, to throw the equations 
for the aberration coefficients into a form in which only the first and 
second derivatives of the potential and the first derivative of the mag- 
netic field appear, apart from the potential and the magnetic field them- 
selves. Since these formulas are extremely useful, they are given below, 
in the form obtained by Scherzer:® 


[16-64a] 


[16*646] 


I . 5 W, 3r;^ eH^ VY‘ 

4 L ’'\8* 32 24>r^ 2r^ 8mc*'i>/J.. 


[16-64c] 


[16-64(i] 


[16<64e] 


*SMi«fam)eS. 
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[16-64/1 

[16-64ri 

[ 16 - 64/11 

[16-64i] 

[16-64;] 

[16-64A;] 

[16-64/] 


16-4. Validity of the Aberration Expressions. From the derivation of 
the aberration expressions, with a field-free space postulated between 
aperture and image plane, it might be inferred that the formulas obtained 
are valid only when the image is in field-free space. This is not so. If 
the image plane is located in a region which is not field-free, the field may 
be regarded as cut off sharply at the image plane, the region beyond 
being field-free and at the potential The “ aperture 

plane is located in this region beyond the image. Under these circum- 
stances, the derivation of the aberration expressions remains valid. 
The imagined modification of the field beyond the image plane cannot 
affect the result, since the electron paths between object and image are 
not influenced thereby. 

The formulas (16-60) are applicable, to all continuous fields without 
space charge, producing either real images or virtual images. The 
Eqs. 16-64, on the other hand, apply only to fields producing real 
images and those fields producing virtual images for which the aperture 
plane may be located in field-free space without cnitting off the fidd 
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disoontinuously at some point. The vanishing of either ra{zi) or of H 
and and tdieir derivatives at 2 == 2a is required to obtain the second set 
of formulas. 

An example of the second class of fields to which Eqs. 16*64 apply is an 
dectron microscope projector lens of short focus, for which the object is 
virtual, the image real The interchange of object and image is immar 
terial, since the aberrations resulting for the two arrangements differ 
only by a constant factor equal to the magnification. 

In every case the integrations in Eqs. 16*64 must be carried out over 
the entire imaging field. In Eqs. 16*60 the integration is first carri^ out 
throogh the entire imaging field and then, from the end of the imaging 
field, to the image point 2 = 2 ,-. Only the term in the integrand with the 
coefficient N contributes to the last part of the integration. Neither 
Eqs. 16*60 nor Eqs. 16*64 are, of course, applicable to the determination 
of the aberrations of electron mirrors or cathode lenses, since here, for 
some point of the field, $ = 0, making terms in the integrands of all the 
formidas infinite. 

16*6. Geometric Aberrations of the Electron Mirror. In order to 
determine the aberrations of the electron mirror it is necessary, to avoid 
singularities such as the infinit y of / at the reversal point, to obtain a 
parametric representation of the electron paths. The natural parameter 
to use for this purpose is the time. The general equations of motion in 
an axially symmetric field: 


rat me 

[16-65a] 

= — ~ - ~ rShg 
m dr me 

[16-665] 

2 SB rohf 

mdz me 

[16-66C] 


wh^re^^a dot, in conventional manner, indicates differentiation with 
respect to the time, yield, to a first approximation, since by Eq. 15*39 


. C\eH eH\, 

” ^ Sic 16wc 

and, acoordii% to Eqs. 14*41 and 14*42, 

^ tH' . r^H'" 

2 16 ■ 


116-66] 

[16-67a] 

[16-676] 
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the differential equations 


C'® , ef>"\ 

^ r® \4 to*c® 2m / 

[16-68] 

‘-{T) 

[16-69] 

As before, it is convenient to introduce as dependent variable the 
complex quantity 

« = r.exp[t(e- 

[16-70] 

Then, also to a first approximation. 


, e*"\ 

[16-71] 

If Ta and Ty are the two particular solutions of Eq. 16*71 with the bound- 
ary conditions 

TaiZo) = 0 “j 

[16-72o] 

o 

il 

a 

n 

[16-726] 


where Za is the abscissa of the aperture plane/’ defined as before as a 
plane normal to the axis with the region between it and the image plane 
field-free, then any solution of Eq. 16*71 may be written 

u = UoT^ + 6”*** [16*73] 

*aa \ ^aa / 

where 

and Wo - Wo represents the coordinates in the object plane relative 
to a system rotat^ through the angle xa with respect to the coordina^ 
systems in the aperture and image planes. From Eq. 16*70 it follows 
that 

lie - fiu = 2iC' 


If the quantities to the third order in the coordinates are retained, tiie 
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differential equations become: 

/W.' , ■ 

" V2W (lem"'’ 8mV/“® 

me 1 4 16 2 

H^iAzu H'Az{uU — tu) 

2 2IZ 

and^r 4> 0, 




elfiuU miiu iH{uU — uu)\ 
84> 16mc^4> 4e^ 8$ } 


In these equations the subscript s denotes the second approximation, 
whereas no subscript is given to first-approximation quantities: for 
example, whereas = 4>"(2). The differences between 

the first and second approximation 


Aw = 1^4 — w 


Az = Zm — z 


yield the aberration 


Am = Att«.) - AziUHiti) • ^ [16-771 

ti is such that = 0; ti — to represents the time required for a 
pafaxial electron to reach the image plane. The equation for Au 
becomes, from Eq. 16*74: 

- --VST (is; + w) “ “ 


B^'iAmi H'Atm - tu) 
2 , 2 ® 
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This differential equation may be integrated^ to yield 




M 


^RirMr) 

The equation for Az becomes, on the other hand, 
/2e4>\^/$'Az 


dr 


or 


with 


m 


= - Q{t) 


Q{t) 


8c$ 


[16*80] 


[16*81] 


_ eH^ \ _ muii iH{uu — uu) 

\8^> 16mc^^>/ 46$ 


Hence, for t < U, U being the instant of reversal for the paraxial electrons 
leaving the object at the time ioj 



[16*82] 


On the other hand, at ^ the value of Az is such that the total kinetic 
energy is associated with the velocity of the electron in a plane normal 
to the axis: 



mwrWr 

2 


[16*83] 


Hence, 


[16*84] 


Since the integrand in Eq. 16*82 becomes infinite at < = (^r = 0), it is 

convenient to transform it by an integration by parts. Thus the 
expression 




dt + ]xm 





mi" ./H' 

'^4*' • 4*'V c 

^ See Adams, reference 4, Formula 8.410. 


eHH' ' 




uU 


[16*85] 
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contains only finite terms near t = U, provided that ^>' 9 ^ 0, and satisfies 
the differential equation. 

Equation 16*85 would logically be used for a region between ti and ^ 2 , 
ti<tr < fa, where ^' < 0 and ^ is small. Beyond fa, similarly as for 
the region t < fa, 

Substitution in the equations for Aw(fa) and Aw,- (Eqs. 16-80 and 16*77) 
of the expressions for Az in Eqs. 16-82, 16*85, and 16-86 leads to an 
expression of the third-order aberration of the electron mirror in terms of 
w and tl. If here 


u = e-'*- [16-87a] 

tl ■“ (w'j-y + —) [16-876] 

\ rate / 

. Jlf/2e*A«/ , icA , 


is substituted, an expression for 

« (Si +. lS2)wi^iI)o + SzWoWiWa + (S 4 + iSM^Wa [16*88] 
+ (Sc - iS7)WoWl + 2(Sc + iS7)WoWaWa + SsWaWl 


is obtained, the coefficients involving integrals over the time parameter. 
In view of the necessity of subdividing the range of integration to circum- 
vent singularities the expressions for the individual coefficients become 
too unwieldy to record here. However, the consideration indicates the 
procedure to bb followed in the calculation of the individual aberrations. 
For example, to determine the spherical aberration, first calculate the 
rolation between t and z by quadrature : 



makhig use of the fact t^t for very small values off — fa 

dgE depending on wl^ther t refers to a time before or after reversal 
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of direction. 


Then calculate and fa by numerical integration of 




2m 


+ 




[16-91] 


substituting the values of z for given t, as found by the quadrature in 
Eq. 16-89, in and H{z). When the values of the derivatives of $ 
and H have been tabulated as function of it is possible to obtain Az by 
quadrature of Eqs. 16-82, 16-85, and 16-86, with 

u — U - Ta 


With these values of A^, u{ti) is obtained by a second quadrature 
(Eq. 16-80). All complex terms vanish in the process, as an integration 
by parts of the terms with iff'" and ff "iAzshows. The aperture defect 
aberration coefficient is then given by 

Ss = + A*(t.) • y [ [16-92] 

where Z is the distance between the aperture plane and image plane and 
Taa is the separation from the axis of at the aperture plane, so that 
—Taa!^ is simply the angle of inclination of the ray in image space. 

The case = 0, which was excluded, corresponds to a field in which 
the point of zero potential on the axis is at the same time a saddle point 
of the potential. Under these con- 
ditions, studied in detail by Reck- 
nagel,® an infinite number of inter- 
mediate images with successively 
increasing aberrations is formed on 
approaching the reversal point. At 
the reversal point itself the motion 
of the electrons (always in the par- 
axial approximation) becomes unde- 
fined. Electrons of somewhat greater 
velocity traverse the field, whereas 
those of smaller velocities and such 
as are incident on the marginal por- 
tions of the mirror lens are reflected. 

Such a system accordingly does not 
as an imaging S 3 rstem for elec- 
trons, but as an int«isity control for 
the electron current. As such it is represented by the region about 
the control grid in any electron gun (Fig. 16*21), when the grid is given 

® See reference 7. 


0 - 


/ 

/ 

Cathode 



Fig. 16-21. Field Distribution in 
Front of the Cathode in the Preaenoe 
of a Negative Grid. 
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a negative bias close to the cut-off value. Under normal conditions 
(A operation the presence of space charge in front of the cathode will 
greatly modify the potential distribution shown. 

16*6. Chromatic Aberrations of Electron Lenses. The chromatic 
aberrations of electron optics are a consequence of nonhomogeneities in 
the velocities of the image-forming electrons. Since the faster elec- 
trons ^ deflected to a lesser degree by electron lens fields, they are 
brought to focus at a larger distance from the object. In addition to 
this, the magnification and rotation of the image will, in general, be 
different for electrons of different velocities. Formulas for all these 
effects may be obtained by determining the shift in the intersection of an 
arbitrary paraxial ray with the Gaussian image plane resulting from a 
change in the electric potential by a constant amount A4>. 

By introducing once more the function u (Eq. 16*36), satisfying the 
parsixial ray equation (16*37), and with the particular solutions and 
Ty (Eqs. 16*33) vanishing in the object and in the aperture plane, 
respectively, the general solution can once more be written 

u = UoTy -f [16*93] 

^euL 


Up and Ua being the values of u in the object and aperture planes. 
The solution, Eq. 16*93, is to be compared with the solution of 


wi' + 




■ + 


Ui 


2(^ + Af>) 4(f» + A4>) 


4> -h 






[ 16 * 94 ] 


which has the same point of intersection and the same slope in the object 
plane. By writing 

Ui = u + Au [16*95] 


expanding Eq. 16*94, and retaining only terms of the first order in A4> 
and Au, 

^ 24* \4$ 8r»cV 




>[uV U ( ff n/ \ 

TUs may be integrated to yield, for 2 = 2 ;,’ (image plane) 
Atx = 

Aditms, Nfennse 4, Fonnula 8.410. 


[16-96] 


[16-97] 
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Now a Wo = Wc& represents the coordinates of the object rotated 


through 



[16-98] 


with respect to the coordinate systems in the aperture and image planes, 
it is possible to write 


u 


/ / ,Wara\ 




[16-99] 


so that the shift Mvi = Axi + lAyi in the coordinates of the intersection 
with the image plane is given by 


with 


Awi = = (Aw< + 



[16-100] 

[16-101] 


If Eqs. 16-97 and 16-101 are substituted in Eq. 16-100, the total chro- 
matic aberration becomes 


AWi - Axi -I- iAyi = (Ci + iC2)Wo + C^Wa 


where 


^ J.. t2$« L44-« * 

eff* 


" *2 * * 
AfA^ 


Cs= - 


r 

'aa^o *• 


f 4>' . 

r$" . 

1 2 I 


_4$« + 



[16-102] 

[16-103fl] 

[16-1035] 

[16-103C] 


All chromatic aberration components are thus proportional to the 
energy differences eA*^ of the electrons. Ci corresponds to chromatic 
difference of magnification, C 2 to chromatic difference in magnetic rota- 
tion, C 3 to chromatic difference in image position. If a range of electron 
velocities corresponding to the energy difference eA^niax is present, the 
first aberration, acting by itself, distorts an image point into a radial 
line of length (Ci/A$)-A^>n, 4 x-ro, the second into an arc of length 
(C 2 /Af>)-A$„„-ro, and the third into a circle of confusion wili the 
radius {Cz/A^)»A^jo^*raj To being the distance of the object point from 
the axis and Va the radius of the aperture. It can readily be shown, 
however, as was first demonstrated by Scherzer,'® that Ca/A^ never 

See reference 2. 
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vanishes or changes sign^ so that, in fstct, the aberration components Ci 
and Ca cannot be present alone. Since, as an integration by parts shows, 

r f>" o r** o 

^ ii” J.. 2i« X. 

Cs may also be written 

MA^ 




8$^ 


rldz 


[16-105] 





Fig. 16*22. Relation between Longitudinal and Lateral Chromatic 
Aberration. 

Since the terms of the integrand are always positive, the integral ia 
greater than zero for all lens fields. The corresponding shift of the 
image plane (Fig. 16‘22) is given by 

C^Taa 


A _ ££ i . 

~ - ~ r' 

TqTfgj 

^aa 

However, by the theorem of Helmholtz-Lagrange (Eq. 13*27), 


M 


_ /feri- 
\f</ rU 


[16-106] 


[16-107] 


80 that 


•“■“i 

Tliis shift is thus always positive for positive A% that is, larger initial 
vdodties. 

No shnilariy general statement can be made with r^pect to the 
i wn ai n i n g chromatic aberration factors Ci and Of Jmese C 2 arises 
onljnm presence of a magnetic field and is ^ro for a^otation-free 
3 formed by an antis 3 rmmetric electric and magnetic field, 
has estaUi^ed usdul upper limits for the aberration con- 

See rdnrenoe a. 
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stant Ca of purely electric and purely magnetic electron lenses. The 
upper limit is most simply deduced for purely magnetic lenses. After 
substituting from the differential equation in Eq. 16‘103c, an integra- 
tion by parts yields 


C8 = 


Tnn^ 


r* 

.ft. 


dz <= — 


MM 

ra«# 


jC'-’ 


dz 


[16-109] 


The differential equation states that r'' is always of opposite sign to r®, 
BO that the path is, throughout, concave toward the axis. If there is no 
intermediate image Va must thus rise with continuously decreasing slope 



Fia. 16-23. Determination of Upper Limit of Chromatic Aberration 
for a Magnetic Lens. 


from Zo to the point of maximum separation with the abscissa Zm and 
from there on decline with increasing negative slope toward the image 
point Zi (Fig. 16-23). Thus 


|C8l = 




Taa' 

\MA^\ 


[16-110] 




(Too rurf) 


and, since = 1/M, 


\^b\ ^ 


MA€> 






[16-111] 


where is the maximum value of ra, corresponding to the most effective 
position of the aperture. For the important case of very large magnificar 
tion Tn = Taa and 


\cz\k 


MA^ 

$ 


[16-112] 




For a thin magnetic lens 
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and hence 


f ^ ^ 


[16-113] 


Furthermore, the relations 1/t? 4- 1/w - l/f and v/u = \M\ lead to 
Ar/w = {\M\ + l)Af//» so that for a thin lens 


C8 = 


Taa 


Tga J*ao^ 



[16-114] 


A comparison of this equality with the general relation in Eq. 16-111 
shows that the chromatic aberration of any magnetic lens is less than or 
equal to the chromatic aberration of a thin magnetic lens of the same 
focal length. Furthermore, the chromatic aberration of the latter is 
independent of the field distribution except insofar as it determines the 
magnitude of the focal length of the lens. 

For an electric and magnetic lens the path is not necessarily concave 
to the axis throughout. This, however, is the case for the function 
R s- satisf 3 dng 

R"^-TR r=_(-)+^ [16.115] 


For a purely electric lens, by Eq. 16.105, 


Ca = — 


2MM 


r..*: 


r iT 
$ 


Rldi 


^‘ R'jRa 


dz 


[16.116] 


An integration by parts leads to 


C3 = 









Fko. 16*94. DetenninatiOn of Upper limit of Chromatic AberratioD for an 
Electroetatic Lens. 


If, now^ is the abscissa where Rg/^ is a maximum (Fig. 16*24), 


\Cz\< 


\2MA^\ 
\ra^ 


(IKLI + \R'J) 


Ram 


[16.117] 
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Since 


R'a. = ^ 


Rgm _ ^om ^ ^aina» 
A ~ — *W. 


This inequality results: 


|C3l< 


2MA^ f, J_/£.\^l 
raa^'^^Sml l^j V*,/ ]“ 


[16-118] 


For the important case of very great magnification Eq. 16*117 leads 
to‘* 


|C3l< 



2JlfAi|» 

^min 


[16*119] 


whereas for the short electrostatic lens Eq. 16*116 yields 

C. . (|)“£ J ■ f, ■ (ly * l>M20| 


where /, is the image-side focal length of the lens. This depends on the 
field distribution within the lens and thus does not permit a ready com- 
parison with the general upper limit of the chromatic aberration of an 
electrostatic lens in Eq. 16*119, For a weak thin lens, however, Cs is 
seen to be given by —2MA^/^. 

16*7. Chromatic Aberrations of the Electron Mirror. To determine 
the chromatic aberration of an electron mirror it is necessary, again, to 
turn to the parametric representation of the path equation: 


U 


^ 2m Arr?^) ^ 


yielding for the change in u due to a change in the volt velocity of the 
electrons 


The latter equation is solved by 


\2m ^ 


[16*1211 

2m*c* / 

Az*ufa dr 

{16*122] 


The still closer upper limit 2Af A«/«, ^ere « is the object and image space 
potential of a unipotential lens, does not apply, sinoe the maxima of R and Rf^ 
need by no means cdndde (Fig. 16-24). The formula given by Bamberg, reference 
9, footnote 24, is also in error, omitting the factor r* aax /»’ao- 
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whereas tori = (2e*/m)^ and, hence, 



the sdution becomes, for < < t, (the time of reversal) 

Az = —(—\^C‘- 

2 \ mj 

Again, an integration by parts leads to a form useful near t = 



[16-123] 

[16-124] 

tr-. 

[16-125] 


If Asa » Ae(ta) where It > tff As is given in the region < > <2 by 


A#/2e4>\^ r‘dt 


As for the geometric aberrations, the shift in the image plane is given, 


finally, hy 

/26$ 

At*,- * Au(ti) — As (<,->«ti (<,-)• ( 

[16-127] 

and 



AXi + lAj/i = Awi = (At*t- + it*,'Axa)e“* 

[16-128] 

Since 

(wj 

[16-129] 

Aio^ |At»(^) 




+ /’**^A**|e*“ 

Jt, 2mc } 

[16-130] 


• (Cl + tC2)Wo + CsWa 


Hera, previous occasions, wi and represent coordinates 
(in notation) of the intersections of the ray considered with the 

land the aperture plane ” reepectiyely*, fa and are the 
cf the paraxial e<^tion vanishing in the object and the apear- 
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ture planes, respectively, as defined by Eq. 16-72; and u is given by 


u = 



[16-131] 


As for the geometric aberrations, these rather formidable equations 
become quite simple for the case of purely electrostatic mirror fields. 
The complex part (and hence C 2 ), in particular, vanishes in this case. 
Furthermore, quite generally, the higher derivatives, and can 
be eliminated by integrations by parts from Eq. 16-122 except in the 
region ti < t < < 2 , that is, except near the point of reversal tr. 

In order to obtain the chromatic aberration on the axis, C3, u may be 
set equal to Wa(ra/raa)B~^^‘'‘j the terms with the imaginary factor i in 
Eq. 16-130 do not contribute to this aberration component (nor to Ci). 
In many cases the value of C 3 is most conveniently obtained by calcu- 
lating a number of paraxial rays Va for electric potential distributions 
differing by an additive constant through the system considered. If 
the axial position of the image point is plotted against the potential at 
any fixed point, the slope of the curve yields the value of C 3 : 


dzj ^ Cz Tag 


[16-132] 


16*8. Aberrations of Cathode Lenses. The aberrations of cathode 
lenses cannot be classified in the same manner as those of ordinary elec- 
tron lenses and mirrors. This becomes obvious if it is noted that, in the 
absence of a distribution of initial velocities, the paths of all electrons 
leaving a given object point (point of the cathode) are identical. Thus, 
without initial velocities, a sharp image would be produced in every 
plane normal to the optic axis. It has already been seen in section 13-9, 
however, that an image plane can be uniquely established if infinitesimal 
initial lateral velocities are assumed. The image in this plane will nor- 
mally be distorted. This distortion, however, is the only geometrical 
aberration present if the initial velocities are taken to be equal to zero. 

If the initial velocities are not neglected, the electron paths leaving 
any object point form pencils (Fig. 16-25) whose width is determined 
by the maximum value of the initial lateral velocity components. Under 
the conditions which are prerequisite for the formation of good images 
with cathode lenses, that is, applied voltages which are very com- 
pared to the initial volt velocities of the electrons, the init al paths of the 
electrons will be parabolic (corresponding to motion in the nearly uniform 
fidd just in front of the cathode), soon forming pencils of very narrow 
angular aperture. Since all electrons leaving ^e object point 'with 
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zero axial velocity appear' in a plane a distance z from Po, to diverge from 
the point Pj, a (hstance 2z from the plane in question along the normal 
through Poj irrespective of their initial lateral velocity component 



Fio. 16*25. Image-Forming Beams in a Cathode Lens. 


(Fig. 16*26), and since, furthermore, the beam aperture is small by the 
time the electron leaves the nearly uniform field, the position of the 
image plane is not materially affected by the magnitude of the initial 
lateral components of velocity. They determine, rather, the aperture 
angle of the imaging beam. On the other hand, the position of the 
image plane depends greatly on the initial axial velocity components, 



Fig. 16^. Focusmg Effect of Uniform Electric J'ield on Electrons Living Cathode 
with Zero Axial Velocity. 

since these shift the vearteK- of the parabolas representing the first part 
• ci paths by the amount where eA^s is the initial kinetic 

Clergy of the electron considered associated with motion in the axial 
direetioii iKBd — is the eleotric field in front of the cathodii^ 

For l^ses iovohdng large object fields the image quality 

may iwv in addition, in the outer portions of the image, from serious 
defectpesultit^ from the diff^^ce in the fidd conditions surrounding 
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the principal rays (that is, paths of electrons with zero initial velocity) 
from the outlying points of the object and those surrounding the optic 
axis. These defects resemble in all respects the curvature of field and 
the astigmatism of ordinary lenses and may suitably be described as 
such. For purely electric fields they are completely determined when 
the radii of curvature of the tangential and sagittal image surfaces have 
been established, provided that the range of lateral initial velocities is 
known. 

In the treatment given below it will be assumed that the cathode is an 
equipotential surface^^ and may be curved, the radius of curvature on the 
axis being of necessity R = the subscript o designating quanti- 

ties measured at the cathode. Furthermore, the determination of the 
aberrations must be preceded by finding the position of the image plane 
and the magnification of the image near the axis. For the object point 
on the axis (C = 0), the paraxial equation is, once more, 


2$ (4ij> 8 toc*$/ 

Replacing r with the convergence variable 



[16-133] 


[16-134] 


which remains finite at z = 0, results in the equation 

eff* 


ft/ = 62 _ 6 + ±) + i_ + ^ + [16.135] 


The initial conditions become 


K 


12mc*$J 


, ^ eHX _ 

15*J 40$.'* 10»!c*$i 60mc*$'* 360mV$i* 


[16-136o] 

[16-1365] 


as may be shown by expanding 6, #, and H in powers bf z — Zo and 
satisfying Eq. 16*135 for the coefficient of 1/z and for the terms inde- 
pendent of z separately. A numerical integration of Eq. 16*135 estab- 

It is of course perfectly possible to give thd cathode a potential vaiying in a pre- 
determined manner from the center outward, a procedure which may be utflized to 
correct aberrations. Normally, however, simpler methods of attaining the same end, 
for example, giving the cath^e a suitable curvature (see Zworykin and Morton, 
reference 10, and Morton and Rambeig, reference 11 ), will prove more satisfactory. 
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lishes the location of the image point Zi^ since 
_ ^ 

r' 2zh - 1 


is the axial separation of the point z,r and the intersection with the axis 
of the tangent to the curve r{z) at thm point (Fig. 16-27). At the same 
time, a numerical integration of 


r 


// 



V' r*\ 

8mc*f> r*)^ 


[16-137] 



arctan r'it) 


-r/r' 


Fig. 16-27. The “ Convergence ” of an Electron Ray. 


the constant C having been determined by placing = 0 in Eq. 15-50 
with 


r. = 1 


2$^ 


[16-138] 




yields the magnification of the image and its rotation; 

The calculation of the distortion of the image is most readily carried 
out, as for the electron mirror, if a parametric representation of the path 
is introduced. If it is assumed that an electrostatic field only is present, 
in the paraxial approximation. 


ef*" 

f as - .~f 

2m 




m ) 


[16-140] 


The first of these equations must be compared with the second-order 
relation 


* 2m 16m^ 


[16-141] 


Subtracting the first-order from the second-order equat^ leads to a 
different equation for Ar *= r, — r: 

r» - — A«-r « E{t) [16-142] 




16m 
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Here r(t) in the expression R(t)f on the right of Eq. 16*142, is the solu- 
tion of Eqs. 16*140 with the initial conditions r(to) = 1, r(to) = 0. 
The variation with t of which are given as functions of z, 

is established by determining z(t) from 


t-to = 



t 




Z<Zl 


Z>Zl 


[16*143] 


where Zi is sufficiently small that for z < Zi the field in front of the 
cathode may be regarded as uniform. 

Assume now that a second solution of the paraxial equation for 
r (Eq. 16*140), p(0, has been calculated, with the boundary conditions 
p{ti) = 0, p.{U) = 1. Then, since r{ti) = ikf, Eq. 16*142 may be inte- 
grated to yield 

Ar{ti) ” /2(T)*p(T)*dT [16*144] 

The distortion itself is given by 

At,* = Ar(<t) — (~ ) uAziU) [16*145] 


For Az the appropriate equations from the theory of the electron mirror 
apply. Thus Eqs. 16*85 and 16*86 become, for purely electrostatic 
cathode lenses, replacing w by r and putting s 0, for t near toi 


4>'V mf^ /2c4>\^ /•* o 

‘“-IF + ii’-uj J/llP 


44>'' 




dt 


and for t>ti> toi 




+ 


4e4> 


dt 


[16*146] 


[16*147] 


As the next step, the chromatic aberration of the cathode lens is studied. 
The shift in the image point resulting from giving the electrons leaving 
the center of the cathode an initial velocity to = (2eA^,/m)^ may be 

See Adams, reference 4, Formula 8.410. 
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Where the terms not containing Ah have been expanded in powers of 
only the lowest-power members have been retained. The 
differential equation can be integrated, yielding^® 


Ah = Aho exp 


(J' aIz') dz'^ 


+ ^ B(*') exp A 


[16-1531 


The first term may, for all 2 7>^ 0, be omitted since the integral in the 
exponent is negatively infinite, being for small z equal to 


lim 



The second term remains finite provided that B{z) does not become 
infinite more rapidly than in proportion to 1 / 2 ^ as 2 approaches 0 — a 
condition which is fulfilled both by the exact value of B(z) and by the 
approximate value given by Eq. 16*152. 

Since Ah = — A(r7r), the longitudinal chromatic aberration or shift 
of the image plane is given by 

Ui = -A6a(*.- - *«)* = 


where the region between Za and 2 f is assumed to be field-free, and the 
lateral chromatic aberration by 

Au = - BiAzi [16*155] 


Bi being the aperture angle of the imaging pencil in image space. If the 
electrons leave the cathode with a maximum lateral velocity component 
(eA<^r/wi)^, the theorem of Helmholtz-Lagrange yields the value 






[16*156] 


Since, by Eqs. 16*153 and 16*152 A5a, for small A^c, is proportional to 
and since, furthermore, is proportional to 


Ar*- = A- 




[16*157] 


A being a constant characteristic of the imaging system. It is interest- 
ing to note that for very small values of the initial velocities the chro- 
matic aberration of a cathode lens is independent of any magnetic field 


See Adams, reference 4, Formula 8.002. 
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present except insofar as it influences the value of b. The fact, sug- 
gested by Eq. 16*157, that the ratio of the initial kinetic energy of the 
electron to the field at the surface of the cathode is the determining 
factor for the chromatic aberration is brought out by the examination of 
some important special cases. 

Consider, first, a flat cathode and uniform accelerating field ^i/l of 
length I terminated by an equipotential electric or magnetic short lens 
(Fig. 16*29). Here the path in the field up to the lens is a parabola such 



Fig. 16‘29. Idealized Cathode Lens. 


as is shown in Figs. 16*26 and 16*28. According to Eq. 16*161 the dis- 
tance of apparent origin of the rays leaving the cathode with axial 
kinetic energy eA^>, from the lens as they strike the latter is given by 



116*158] 


If t; is the image distance and/ is the focal length of the short lens. 


At; _ Aw A/ 1 /A^»A^ A4>, 

»» iP ~ a V $,• ) + 


[16-159] 


Hence, if only the term of lowest order in is retained, 

and 


[16*160] 

[16*161] 


Thush 


te the constant A in Eq. 16*157 has the value --2ilf . 

ly the same result is obtained in the quite different case of a 
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uniform magnetic field superposed on a uniform electrostatic field, the 
length of the fields being 1. Here the magnification is unity. According 
to Eq. 15*168, 


so that 



[16*162] 

[16*163] 


whereas by Eq. 15* 167a 




2(Af>.A4>,)^ 


[16*164] 


Finally an evaluation of Eq. 16*153 for a particular electrostatic cathode 
lens leads to the value^® 


Afi 


^0 


[16165] 


within 10 per cent, suggesting a general validity of this formula. 

As for other electron lenses, variations in the initial velocities cause 
with cathode lenses, in addition to a change in position of the image, 
changes in magnification and rotation. Expressions are readily 
derived for these changes, starting from the paraxial equation of an elec- 
tron with the initial kinetic energy eA# associated with motion normal 
to the cathode: 


($ + A4>)r" 


eH^ eHl r?\ 
2 ^ \ 4 Sttk? SmCo r^) 


[16*166] 


By subtracting from this the equation for A4> = 0 and denoting the 
corresponding change in r by Ar, 




> 1" 




Ar = 


R 


_ /$" eH^ eH\ 

$ 1 2$ ^ \44> 8wc*4> 8mc*4> 


L A 

H rVJ 


[16-167] 


^( 2 ) here denotes the solution of Eq. 16*166 with A^ = 0 and the initial 
See Morton and Ramberg, reference 11. 



586 


ABERRATIONS OF ELECTRON LENSES 


[Chap. 16 


conditiims 

r# “ 1 


/ = - — 
• 2$' 


r" « - 4. J?h_ 




e£r,ff' 


[16-168] 


6mc*#J* 67»c*#i 

Setting iB(*) = 0, a solution p(a) can be obtained (by numerical inte- 
gration) for Eq. 16-167, which is finite throughout and has the initial 
values 

„ = 1 

* * 2#^ 

.// _ eHJi' 


Po 


6mc2$'2 


+ 


With the aid of this solution, the solution of the unreduced Eq. 16-167 
may be written^^ 

[16-170] 

It can readily be verified that the above integral converges throughout. 
The chromatic difference of rotation is given by 


AB 


■Xf 


\ 2 * r As 


2*V8»nc**/ 




?r 


vdiich is also seen to be convergent. The equations 16-170 and 16-171 
show that, as for ordinary electron lenses, the chromatic differences in 
magnification and rotation are proportional to A$. 

For the previously considered example of a cathode lens consisting of 
a uniform field terminated by a unipotential short lens (Fig. 16-29), 
this change in magnification becomes, as is evident from Fig. 16-30, 

Ar.- -= = -r.y ^ [16-172] 

Sinoe 1// - 1/v + 1/(21) = (M - l)/(2Ml) aiul A/// = ZA*/*<, 
where for a purely magnetic short lens ^ = 1, 


-An 


Kro(M^l)^ 

9i 


:X(M-1)^|I 


ThU change in rotadcoi, for a purely magnetic short lens, is 
Se^Adanu, leteenoe 4, FotmoU- 8.401. 


[16-173] 


[16-174] 
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Denote the solution of Eq. 16*176 for the principal ray (electron with 
zero initial velocity) simply by r, and consider any neighboring ray 
r + Ar in the meridional plane. By Eq. 16*175 the variation of the 
small quantity Ar with z is given by: 


Ar" 


^n+ ' 2 ) + -^^- /— 1 

2^ dr* ^\dr/ ^ dr dz drdzj 


+ 


a/ 




[16*176] 


To bring the equation for the deviation from the principal ray into a 
form strictly comparable to that for the deviation of a paraxial ray leav- 
ing the center of the object from the optic axis, it is advisable to intro- 
duce two new variables: the distance of the ray from the principal ray 
in a direction normal to the latter: 


Ap = 


Ar 

(1 + r'®)>< 


and the distance f along the principal ray: 

f-'J (l + r'*)«(fe 


116-177] 


[16-178] 


With these variables Eq. 16*176 becomes, with terms of higher than the 
second order in r and r' omitted: 



[16*179] 
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In this expression ^ signifies not R = is the 

radius of curvature of the cathode. 

As for the paraxial equation, the convergence variable 


6^ = -- 


Ap'* 


Ap 


[16-180] 


may be introduced, leading to 

6,' = 6? + &< (- I - ^ ^ ^ - I + ^ - ft [16-181] 

By subtracting from this the paraxial equation 

7./ _ J.2 , 1\ , 1 ^ 

^ V 2$ f / 44>f 4f* 44> 


[16-1821 


the differential equation for Aht = — 6 is obtained: 


Abl = AtAbt + 


A7 = 26--- 


[16-183] 


As in the treatment of the chromatic aberration of cathode lenses, this 
equation is solved by 

Aht- J ^eC^'Oexp^J^ Ai(«") dg' [16-184] 


Since for very small z the exponential factor is proportional to 
and as Bt{z^) does not go to infinity at «' = 0 more rapidly than l/g'^, 
the integral for Abt is convergent. 

The quantity Abt is simply related to the radius of curvature of the 
tangential image surface. Assume, for convenience, that for a;i < z <Zi 
the electric field is zero. Then the abscissa of the point of convergence 
of the ray is given by 


4 = 


J (! + /*)« 



1 2zi 

(1 + rf )« 2«iba - 1 


[16-185] 


and the distance between the plane of convergence and the image plane 
by 




/ 2*1 




4ziA5n 

(2si6i - 1)* 


e'er? 


[ 16 - 186 ] 
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or, by omitting terms of higher order than the second in r and r', 






$'$"1\ 

1 

l(N 

1 

II 

2$ 

+ r*| 

,8$ 

8$* Jj 


r'*$" 


-$iv 

-]\ 

+ K-4i- 

4$ 

+ r* 

.32$ 

16$*J/ 


(16*191] 


Introducing, as before, f (Eq. 16*178) as independent variable and 
putting 

= [16-192] 

lead, in a manner similar to that for the meridional pencil, to 

+ Bs with A6, = 6,-6 [16*193] 

and 


1 


+ 


2f) (32* 16$*/ 

V2« Jo 2 V\4$ 4$* / 

Here at is given by Eq. 16*179. Equation 16*193 is solved by 

Ab;, = exp (j"^ A.iz”) dz"^ dz' [16-194] 


If, again, the electric field is zero beyond z = Zi, the radius of curvature 
of the sagittal image surface, is given by 


!-?£•- A/_ r*— rf -1- i- _ 4zfA&.i \ 
R, M* M*V Jo2Ti '^2R r*(2*i6, -1)7 


[16-195] 


16*9. Space-Charge Effects. Space charge has been used repeatedly 
for the concentration of electron beams^® and even for the formation of 
electron images.^® In both these cases space charge consists of positive- 
ion concentration in and near an electron beam passing through an 
incompletely evacuated space. The electrons, in moving through such 
a region, ionize gas atoms along their path. While the electrons ejected 
from the atoms leave the region of ionization with great velocity, the 
positive ions, owing to their much greater mass, remain behind and form 
a positive space-charge column which exceeds the negative space chai^ 
of the beam itself. Thus under favorable circumstances electrons 


See Johnson, reference 12. 

See V. Borries and Ruska, reference 13. 
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diverging from the axis of the beam will be drawn back toward it. This 
is the origin of the luminous electron thread ” or nodal beams, which 
form a convenient means for demonstrating the action of deflecting 
fields on charged bodies. The most important use made of such gas- 
concentrated beams is probably Johnson's low-voltage cathode-ray 
tube, which relies entirely on this type of beam concentration. The 
formation of images by the field of the gas discharge between electrodes 
of a three-element electrostatic lens configuration has been demonstrated 
by von Borries and Ruska. 

Here, however, space charge is to be treated purely as a disturbing 
phenomenon. Furthermore, it is assumed that the vacuum in the 
re^n of travel of the electrons is sufficiently perfect that no appreciable 
number of positive ions is formed. Thus only the negative space charge 
of the electron beam itself need be considered. 

The effect of this space charge on the paths of the individual electrons 
is twofold: On the one hand, it alters the potential distribution along the 
axis ; on the other, it changes the dependence of the potential distribution 
off the axis on that along the axis. For, assume the presence of an 
axially symmetric space-charge distribution: 

p = Po + pir^ + P2^^ • • • [16T96] 


where po, pi, P 2 • • • are functions of z. Then the potential 


^ + ar^ + • • • [16*197] 


where, again, $, a, 5, • • • are functions of e, must satisfy Poisson’s 
equation: 



— 47rp 


[16*198] 


Substituting the expansions 16*196 and 16*197 leads to the following 
e(|uation8 for the coefficients of the several powers of r: 


4a -|- = — 4irpo 

165 "h = — 4irpi, etc. 


[16*199] 


whe&oe 



5 = 


64 16 



[16*200] 


Aceovifin^ Uie paraxial ray equation in the presence of axially sym- 
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2$ 


Stoc** 

where, as on previous occasions, u = r exp 


_ 

\4f> Stoc** # / 


{ 16-2011 




If Af> is the change in potential on the axis due to the presence of 
space charge, the space-charge aberration may thus, in principle, be 
determined, in a manner similar to the other aberrations, by the solution 
of 


Au" + 


Au'i' 


2 # 



+ 


elfi \ 
8w!C*f'/ 


'Ai' 4>'a*\ /A4>" 


[16-202] 

»"A4» eg^A» tpA 
4«>* 8mc*$* it) 


Here A^(z) is to be found from the space-charge distribution in the beam 
and from its electrical images in the surrounding conductors by the 
method outlined in section 11 *12. 

Very frequently, however, all that is required is a check to see whether, 
under actual conditions, space-charge effects are negligible. Thus, for a 
beam of uniform cross section along the axis in a region which is field- 
free except for the presence of the beam = $' = o and, hence, 
confining attention to rays in a meridional plane, 


r" + xpo - j = 0 [16.203] 

For fo = 0 at 2 = 0 this is solved by 

sinh[(- [ 16 - 204 ] 

On the other hand, for a ray which is parallel to the axis and a distance 
from it at « = 0, 

r = r» cosh|^^ - s j [16-205] 


_ i /2e4»\~>< 

A\m) 


[16-206] 


Since . 
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Eq. 16*206 may also be written 

r = r.C 08 h[ 2 g)%-«^] 


= To cosh 




116-207] 


Here A is the cross-section area of the beam, i the beam current in 
amperes, ^ the accelerating voltage in volts, and D the diameter of the 
beam. For the small deflections considered the hyperbolic cosine may 
be expanded, leading to 

Ar = r - r. = r„ [16-208] 


Thus the space-charge deflection of the initially parallel ray is pro- 
portional to the current density, the square of the path length, and 
inversely proportional to the % power of the voltage. The shift in the 
apparent point of origin in the plane z = 0 is given by 

5 = —r'z + Ar = -Ar [16*209] 

that is, by the same quantity as the deflection of the ray. As an 
example, assume that z = 1 centimeter, ^ = 40,000 volts, D = KT^ 
centimeter, r© = 10"® centimeter, i = lOr® ampere. Then 

Ar = 4*l(r® cm 

For a ray leaving the center of the beam at an inclination r' in the 
plane z * 0, the deviation of the apparent point of origin is correspond- 
ingly small: 

« = i zr'.- ^ = -2.03-10V'i$-’‘ [16-210] 

which for ri =* 10"^ and otherwise the same data as in the previous 
example leads to 

5 = -2.7*l(r^ cm 


For a more exhaustive treatment of the effect of space charge on the 
beam diameter, for diverging and converging as well as parallel beams, 
the reader is referred to the work of Watson, von Borries and Dosse, and 
Haeff.*® 

In the j|[x>ve consideration two effects, that of charges inShiced by the 
beam wiiUrrounding ccmductors and that of the magnetic field associ- 

IQ reference 14, v. BorrieB and posse, reference 15, and Haeff, refer- 

^oe 16 . 
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ated with the beam current, have been neglected. Since both of these, 
however, reduce the space-charge effect, the estimates obtained by 
Eqs. 16*208 and 16*210 will invariably be too large, or, in other words, 
on the safe side. The relative magnitude of the repulsive action of the 
electrostatic field of the beam and the attracting action of its magnetic 
field can readily be estimated. Thus the electrostatic field force acting 
on an electron a distance r from a line of charge with X electrostatic units 
per centimeter is 2eX/a. If the charge X is the charge of a moving beam, 
this may be written 2ie/(av), where i is the beam current in e.s.u. and 
V the velocity of the charges constituting the beam. The magnetic field, 
on the other hand, is 2i/(ac), where c is the velocity of light, and the 
consequent force on the electron is —ehvic = —^ievKac!^)^ electrostatic 
units being used throughout. Thus the attractive force of the magnetic 
field is to the repulsive force of the electrostatic field as the square of the 
ratio of the electron velocity to the velocity of light. 

For long^ high-current beams, such as are employed in television pro- 
jection tubes, the effect of space charge is considerable and may result in 
a change in the conditions of optical focus with the intensity of the beam. 
For example, on the basis of Eq. 16*208, if the beam is 10 centimeters 
long and carries 1 milliampere distributed over a cross section of 0.2 
millimeter diameter, a ray proceeding initially parallel to the beam direc- 
tion along its outer edge would, for a volt velocity of 40,000 volts, be 
deflected by an amount Ar = 0.1 millimeter, that is, an amount equal to 
the beam radius. ' In practice, conditions are rarely as severe as this. 
Except in the immediate projfimity of the object and image the beam will 
have a much greater diameter than that indicated (0.2 millimeter) and 
space-charge forces will be correspondingly less. 

16*10. Instabilities, Disturbances, and Misalignments. Even if the 
elements of a particular electron-optical system are in principle capable 
of producing a perfect image, they will not do so unless both their con- 
struction and alignment are perfect and unless the voltages — in the 
case of electrostatic lenses — or both the voltages and coil currents — in 
the case of magnetic lenses — are perfectly stable during focusing and 
observation or exposure. Finally, disturbing fields must be entirely 
absent. 

It is relatively easy to determine the effects of voltage and of current 
fluctuations as well as of disturbing external fields. The effect of jfudua- 
tiom in the accderating voUage (with lens voltages with respect to the 
anode as well as magnetic lens fields assumed to remain constant) is 
given directly by the formulas for the chromatic aberration. How- 
ever, if , as is commonly the case for purely electrostatic lenses, the lens 
electrode voltages are all derived from the same voltage source, fluctua- 
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tions in the latter will not affect the image formed by the system, at least 
as long ^ the electron velocities involved are not comparable with the 
velocity of light and if the reactive impedance components of the elec- 
trodes and the leads joining them to the source remain negligible. If, 
however, as shown in Fig. 16*33, a resistance is used as voltage divider, 
thermal variations in the resistance may give rise to fluctuations in the 


Bectron 



Fiq. 16*33. Three-Element Electrostatic Lens Operated with Potential Divider. 


lens properties. For this reason the operation of electrostatic lenses 
involving only electrodes at cathode and anode voltage, making a volt- 
age divider unnecessary, is particularly favorable. 

In the case of purely magnetic lenses, the effect of fluctuations in the 
magnetic fleld may also be simply related to the chromatic aberration. 
The varying of both the magnetic field and the accelerating potential in 
the paraxial equation 


u 


n 




[16*211] 


leads to 


eH^ /, . 2AH Af>\ 


[16*212] 


If it is assumed that the fluctuation in the magnetic field is due to varia- 
tions in the coil current i and, furthermore, that either the magnetic lens 
does not utilize iron or that its iron is quite unsaturated. 


AH Ai 

“h “ T 

is a cons^t along the length of the lens. Thus for 

2Ai ^ A# 

7" ~ "i" 


[16*213] 


[16*214] 
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the electron paths are, by Eq. 16*212, unaffected by the simultaneous 
fluctuations in lens current and accelerating voltage. A lens current 
fluctuation Ai has the same effect on the ray paths as the accelerating 
voltage fluctuation -2$Ai/i. Hence, by Eqs. 16*102 and 16*103, the 
aberration resulting from a fluctuation of the lens current Ai of a purely 
magnetic lens may be written 

+ iAvi = -2 ‘ 1(^1 + iC 2 ) (x' + tyi) 

+ CsiXa + iPa)} 

i denoting the lens current and the imaginary quantity ( — 1)^, respec- 
tively. Equations 16*103, with s 0, give the values of Ci, C 2 , 
and C3. 

Disturbing fidds may be either electric or magnetic. However, since 
any thin metallic shield screens off electric fields perfectly, magnetic 
fields alone need be considered here. 

It is always possible to resolve a magnetic field into a component paral- 
lel to the optic axis and one normal to it. Since the direction of motion 
of the electrons deviates but little from that of the axis and since the 
force action of a magnetic field on electrons is proportional to their 



Fiq. 16-34. Effect of Disturbing Fields on Imaging by Thin Lens; Significance of 

Symbols. 

component of velocity normal to the field, it is evident that the com- 
ponent normal to the axis will prove more disturbing. Both effects will 
be considered for a thin lens with object distance u and image distance v 
(Fig. 16*34). 

The effect of the longitudinal field component can be determined 
readily by dividing the system into three regions: object space 
(z < u)j the region occupied by the lens ^ w), and image space 
{u < z u + v). Paraxial rays can be traced through the first and 
thii-d region with the aid of the equations for electron motion in uni- 
formly magnetic fields given in section 15*2. 

Thus, for a ray starting from the axial object point with an inclinar 
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T 

fa = “7 sin Au r'a = r' cos Au 
A 


[16-216] 


\8mc^4>/ ^ 


[16-217] 


hg being the disturbing field component along the 2 -axis. 

At the lens, 

_?f±= _!:sr + l + l= + l + + ^ [ 16 . 218 ] 

Ta fa u V tan Au U V V 3 


u and V being taken as positive. Thus, in the image plane, 

^ . /I , A^wXsinAt;' 

Avi = r< = fa jcos At; - I - -h — )- 




= - ^ «»(» + «)= - ^ ^ A V 


[16-219] 


Here denotes the aperture radius of the lens and M the magnification. 

For a paraxial ray incident parallel to the axis from an object point a 
distance Tq from the axis, however, 

fo * fo cos Au Ta = —ToA sin Au [16-220] 

"" = A tan At4 -\r — I — = "“H h A^u [16-221] 

fa v w i; 


Ar< - Vo COB Au joos At; - + A^t^ + ro- 

I \u V / A ] u 


In addition to this there is a lateral shift 


TiMi ■» raMA{u + v) = ToM^Au 

F<v exao^^, for a point on the axis, 

0.022 „ „/ 1\A? 

Ar,.- — w(l+-)-r,cm 


[16-222] 


[16-223] 


[16-224] 


hecoB^ with 1 centimeter, M •« 100, r® = 3-10 ® centimeter, 
kg *■ ir gauM, ♦ »■ 60,00(1 volt, Afi « — 4.4-l(r® centimeter, whereas. 
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under the same conditions, for a marginal point with r© = KT® centime- 
ter, there is, in addition, a distortion Ar,- = 7.3* KT® centimeter, 
nMi = 6.6-10"® centimeter. Thus the rotational distortion is easily 
the most serious' consequence of a fluctuating magnetic field along the 
axis of the instrument. A superposed stationary axial field is of course 
inconsequential, since it may be regarded as part of the electron lens 
system. 

The effect of a transversal disturbing field is, as mentioned above, 
greater than that of a longitudinal field. The radius of curvature R of 
the path of an electron traveling with the velocity {2e^lin)^ in the 
transverse field K is (according to Eq. 15-20) given by 


R \2mc^<I>/ 


[16-225] 


In object and image space the electron paths are circles with this radius. 
For an electron starting from 2 o = 0, r© = 0 with an inclination the 
path in object space becomes 


~ (1 + r'2) J (1 + eA ~ 


If quantities of higher than the first order in ri and higher than the 
second order in u/R are neglected, it follows that just before the lens 


• “ I / 


u-\- r'pR 


and hence 


rU = (J + 3 = I + - (^ + J + ;) 

Similarly, in image space the path is given by 


and, for z,- = « + t», 


[16-227] 


[16-228] 


[16-229] 


»* + «» mV/ 1^ riaoom 


For u = 1 centimeter, M = 100, = 1 gauss, ^ = 50,000 volts, as 

before, Ar< = 6.6 centimeters. The deviation for the transverse field is 
thus of an entirely different order of magnitude from that for the axial 
field. The fact that does hot appear in Eq. 16*230 justifies the con- 
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elusion that, in this order of approximation, the deflection is not depend- 
ent on the orientation of the ray at the object point. A calculation for 
off-^axis object points reveals that the shift of the image point is given by 
Eq. 16*230 in this case also. A comparison of the figures for the deflect- 
ing effect of the normal and axial magnetic field components suggests 
that any magnetic shielding^^ which adequately reduces the transversal 
component will do at least as much for the axial component. 

An obvious effect of any miscMgnment of electron lens elements, as 
well as of any Constructional inaccuracies, is to spoil the axial symmetry 
of the system. Only two very simple instances of misalignment — a 
lateral shift and a tilt of a thin lens — will be considered qualitatively 
below. 

A simple lateral shift A (Fig. 16*35) of the center of the lens with 
respect to the object signifies, on the one hand, that the center of the 


01^ lens Image 



Fia. 16*35. Effect of Lateral Shift on Image Formation by a Thin Lens. 


image is shifted by an amount {\M\ + 1)A, on the other, that this image 
center has the field aberrations characteristic of an object point a dis- 
tance A off the axis. In the direction of the shift the range over which 
the image is satisfactory is thus reduced by the amount (|M1 + 1)A. 
The aberrations can, of course, be calculated by the usual formulas. 

The tilt of an equipotential thin lens has a different effect. The center 
of the image is not shifted, but exhibits aberrations characteristic of an 
object point a distance vA oE the axis, u being the object distance and 8 
the angle of tilt. Furthermore, because of the relative inclination of the 
actual object and image planes to the conjugate planes of the tilted lens, 
off-axis points show an unsharpness even in the Gaussian approxima- 
te. "^TThus (Fig, 16*36) for object points a distance yo from the axis in a 
, meridi(mal plane normal to the axis of tilt, the distance of the object 
points and image points from the conjugate planes is y^S and Myo8f 
respectivdy. Since Av = M^Au, the radius of the consequent circle of 
eonfusiem is 

, + \MM ^ = I^I (l + ]^|) [18-231] 

TrbeK^B the object-eide aperture angle of the lens. In particular, the 
See iModon 14*3. 
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point corresponding to yo = exhibits only spherical aberration in 
addition to this defect, making the total aberration here 

Ar- = [l-Ssk^ + \M\ r, [16-232] 

Here \M\ is the absolute value of the magnification and Va the aperture 
radius. Although the imaging in the plane containing the axis of tilt 



also is astigmatic, it does not exhibit this added source of unsharpness 
and will show- relatively little variation in:sharpness — less in proportion 
as 5 is larger. 
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CHAPTER 17 


MAGNITUDE AND CORRECTION OF ELECTRON LENS 
DEFECTS 

17 1. Approaches to the Aberrations Problem. The minimizing of 
lens defects or aberrations may well be regarded as the central problem 
of optical design. In electron optics workers have approached this 
problem from three different angles. 

The first of these approaches consists in the determination of basic 
limits to the correction of electron-lens aberrations. It has already 
been mentioned that the existence of these limits, inherent in the proper- 
ties of electric and magnetic fields in free space, necessitates the employ- 
ment of relatively small apertures, hence justifjdng, in general, the 
restriction of attention to the aberrations of lowest order. 

The second approach concerns itself with the determination, by 
analytical metljods, of optimum systems under prescribed limitmg 
conditions; for example, that the refracting field be short in extent com- 
pared with its focal length. 

The last proce4ure consists in the measurement and calculation of the 
aberrations of practically useful systems, a comparison of the results 
suggesting lines of improvement or, at least, permitting the selection of 
the most favorable system examined. This last procedure comes closest 
to the process generally employed in the design of light-optical systems. 

In this chapter the several aberratioas are taken up individually and 
discussed from the three points of view, to the extent that they have 
become an object of study. 

17-2. The Aperture Defect. The aperture defect or spherical aberra- 
tion has received by far the greatest attention of all the aberrations. 
This is only reasonable; for in the two most important practical applica- 
tions of electron optics — the electron gun and the electron microscope — 
it is the primary factor limiting the performance of the instrument. In 
the one case, the aperture defect of the ** second lens ” sets an upper limit 
to the current concentration attainable in a spot of given size; in the 
other, that of the objective" determines the resolving power of the 
microscope. 

The fact that the aperture defect of an electron lens forming a real 
image of an object (or a virtual image, provided that the imaging Md 
is not cut off discontinuously at some point) cannot be made to vanish 
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was established by Scherzer. ^ Scherzer showed that the terms under the 
integral in the expression for the spherical aberration (Eq. 16*64/i) could 
be arranged, after some further integrations by parts, as a sum of squares 
as follows: 





This expression can vanish only if both the electric and the magnetic 
fields, are zero throughout the region between object and image; in 
short, if there is neither lens nor image. 

Nevertheless, in theory at least, the aperture defect for given aperture 
angle may be reduced below any prescribed limit, even keeping the mag- 
nification and the separation of object and image constant.^ If u is the 
object distance and 6 the aperture angle of the imaging pencil, the 
spherical aberration may be written, making use of Eq. 17*1, if the 
aperture plane is thought of as coinciding with a principal plane of the 
lens system: 


Ar,- = /Ssr® = = 




[17-2] 


Here C is a dimensionless constant characteristic of the lens, whose focal 
length is /, and of the position of the object (or image) relative to the 
lens. It is not affected by changes in the scale of the lens, provided that 
Hie rSTative dimensions as well as the electric and magnetic potentials 
of Hie electrodes and pole pieces are left unchanged. 

* Consider now two equipotential lenses (Fig. 17'1) of focal lengths /i 
and/sy with' the object placed at the focal point of the first, so that the 
image falls at the focal point of the second. The magnification of the 
compound system is Furthermore, if Ci and C 2 we the dimen- 

sicrnl^ jjhaTacteri^ ccmstants of the two individual le^es with the 
(^ject Ijiled at their focal points, the aberration constant of the system 

^ Sw referetiee L 

* See Rdmeh, reference 2. 
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as a whole is 

= /i -/i ^ = f2Ci + ^ ^2 [17*3] 

Let the two lenses be reduced to scale by a factor k, the two being pushed 
apart at the same time so as to leave the separation of object and image 
the same. This leaves the magnification unaltered, but causes the 
spherical aberration (Eq. 17'3) to be reduced by the same factor k. 
Since k is arbitrary, the spherical aberration of the system may be made 
arbitrarily small in this manner. 

In actual practice the reduction of spherical aberration by decreasing 
the scale of the electron lens cannot be pushed very far. A reduction in 
dimensions by the factor k would require an increase in the strength of 



Fig. 17-1. Reduction of Spherical Aberration bedow Any Prescribed Amount. 


the magnetic or electric lens fields by a factor 1/k. Such an increase is 
limited, however,’ on the one hand by the tendency of ferromagnetic 
materials to become saturated at high fields, on the other, by cold emis- 
sion from the electrodes of the lens. 

For the sake of completeness, it should be mentioned that magnetic 
and electric fields free of spherical aberration exist — at least in princi- 
ple — and have been derived by Glaser® and Recknagel.^ For example, 
by suitable integrations by parts the expression for the spherical aberra- 
tion in Eq. 16'60h can be converted, for a purely magnetic field, into the 
form 


- ^ _L w 

® wic® me® 


[174] 


Setting the integrand equal to zero leads to a differential equation for 
the magnetic field, which is solved by a family of functions of the type 
plotted in Fig. 17*2. These fields are finite in extent, their length being 
related to their strength in such fashion that they are in no case capable 
of reducing the initial slope of the rays leaving the object (both object 

* See reference 3. 

* See reference 4. 
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and aperture plane must lie within the field, the field being ^ut off sharply 
at the aperture plane) by more than 5 per cent. Accordingly, the use of ^ 
these fields does not offer much promise for the correction of spherical 
aberration in real images. Similar conditions hold for the abearation- 
free electrostatic fields. 



Fici. Magnetic Fields Free from Spherical Aberration. (Glaser, reference 3.) 

The problem resolves itself, thus, into a search of systems with a 
ramhnum of spherical aberration rather than of aberration-free lenses. 
At tlie same time, the fact that the spherical aberration can be made 
ailHtrarily small by reducing the dimensions of the imaging system to 
scale indicates that restrictions must be placed on any jet oi systons 
whit^ ^to be compared. An inspection of tbe coefficients in Eq. 17*1 
sh0W|P^t both increasing tbe focal length (decreasing and 

S*/0bfy a constant factor) and increasing the lens thickness without 
changing the focid length (multiplying zhyk> 1 and both and 
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by l/k) cause a reduction in /Sg, provided that does not vary too 
rapidly within the lens. When, in particular, different weak and thin 
lenses are compared, it is thus logical to require that the focal lengths 
and the thicknesses of the systems to be compared be. identical. 

By writing, in accord with Eq. 15*62, 


16 Vf.J 




a suitable definition for the thickness I of the lens is 

f 


The zero plane of z has here been chosen so that 


117-5] 


r. 


T*z*dz — 0 


that is, through the center of gravity ” of the function T{z), 

Consider now only short and weak electron lenses, whose axial poten- 
tials and magnetic field strengths may be expressed by 


f = + A4>{z)] \A<f>\ < 1 

■H d^HL 








<1 


[17*6a] 

[17-66] 


With only the lowest powers of A and retained, the refractive 

power 1//, the thickness I, and the spherical-aberration coefficient are 
given by the following expressions: 


3A2 

16 


Ji max 


dz 




Sg 


hhA^ 

64 


r 






where h is the image distance. 

From these expressions it is seen that the ratio 


[17-7] 

117-8] 

117-9] 
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is dimensionless and independent of the absolute magnitude of A and 
(though dependent on their ratio) as well as of the magnificar 
tion of the image. It may thus properly be regarded, as suggested by 
Rebsch and Schneider,^ as a figure of merit of any weak, thin lens with 
regard to the aperture defect.’ 

The problem of minimizing the spherical-aberration coefficient, 
Eq. 17‘9, keeping the focal length and thickness of the systems to be com- 
pared constant, was solved for weak, thin lenses by Scherzer® and 
Rebsch and Schneider.® Their findings may be summarized as follows: 


a. Optimum electric unipotential lens, 0 = e‘ 
"h. Optimum electric immersion lens, <f>' = 

c. Optimum magnetic lens, H = 

d. Optimum rotation-free magnetic lens, 

H = const 


G = 0.267 
G = 2.4 
(? = 2.0 

G = 0.222 


For similar variation of the field and H/Hj^axt respectively) the 
figure of merit of the weak magnetic lenses is thus five-sixths that of the 
corresponding weak electric lenses — rotation-free magnetic lenses corre- 
sponding mathematically to unipotential electric lenses. 

Rebsch and Schneider showed furthermore that the figure of merit of a 
compound electric and magnetic lens is always less than the larger of 
the two figures of merit, G^ and (?magn, of electric- and the mag- 
netic-lens component by itself. The figure of merit of the compound 
lens is given by 




\ JmHgnf 




[IMl] 


^ere foBgat ^smagn, ^ei. ^ma*n are calculated for A = 

“ 1 and it = {eHlax/{jf^^A])^/A measures the 
rdatin^e strength of the magnetic and electric fields. 

The weak-lens figures of merit of a number of other lens fields are 
given below, to illustrate the closeness with which commonly employed 
configurations approach t^e optimum. The first four are taken from 
the paper of Rebsch and Schneider. 

e. Charged ring of radius a, 0 = l/(a^ + z^)^. 0 - 0.119 

/. C||ar|^ ring oi radius a inserted in aperture o7 
na^'equal radius, ^ - l/(a* + z*). 

* Sv reference 6. 

® See reference 6. 


G = 0.200 
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g. Two oppositely charged rings of equal radius placed 
close together, ^ — zj (a^ + Q = 0.239 

0 = 1 /( 0 ^ + 

G = I2(2n + 3)(4n - l)|/{15(4n + \){n + 1)1 

i. 0 = g ^ Q 226 

j. Immersion lens consisting of adjoining equidiameter 

cylinders of radius a, ^ tanh (IMdz/a). G = 2.33 

k. Magnetic lens consisting of adjoining cylindrical 

pole pieces of equal internal diameter (radius a), ^ 

H„,axsech2(1.315z/a). G = 1.94 

I Magnetic lens formed by single circular current loop 
of radius a, H = aV(a^ + z^)^K G = 1.6 


The two-cylinder immersion leas and its magnetic counterpart, in 
particular, are seen to approach the optimum values of the figure of merit 
very closely. 

It should' be mentioned that the relative magnitudes of the figures of 
merit depend materially on the definition of lens thickness. .For exam- 
ple, if, as has been suggested by Plass,^ the thickness of symmetrical 
electric lenses is defined as the distance between the two points at which 
<f) differs from <^(oo ) by one one-hundredth of the difference between the 
value of (j) at the center of symmetry and 0( « ), the figure of merit of 
the system i becomes actually about 22 per cent greater than that of the 

optimum syst^ a. 

Apart from this, it must .be remembered that the electron lenses 
employed most widely are not weak lenses but strong lenses. Hence, 
the weak-lens calculations are important only to the extent in which 
their results can be transferred to the case of stong lenses. 

Consider, in particular, lenses in which the object is placed near the 
focal point, that is, where large magnification is to be achieved, as in the 
electron microscope. Here h = Mf, so that 

0 -^ 117-121 

Since P, in accordance with its definition by Eq. 17*5, is independent of • 
the strength of the lens (for weak lenses), the more readily interpreted 
quantity Sg/M « l/G, indicating directly the size of the circle of con- 
fusion, due to spherical aberration, referred back to the object, is con- 
veniently used as a measure of the quality of the lens at any given lens 
strength. 

Figure 17*3® shows four electron lenses — two unipotential lenses, an 

^ See reference 7. 

® See Rambeig, reference 8. 
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immersion lens, and a magnetic lens — for which the variation of the 
spherical-aberration coefficient Sg/M with lens strength (as given by the 
voltages applied to the electrodes and the ratio Ht„/V. respectively) 
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Fia 17*3. Typical Electron Lenses. (Courtei^ of J. Applied Phys.^ reference 8.) 


was ealcidated by integrating Eq. 15*62 and evaluating the integral in 
£q. 174. S[ystem A, with the potential distribution 

- '1 -,ft.827 IJ7-13) 

the ^iameter of the central electrode being used as unit of le^^gjffi as in 
the remaining three systems, is Scherser’s “ unipotential le^ of least 
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spherical aberration.” The electrode configuration shown was deter- 
mined by Plass® from Eq. 11*75. 

System B is the unipotential lens whose field distribution is shown in 
Fig. 13*10a. Its weak-lens figure of merit is (? = 0.1^. 

System C is the magnetic lens with the axial field distribution 

^^H^ax8ech2(2.630z) [17-14] 

Finally, the field distribution for the two-equidiameter-cylinder immer- 
sion lens System D is given by 



Fig. 17-4. Variation of Refractive Power and Spherical Aberration of Unipotential 
Electric Lenses with Electrode Voltages, (Courtesy of J. Applied Phys.f reference 8.) 

The results for the two unipotential lenses, Systems A and S, are 
shown in Fig. 17-4. In both cases it is assumed that the center electrode 
is negative with respect to the outer electrodes. A plot of the refractive 
power is included. Both the refractive powers and the spherical- 
aberration coefficients S%/M are seen to be larger throughout than 
their weak-lens approximations, the deviations of the refractive power 
exceeding those of 8b/M, The most interesting feature of the graph is 
that the spherical-aberration coefficient for System B, although initially 
larger than that for Syst^ A, becomes smaller than the latter at high 

® See reference 7. 
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lens strengths. Similarly, System i on p. 609, with B = 2.53 to yield 
the same (weak-lens) thickness, Z, as that of System A, becomes superior 
to System A at high lens strengths. At 1// = 0.685 diameter"^, 
SJM for System i is 3.72 diameter""^, whereas for System A, Ss/M = 
5.25 diameter”^. It appears that a less sharply peaked potential dis- 
tribution is more favorable at the high lens strengths. 



gausS'Cm* 

V vom 


Fig. 17-5. Variation of Refractive Power and Spherical Aberration of Magnetic 
I^ns (System C) with Maximum Field Strength. (Courtesy of J. Applied Phys.^ 

reference 8.) 

Figure 17*5 shows corresponding curves for the magnetic lens, System 
C, Here the refractive power, instead of exceeding the weak-lens value, 
^remains consistently below it. The curve of the spherical-aberration 
coefficient, similarly, is convex to the axis of the abscissas. These effects 
must in part be ascribed to the fact that a progressively larger part of the 
magnetic field ceases to contribute to the lens action as the object plane 
moves into the lens field. A curve indicating the rotation of the image, 
6, is included. 

Figure 17*6, finally, reproduces the results for the immersion lens. 
System D, Here the weak-lens approximations to the focal lengths are 



[17*161 
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The actual refractive powers exceed these values throughout. How- 
ever, the spherical-aberration coefficients S%i/M and S% 2 /M — the 
subscript 1 indicating an accelerating, the subscript 2 a decelerating 



Fig. 17 . 6 , Variation of Refractive Power and Spherical Aberration of Immersion 
Lens (System D) with Applied Voltages. (Courtesy of J. Applied Phys.^ refer- 
ence 8.) 


lens — increase and decrease, respectively, with increasing lens strength. 
At the same time the quantities (Ssi/M) {^1/^2)^ (Ss2/M) (^2/ ^ 1 )^ 

are found to differ less than 10 per cent from their weak-lens value 
throughout the range covered. 

In electron-microscope work the spherical-aberration coefficient deter- 
mining the limit of resolution obtainable with a given objective is not 
^%/M, but f^Ss/M = Cf (C being defined by Eq. 17*2). This is the 
ratio of the aberration Ar to the cube of the aperture angle. Accord- 
ingly, Fig. 17*7 replots the results for the spherical aberration of the four 
'systems A to D, showing (7/ as a function of the refractive power 1//, 
The scale indicates relative values of the resolution which may ^ 
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attained, it being assumed that the resolution is proportional to (C/)^. 
Cf is seen to decrease (for the equipotential systems) somewhat more 
slowly than (1//)“^, more nearly as (1//)”^, over practically the entire 
range covered. 



I* IQ. 17-8. Variation of Spherical ^Aber^ation with Maximum Axial Field Strengih 
for Two Magnetic Lenses. 

Figure 17-8 compares the spherical aberration.of an actual asymmetric 
magnetic electron-microscope objective (S 3 r 8 tem E). with that of Sys- 
tem C, The calculations for System E, shown in Fig. 4*13 (in the range 
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below saturation), were carried out by Dosse^® on the basis of measured 
field values. The results for the two systems are seen to be quite com- 
parable. For System E the diameter D of the smaller pole piece serves 
as unit of length. 

In a number of applications of electron lenses other than the electron 
microscope — in particular in the electron gun — lenses are frequently 
employed which are short, that is, consist of refractive fields much shorter 
than the focal length of the lens, and yet cannot be regarded as weak. 
Magnetic lenses of this type have been studied by Glaser. Equa- 
tion 174 may be written 


Ss = 


eM 


16 r® mc^^> 


i: 


H'^ + 


eH* 




12 


ridz 


[17-17] 


If, for a short lens, is treated as a constant ( = rt,), this becomes 

eH^ 


Ss=- 








dz 


[17-18] 


the integral of the last term vanishing at the limits of integration; b is 
the image distance. Finally, if the expression for the refractive power 
1/f of a short magnetic lens (Eq. 15-86) is utilized, the dimension-free 
aberration constant C defined by Eq. 17-2 is given by 



where the parameter k is given by 


[17-20] 


K is proportional to the focal length of the lens. The relation 
Eq. 1749 is in accord with the previously mentioned finding that for a 
number of (not necessarily short) systems Cf is proportional to 
that is, to a power of the focal length between the second and the third. 

The aberration coefficients C for a number of shor|U|nagnetic lens 
fields, 0 determined by Glaser, are given below. The formulas are 
vaU^Ar K > 20 corresponding to a ratio of the focal length to the thick- 

r^ermce 9. 

See reference 10. 
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ness f /I > 2 (in the case of the exponential field, System q, more exactly 
f/l > 1.8). Here I is the thickness as defined by Eq. 17"6. The value 
of C for (c = 20 is added in parentheses; 

1*1 < a 

C = -0.299x - 0.0222 k® (14.9) 

\z\ > a 

1*1 < a 

C = -0.125k - 0.0177k® (9.6) 

1*1 > a 

C = -0.117k - 0.0122k® (7.2) 

p. Circular current loop: — — = (1 + 

•“max 

C = -0.109k - 0.0101k® (6.2) 

?• 77 — = C = -0.083k - 0.007k® (4.8) 

“max 

Glaser showed that a field closely approximated by System g, having a 
sharp peak at the center, represents the best short-lens field from the 
point of view of spherical aberration. It may be mentioned that 
System q also has the same weak-lens figure of merit, G = 2.0, as the 
optimum (analytic) weak-lens field (System o) according to Rebsch and 
Schneider's criterion. 

Although analytical methods are valuable in establishing limiting 
values of the aberrations, deducing general relationships and indicating 
favorable conditions for low lens aberration, the determination of the 
aperture defect and other aberrations for actual lenses must, more often 
than not, be accomplished partly or wholly experimentally. This is 
especially true of strong iron-encased magnetic lenses, in which the 
complex properties of ferromagnetic materials make field calculations 
difficult and the small dimensions of the pole pieces render measurements 
of the field distribution along the axis inaccurate. 

In the case of electric lenses, almost all the measurements of spherical 
aberration have been carried out for systems coi^sisting of two coaxial 
cylinders at different potentials. Epstein^* and Gundert^® determined 
the aberration by inserting a diaphragm containing a set of small circular 
apertures placed along two radii from the center outward in one of the 

See reference 11. 

See references 12 and 13. 


m. — = 1 - I - 

Hmax 


= 0 


H / irz\ 

n. Tz — = cos ( T— J 

^max V|2a|/ 


= 0 


H 

TJ ~ ^ 

“ max 


■(*/a)2 
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cylinders and by measuring the distance of the luminous spots due to 
each aperture from the optic axis in the plane of paraxial focus. Fig- 
ure 17'9 shows the arrangement employed by Epstein. A somewhat 



Fig. 17'9. Arrangement for Measuring 
Spherical Aberration of Two-Cylinder 
Immersion Lens. (Epstein, reference 

IL) 

from Hi and a distance si from Si, 


different method, which is especi- 
ally useful for the determination of 
the spherical aberration of short- 
focus lenses, has been employed 
by Spangenberg and Field. 

Consider, in Fig. 17*10, an elec- 
tron lens, whose position is indi- 
cated by its principal planes,^* Hi 
and Ho, and, on either side, a regu- 
lar fine-meshed screen. Si and 82 ^ 
respectively. Place a point source 
P of electrons at the image point 
(or at the object point, if the latter 
is further removed from the lens 
than the image point), a distance h 
Furthermore, place a fluorescent 


screen (or photographic plate) a distance L from Ho and a distance ^2 
from S 2 . Let the height of incidence of a given ray from the source P 
on the “ principal plane ” Hi (and hence also on Ho) be Va. Then 
r® *= ri*6/«i, where ri is the height of incidence on the screen Si. This 
assumes that the principal plane Hi is, in fact, a plane. 



Evi. 17*10. Experimental Determination of Spherical Aberration. (Spangenberg 
and Field, reference 14.) 

Suck|tA assumpticm is not generally valid in the calculation of aberrsr 
ti(wi%w However, if the distance h is large, it leads to a negligible error. 
It not be necessary to make a similar assumption for the principal 


See referenoe 14. 
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plane ” Ho> The value of ri, and hence the value of ra, can thus be 
determined by counting the meshes on the image of Si on the screen 
between the axis and the point, a distance h from the axis, at which the 
ray traverses the fluorescent screen. The distance from the axis at 
which the ray passes through the screen S 2 , ^ 2 , is similarly determined 
from its projection image on the fluorescent screen or photographic 
plate. From it the inclination of the ray in the region between the lens 
and the observation screen, 0 = (A — r 2 )/s 2 , is found. Finally, 


h 

e 


hS2 J a t I 

; = L“W — Aw=L — w + 

h — r2 


Ssrju 

M 


= L — u-\- 

\M/ 


[17-21] 


establishes the position of the point of convergence for any given angle 6. 
By plotting h/d against 6, a parabolic curve is obtained, whose vertex 
indicatas the position of the paraxial focus relative to the observation 
screen, L — u. The deviations from this limiting value determine the 
magnitude of the spherical-aberration coefficient Ss/M, The object 
distance u is given by 

rvh-S2 
Mh “ rg) 



In particular, in the case of the incidence of a parallel beam of electrons 
on the lens and on screen 5i, a knowledge of the relative positions of the 
screen < 82 , the observation screen and some reference plane attached to 
the lens, together with a single photograph of the projected screen 
patterns suffice to determine exactly the position of the focal point, the 
focal length of the lens, and the spherical-aberration coefficient of the 
lens for large magnifications. Once the focal length of the lens, /, has 
been determined, the spherical-aberration constant is obtained from the 
distortion of the pattern of screen S 2 alone. From Fig. 17*11 it follows 
that 


h ^ 72 h 

L-f+Cfl^ 

/ (h - r2)^\L - f h - rt 




[17*22] 

[17*23] 


It should be noted that the distortion of the shadow image of Si becomes 
a measure of the spherical aberration only if the principal plane Ho is, 
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indeed, a plane, a condition normally not fulfilled. Under these circum- 
stances 


h _ 

L-f+Cfef‘~f-cj^ 




[17-24] 

[17-25] 


- Fxg. 17-11. Determination of Spherical Aberration with Parallel Incident Pencil. 


To return to the gene^rally valid Eq. 17*23, it may be converted into 
the form 


M M /ssfc* 


[17-26] 


if th^oagnMcaticm JIf (rf the pattern of St and the difference in magni- 
fioatron AM <£ an (d>ject on 8% at the distance rt from the axis and one on 
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the axis is introduced, the magnification being measured at right angles 
to the radius vector r 2 . Dosse^® employed a spider thread 0.9 micron in 
diameter as object in determining the spherical aberration of a micro- 
scope objective. This was passed through the objective with the aid of 
a special object holder with a long tubular prolongation. If the thick- 
ness of the thread at the center of the image is that at a distance h 
from the center, di, AMfM = (di — do)/do. Since it was not possible 
to bring the object into the field-free region beyond the lens, a small 
correction had to be applied for the curvature of the rays between the 
object and the fluorescent screen. The value of the spherical-aberration 
coefficient of an objective (System E) with a focal length of 2.7 millime- 
ters was thus found to be C = 0.41. Dosse’s calculations had yielded 
C = 0.59. In view of the errors involved both in the measurement and 
in the calculation, the agreement may be regarded as adequate. 

To return to the measurements of spherical aberration on two-cylinder 
electrostatic immersion lenses, the findings of Epstein and Spangenberg 
and Field for a diameter ratio D 2 ID 1 = 1.5 agree within experimen- 
tal error with the theoretical results for D 2 /D 1 = 1 shown in Fig. 17*6. 
The more extensive measurements of Gundert indicate that, with the 
diameter of the high-voltage cylinder held constant, th*e least aberration 
results if both cylinders are of the same diameter. Furthermore, as 
might be expected, an increase in the diameter of the low-voltage 
cylinder has a smaller adverse effect on the aberration than a reduction 
in diameter. A fens formed by a pair of apertures was found to have 
practically the same aberration as one formed by a pair of cylinders of 
equal diameter. 

A measurement of spherical aberration on an electrostatic lens of 
different type, that is, a short-focus unipotential lens such as that 
shown in Fig. 13«10b, has been carried out by von Ardenne.^® The diame- 
ter of the central aperture was 0.125 millimeter and the focal length 
3 millimeters. The measurement was made by examining the image of a 
pointlike distant electron source formed by the lens on uranium glass 
with the aid of a light microscope. In this manner von Ardenne found 
the value 37 for the dimension-free spherical-aberration constant C 
(Eq. 17*2). A calculation for a similar S 3 rstem by one of the authors 
yielded the larger value C = 179. 

Measurements of the aperture defect of magnetic lenses have been 
reported by E. Ruska^^ and 6ecker and Wallraff.^® Ruska's measure- 

See reference 9. 

See reference 15. 

See reference 16. 

See reference 17. 
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ments were made on a typical objective lens (Fig. 4*7) with variable 
pole-piece separations. He observed the image of a fine aperture illumi- 
nated by a diffuse electron beam formed by the lens provided with a 
suitable ring aperture oma luminescent screen and read the coil current 
values It required to focus the image for ring apertures of different 
radius r. Then, if the pole pieces are assumed to be unsaturated, the 
ratio of the focal lengths for the zone of radius r and the central zone is 
given, for relatively long focal lengths, by 

So n 

From this the spherical aberration constant Ss/M may be determined 
from the approximately correct relation 

So M 

The measurements indicated that the spherical aberration is reduced 
as the pole-piece separation is increased. Thus, by using again the 
least internal diameter of the pole pieces as unit of length, it was found 
that the pole-piece support alone, with 1// ^ 2 diameters"^, gave 
S%fM = 5 diameters”^. The pole pieces in conventional position, 
that is, with the conic surfaces outward, gave, for 1// = 0.7 diameter"^, 
S%/M - 3.9 for a pole-piece separation of 0.29 diameter and S%/M = 3.0 
for a pole-piece separation of 0.86 diameter. For the same approximate 
value of the focal length (1// = 0.7 diameter""^) the pole pieces, placed 
so that their tips (and flat surfaces) were turned outward and a distance 
of 2.2 diameters apart, gave the much lower value S^/M =1.1 diame- 
ters”^. All the results except the last agree well with the value of the 
spherical aberration calculated for the idealized two-cylinder magnetic 
(ilg. 17*6). Ruska^s measurements were carried out with acceler- 
ating voltages between 40 and 60 kilovolts. 

Bedcer and Wallraff^s measurements were made at lower voltages — 
4 16 20 kilovolts — on a series of coils with an inner diameter between 80 
fmd 120 millimeters, one of which was encased in an iron shield with a 
variable gap. Their method of measurement resembled Ruska^s, with 
the exception that they msed a movable screen to determine the change in 
focus with the effective zone radius of the lens, thus freeing themselves 
fr(xa the, major sources ctf error of Ruska’s method. 

For ^n-free wire coils of the same diameter and focal length they 
foun|Pie interesting relation 

iSg = const 
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where d is the length, measured along the axis, of the coil. Thus, the 
spherical aberration is found to decrease with increasing coil length 
somewhat more slowly than in proportion to the inverse square root of 
the coil length. The coil length was varied between 20 and 600 
millimeters. 

Figure 17*12 shows the variation of the longitudinal spherical aberra- 
tion of the iron-enclosed coil with the gap width. This coil has an inner 
diameter of 80 millimeters and a length of 65 millimeters. Measure- 
ments at very small gap widths 
suggested that the aberration is 
least for very narrow gaps. F or 
example, for r® = 1 1 millimeters, 
the aberration for a 1-millimeter 
gap was found to be equal to 
that for a 65-millimeter gap. At 
the same time the lens current 
required to obtain a given focal 
length, which attains a mini- 
mum at a gap width of about 
40 millimeters, is enormously 
greater at the small gap width. 
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1 cal Aberration with Width of Gap of Iron- 
P® Enclosed Coil. (Becker and WallrafT, refer- 
ence 17.) 


Hence (tap widths only slightly Fw- 17-12. Variation of Longitudinal Spheri- 
smaller than the inner 
piece diameter are generally 
most desirable. For very strong 
lenses with very small clear diameters saturation phenomena modify 
the dependence of the aberration on the gap width. 

For a few very special electric and magnetic fields the spherical aber- 
ration can be determined analytically. In particular, the uniform 
magnetic and electric fields belong to this class. Thus it has already 
been shown (Eq. 15*33) that the spherical aberration of a uniform mag- 
netic field is given by 

Trc/2m^\^. 10 . 544 >^ 

where do is the angle of inclination of the ray at the object. Similarly, 
the spherical aberration of a superposed uniform electric and magnetic 
field is, according to Eq. 15*170, 

Ar= 

To these may be added the formula for the simple uniform electric 


; cm 


[17*27] 
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field of length L, which may be derived in similarly elementary fashion: 


Ar 



[17-29] 


In this last case the image is virtual and, hence, the sign of the spherical 
aberration positive instead of negative. All the three fields above form 
images of unity magnification. 

A more complex field for which the spherical aberration has been 
detehnined analytically is the '' bell-shaped ” field 


[17-30] 


studied in detail by Glaser.^® As has already been seen in section 15-3, 
the focal length of this field is given by 



with 


T = 




sm 


me 


(1 + A;®)« 




euy 


[17-31] 

[17-32] 


n is the order of focus (n ~ 1 the number of intermediate images 
formed), so that under normal conditions of imaging n = 1. The 
formula obtained hy Glaser for the spherical aberration of this lens is, for 
large magnification M, 


Cf 

— ; 

a 


nir P 
4 (jfc* + 1)» ' 


44i* + 3 


ut 


sm’ 


me 


[17-33] 


(** + 1)« (fc* + i)H 

“Figure 17-13 compares the spherical aberration of the bell-shaped 
field (i3q. 17-30) with tliat of System C (Fig. 17-3), the half-value widths 
of tbeitw fields being adjusted so that their focal lengths become the 
same for low values of the field at the center of the lens. Since under 
these dreumstanoes Eq. 17^31 yields (with n = 1) 

a ^ reHy ^ 0.0345o^g; 

7 16mc*$ $ 

and poB focal length of the Systan C is given by 
D 0.01114fiJZ)2 

fce lefarenoe IS. 


[17-34] 


[17-35] 



Sec. 17-2] 


THE APERTURE DEFECT 


625 


the focal lengths of the two lenses will be the same for weak fields if the 
diameter D of the pole pieces of System C is made equal to 3.09a. The 
half-value width 2a' of the field distribution of S 3 rBtem C is then given by 



Flo. 17* 13. Spherical Aberration as Function of Befractive Power for the “ Bell- 
Shaped ” Field (n » 1, 2, 3, 4) and for System C in Fig. 17*3 (w « 1). 

a' * 1.034a. As might have been expected, the spherical aberrations 
of the two systems differ little, although greater rrfractive powers are 
attained with System C, whose field falls off more rapidly for large 
values of z. 
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As has been seen in section 15*3, a strong magnetic lens has a multiplic- 
ity of focal points. If the object is placed at the focal point farthest 
removed from the (highly magnified) final image, intermediate images 
will be formed at the intervening focal points. If this is applied specifi- 
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Fio. 17‘14. Comparison of Spherical Aberrations of Magnetic and Electrostatic 
Unipotential L^ns with Corresponding Field and Potential Distribution. (Dosse, 

reference 9.) 

cally to the bdlnshaf^ field (Eq. 17’30), the expression for the focal 
length (Eq. 17*31) indicates that two focal points and corresponding 
focal^leiiths exist for > 3, three for > 8, four forfc^ > 15, etc. If 
a f|^ length of given order n is considered, this decreases first rapidly ^ 
increasing field strength (increasing A;), attains a minimum equal to 
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a at = (2n)^ — 1, and then increases again relatively slowly. Fig- 
ure 17* 13 shows that, for any particular order n, the least spherical 
aberration is attained for a field stronger than that required to yield the 
minimum focal length. Throughout, the spherical aberration is smallest 
for the lowest order of imaging (n = 1 — no intermediate image), 
increasing with the number of intermediate images formed. However, 
for orders higher than the second the difference becomes negligible. A 
range of from 0 to 35 is covered by the plot. 

Dosse^” has also calculated the spherical aberration of an electrostatic 
unipotential lens with the axial potential distribution 


$ = i 1 - 



[17-36] 


and compared it with that of the analogous magnetic lens (Eq. 17-30). 

is seen to be the axial potential at the center of the lens. Figure 17-14 
shows the results of the calculation. For the short focal lengths con- 
sidered, the aberration constants for the electric lens are approximately 
ten times as great as those of the magnetic leas. 

In another investigation Dosse^^ determined the effect on the lens 
properties of rendering the refractive field asymmetric. By varying the 
ratio ai/a in the field 


H = 



2 < 0 



2 > 0 


[17-37] 


Dosse found that the spherical aberration decreased as oi was made 
larger, increased as it was made smaller than a. Thus the most favor- 
able condition (for fixed Ho and a) consisted in a uniform field 
Ho{ai/a = 00 ) continuing the bell-shaped field in object space, the least 
favorable condition (ai/a = 0), in an abrupt drop of the field from Ho 
to zero. In the latter case the spherical aberration becomes infinite. 
For > 3 the field to the left of the origin becomes, of course, indiffer- 
ent (Fig. 17-15). 

In addition to these fields, the spherical aberration can generally be 
obtained analytically for any field for which r (in the case of a magnetic 
field) or R ^ (in the case of an electric field) is prescribed in the fonn 

of a simple function. For, in this case, the magnetic and electee fields 

See reference 9. 

See reference 19. 
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are similarly given by a more or less simple function. For a magnetic 
field 

[17-38] 


and for an electric field 


/ 8mc2$ r' Y 

TT) 


[17-39] 



Fig. 17‘15. Spherical Aberration of Bell-Shaped Field for Various Degrees of 
Aqrmmetry. (Doese, referencse 19.) 


^ This circumstance has been utilized by Rebsch^^ to establish a practi- 
cal lower limit for the spherical aberration of an electron-microscope 
objective. Rebsch argues that the rate of change of the refractive fields 
ss limited by the precision of workmanship of which a mechanic is 
capaMe. Thus a definite lower limit is fixed for the distance I, where 
(H'/jEOium * 1/^ in the case of a magnetic and ($"/^0nux = 1/1 in 
of an electric field. Furthermore, he dedu^ from Eq. 17-1 
l^for fixed those fields will give the least spherical aberration, for 
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which the fields themselves and the rates of change of the fields are a 
mn TiTm iTn right near the object (where the factor is smallest), falling 
off rapidly at larger distances. Since the spherical aberration, for 
fixed aperture angle 6 and fixed (large) magnification, is proportional, 
according to Eq. 17*2, to C/, it is proportional also, for given field dis- 
tribution, to the scale of the objective, that is, also to Z, the coefficient 
characteristic of the system being accordingly Cf/L The question, 
then, is how small can Cf/l be made? Rebsch endeavored to answer 
this question by examining quite a number of fields having the property 
of causing rays leaving the point 2 = 0 on the axis to leave the field paral- 
lel to the axis in addition to having their maximum or maximum rate of 
change at this point. His results are tabulated in Table I. The fields 
are described in each case by the function T{z), which is given by 
eH^/(Sm(?^) for magnetic and by (3/16) (^>7^)^ for electric lenses. 
Jo and Ji represent the Bessel function of zero and first order, respec- 
tively, a = 2.40 being the first root of the former. 

Two deductions can be made from the figures listed in the table. 
First, for fields of this general type the quantity Z and the focal length/ 
are practically equal, so that Cf/l ^ C. Second, a probably general 
lower limit for C for practical systems forming real images is given by 

C > 0.25 [1740] 

The existence of smaller values of C has, it is true, been demonstrated by 


TABLE I 


System T{z) 


R(z) 

Cf/l 

i/j 

r. 

magn. a = 

2.40 

Joiae-‘)/laJi(a)] 

0.262 

1.25 

8. 

electr. a - 

2.40 

Jo(ae-n/laJi(a)] 

0.388 

1.10 

t. 

magn. 3/(1 + 


*/(l + 

0.294 

IJOO 

u. 

dectr. 3/(1 + 


./(I + 

0.438 

1.20 

V. 

-(1+7)F» 

1 - (1 + 

0.311 

1.00 

w. 

magn. 4e'^/(3 — e' 

-•) 

3/2 - - e"*’/4) 

0.324 

0.889 

X. 

mai^b. 2 sech^ z 


t-pTih Z 

0.410 

1.00 


Glaser, who showed that, if in System t the field strength is increased by 
a factor 3.4 and the object pushed correspondingly beyond the center rf 
the field, C is reduced to about^ 0. 18. However, this is not a particularly 
favorable point of operation, since Cf/l « 0.37. The latter quantity 
nowhere is less than 0.252. 


** See reference 18. 
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It is interesting to note that the exponential field, System r, which was 
shown by Glaser^^ to form the optimum short lens, leads also here to the 
least aberration of all the systems examined. 

It has been pointed out on previous occasions that the aperture defect 
can be nullified completely if electron mirrors are employed in conjunc- 
tion with electron lenses. This can be demonstrated very simply by 
considering an electron lens terminated in a retarding field (Fig. 17*16). 
Assume that the lens, considered as terminated at the plane AA, has a 

Hi H, 



Fia. 17*16. CoiTOction of Spherical Aberration of an Electron Lens by Combina- 
tion with a Retarding Field Acting as an Electron Mirror. 


virtual paraxial focus at the distance 4d from AA, as indicated by the 
dotted lines representing the tangents to the electron rays at AA, d being 
thl distance within which the potential is reduced from to 0. Further- 
more, assume that the spherical aberration of the lens is given by 
This is a jwrfectly reasonable value for the spheric^ 
id>errati(»i of the lens, correspondi^ to C ^ 1. Then, by Eq. 13*54, the 
rays* are focused, exactly to the third order of approximation, at the 
interseOtion of the axis with the plane AA. The syst^ described thus 
i^roj^ts an elecUmirOptical systw fully correct^ for spherical 
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The above system has the drawback that the image or object, which- 
ever is placed at il, is located in a strong electric field. If the object is 
placed at A (as would be the case if the system were to be used as an 
electron-microscope objective) it is furthermore necessary to illuminate 
the object from the lens side with a narrow pencil of electrons. It is 
difficult to do so without cutting off either a large part of the useful lens 
aperture or, if the electron source is placed farther away from the lens, 
without cutting off a part of the image and using a decentered beam 
for illumination. Similar difficulties arise with most arrangements 
utilizing an electron mirror or mirror-lens combination as a short-focus 
electron objective. 
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Fia. 17-17. Throe Simple Electron Mirrors and Their Aperture Defects. 


Very little has been done in the determination of the msignitudes of the 
aberrations of electron mirrors. This is not surprising in view of the 
relative complexity of the formulas. Figure 17*17 shows three simple 
electron mirrors, indicating their cardinal points and the spherical aber- 
ration constant C. Systems a and 6, both representing *‘convex^^ mirrors, 
have values of C (—0.89 and —0,66, respectively), which are small 
and of the wrong sign to make them useful for correcting the aperture 
defect of ordinary electron lenses. It should be remarked that in com- 
bining such mirrors with electron lenses, it is generally necessary to 
combine them with two similar lenses, one ahead of and one behind 
the mirror. The geometrical situation is such that the electrons neces- 
sarily traverse the lens twice. With “ concave " mirrors, such as 
System c, which has a very large spherical aberration (C = —109) oppo- 
site in sign to that of an electron lens, it should be possible to obtain a 
corrected image placing the object between the mirror and the lens and 
closer to the mirror than its focal point, so that the refraction is divided 
between lens and mirror (Fig. 17*18), 
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Another basic possibility of correcting electron lenses for spherical 
aberration is the employment of ultra-high-frequency fields to modify 
the refractive power of an electron lens in the interim between the arrival 
of the paraxial and the marginal electrons at the lens. Since these inter- 
vals are very small, the frequencies required are very high. Further- 



Qectron mirror Bectrontent 


Fig. 17‘18. Combining a Converging Electron Mirror and an Electron Lens to 
Form a System Free from Aperture Defect. (Object Illuminated from the Right, 
through the Lens.) 


more, if the electrons are to participate in the formation of the image for 
more than an infinitesimal fraction of the ultra-high-frequency cycle, it is 
necessary that their velocity be modulated in synchronism with the lens 
fields, maintaining the refractive power ^of the lens constant during the 
useful part of the cycle. 



I^a. 17- 10. Schematic Circuit for Correcting Spherical Aberration by Simulta- 
neous Modulation of Electron Velocities and Lens Voltage. 

Figure 17*19 shows a schematic circuit diagram of an electrostatic 
objective spherically corrected in this manner. The anode and outer 
dectrodes of the electron lens are grounded. A properly shaped voltage 
wave is applied to the cathode and another, in general d^erently shaped, 
^yilto tile center element of the electron lens. Between the anode and 
tbirabject the path is kept short and the beam collimated with great ' 
CM. A deflectidnsystem D may be provided to “ blank out the beam 
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during a portion of the cycle. Figure 17*20 shows the voltage waves 
that would have to be applied to the cathode and to the center element 
of the objective for the special case that the distance between the anode 
and the lens I = 1 centimeter, that the focal length/ = 0.5 centimeter, 
the spherical-aberration coefficient of the lens is C = 10.5, and the chro- 
matic-aberration coefficient C 3 = — 4.1AfAi/4>, the lens being treated, 
not quite properly, as a thin lens. The dotted portions of the waves are 
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Fia. 17-26, Voltaga Waves to Be Applied to Cathode and Center Electrode of 
Objective in System Cprrected for Spherical Aberration by High-Frequency Modu- 
lation (Fig,i719). 

arbitrary and correspond to the fraction of the cycle during which the 
electron beam is cut off by the synchronized deflection sys tern. It is seen 
that the frequency is extremely high, the fundamental wave length being 
6.0 centimeters, so that the precise shaping required, among other things, 
presents considerable difficulties. It should also be mentioned that this 
dynamic method of correcting spherical aberration, although very attrac- 
tive in many ways, demands unusual uniformity in the initial velocity 
of the electrons. 

17*3. Coma. The magnitude of the coma defect is determined by the 
expressions for Sq and S 7 , as given by Eqs. 16*64/ and 16*64g. Both 
coefficients, determining the contribution of isotropic and anisotropic 
coma, respectively, are seen tp vanish if both the electric field and 
the magnetic field H are antisymmetric about some point z ^ Zmt at 
which the aperture is placed, and if the magnification is — 1. For in this 
case i", H', r^, r'y axe symmetric and H, r'„ antisymmetric 
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about 2 « so that every term under the integral sign becomes anti- 
symmetric, makiz^ the integral itself zero.^^ 

For a weak, short lens (with the aperture plane in the middle of the 
Jens) Eq. 1 6 becomes: 


__ M e^- 

® 1 4 mc^ 

where fa may be regarded as constant and equal to r^o. If the lens fields 
are symmetrical as before, will be antisymmetric about the plane of 
symmetry, no matter what the magnification. Hence any we^ short 
lens with antisymmetric electric and magnetic fields with the aperture 
placed at the center of the lens is free of isotropic coma.^® 

For a purely magnetic lens, the anisotropic coma coefiicient 87 takes 
on the following simple form: 


Tyfidz [ 17 - 41 ] 




^oa 


[ 17 * 42 ] 


Thus an antisymmetric short magnetic lens quite generally is free of 
anisotropic coma. 

Voit,*^ furthermore, has shown that an arbitrary lens field with arbi- 
trary position of the aperture can be freed from isotropic coma by a 
slight modification of its electric or (scalar) magnetic potential without 
altering its first-order properties. The procedure consists in introducing 
a “ kink ” in the curve for the axial potential, that is, a near-singularity 
of the second derivative of the potential ( 4 >" or H^), at a convenient 
point without greatly altering either the potential or its first derivative 
in the neighborhood. It is true that this prescription has more theoreti- 
cal than practical significance. 

In general, coma is of small importance in electron optics. In electron 
guns, concerned only with the formation of a narrow central spot with- 
out regard to faithfulness of reproduction, it is obviously of no moment. 
Again, in devices such as the image tube, which serve to image a large 
ai^ with narrow pencils, it is of no significance in comparison with 
curvature of field and astigmatism, which increase more rapidly with the 
separation of the object point from the optic axis. It might be expected 
to play a larger role in connection with the electron microscope, since it is 
known to be one of the aberrations which require careful correction in 
lic^t-microscope objectives. 

A calculation for a characteristic strong magnetic injective, such as 

S(^erzer, reference 1. 

» Riedl, reference 20. 

) reference 21. . 
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the system consisting of two cylindrical pole pieces with a narrow gap 
(System C), with HLJV = 150(2.630/D)2 = im/D^ gaussVvolt 
(f = 0.261D), where D is the clear diameter of the pole pieces in centime- 
ters, suggests that here also it is of little importance — at least as long as 
spherically uncorrected electron lenses are employed, as at present. 
Thus, if the effective aperture is placed in the image-side focal plane, 
that is, is considered as being determined by the size of the (distant) 
source of illumination as viewed from the object, it is found that Sq/M 
takes on the value — 14.5/Z)^, whereas S 7 /M is equal to 9.36/2)^. The 
maximum diameter of the aberration figure (see Eqs. 16-30 and 16-31) is 
3{Sl+ S 7 )^rcrl = b 2 MrorllD^, Vo being the separation of the object 
point from the axis and ra the radius of the effective aperture. Assume 
that this maximum dimension of the aberration figure is to be nowhere 
greater than 50-M A.U. and consider the special case that the effec- 
tive aperture angle is 0 = 3-10“^ radian, and the magnification is 
M = 10,000. The permissible image diameter becomes then 

10 "^ 

2Mr, = ^2 = 313cm= lOj^ft 

Obviously, quite generally, coma is not one of the important image 
defects of the electron microscope. 

17-4. Curvature of Field and Astigmatism. Curvature of field and 
astigmatism are closely related insofar as they both depend on the first 
power of the aperture radius and the second power of the separation of 
the object point from the axis. From an analysis of the expressions for 
Szj /S 4 , and (Eqs. 16-64c-16-64e) Voit^® derives the following con- 
clusions : 

1. For a purely magnetic lens Sz/M is always positive, since the 
terms under the integral can be arranged as a sum of squares. Conse- 
quently, for a flat object the real image is invariably concave toward 
the lens. 

2. For an electric short lens Sz/M, similarly, is always positive, so 
that here also the image is concave toward the lens. However, it is 
possible to prescribe, for an electric lens of given magnification, certain 
field modifications near the object which will nullify the curvature of 
the lens. Since these field modifications can probably not be realized 
in practice, the curving of the object surface may, here also, be the 
only practical way of achieving a flat image. 

3. Isotropic astigmatism '(< 84 ) and anisotropic astigmatism (Ss) 
can simultaneously be made zero even for the weak magnetic lens by a 

See reference 21. 
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choice erf the aperture plane and a sufficient number of disposable con- 
stants in the expression for the magnetic held. 

4. Astigmatism (^^ 4 ) can be made zero for a weak as well as for a 
strong electric lens by suitable choice of the aperture plane and the 
field distribution. 

Curvature of field and astigmatism are significant only for lenses 
imaging extended areas. Thus they are of no importance in electron 
guns (unless deflection takes place ahead of or at the lens). In the 
electron microscope, objective and projector contribute equally to curva- 
ture and astigmatism in the image. Let the total magnification be 
M = Afi‘Af 2 , where the subscript 1 refers to the objective and the 
subscript 2 to the projector. Then, for example, curvature of field gives 
rise to an aberration disk of radius Ar*-, y[ being the coordinate of the 
object point: 

Ar, - MiSzAi + SzA2 = MtSziv'olfA + 

Ml 

[1743] 

Thus, if the two lenses are similar in character and have the same focal 
lengths, their effect on the curvature and astigmatism of the image is 
identical. As in the case of coma, the aberration coefficients in question 
have been calculated for the two-cylinder magnetic lens with 
= 1040/D^ gauss^/volt (/i = 0.261D). The values obtained 
are 

S3 ^ §1 

m"" M" M~ 

In addition, they were calculated for a similar magnetic lens with 
Hh^JV ■= ^lOlD^ gaussVvolt (/2 = 0.385D) used as a projector. At 
this point the projector magnification of the lens reaches a maximum 
4*19). For this lens 

S3 ^ S4 ^5 _ 3.62 


The maximum diameter of the aberration figure is given according to 
Eqs. Iffi26, 16*28, and 16*29 by 



+ 


SazfzV r/S^ SM T?»2/2YT1 
MifiJ l\Mi ^ Mill) ^ Vj/i J j 
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if all lengths are measured in lens diameters. For an electron micro- 
scope having the stronger lens as objective, the weaker (geometrically 
identical) lens as projector, the diameter of the image over which the 
diameter of the aberration figure is less than 50 A.U. can be determined 
as before: With a total magnification of 10,000, an objective aperture 
of 3*10”^ radian, and an objective focal length of 0.5 centimeter, 

r 5*10“^ 

= = 46.5 cm 

Thus with this rather stringent requirement the diameter of the image 
may still be over feet. If the object is made concave toward the 
objective, being given a radius of curvature of the order of 0.5 milli- 
meter, the curvature of the image is nullified, permitting twice as large 
an image diameter for the same requirement with regard to resolution. 
It is seen that in the electron microscope, also, curvature and astigma- 
tism are of secondary importance. 

This is not the case, however, for image tubes, that is, devices which 
focus an extended electron image from a cathode (for example, a photo- 
cathode on which a light image has been projected) onto some other 
surface, such as a fluorescent screen, at a higher potential. As has been 
pointed out before in connection with the general consideration on the 
aberrations of cathode lenses, the apertures of the imaging beams are in 
this case very small — depending on the initial lateral velocity com- 
ponents of the electrons — ; and spherical aberration and coma are conse- 
quently insignificant. 

Calculations and measurements of the curvature of field and astigma- 
tism have been made for a particular electrostatic image tube of approxi- 
mately unity magnification, consistii^ of two equidiameter cylinders, 
the cathode cylinder being 0.9 and the anode cylinder 1.8 cylinder diame- 
ters in length.^® With the cathode in the form of a flat disk, the tan- 
gential and sagittal image surfaces take on the form shown to scale in 
Fig. 17*21. The radii of curvature of these two surfaces at the optic axis 
were 0.022 and 0.038 diameter, respectively, corresponding to the values 
of the aberration coefficients S 3 and S^: 

„ M^/l 1\ 11.5 17.7 /$„\« 

iZ\Rj rJ~ 

^*~^Z\Rt rJ rj)\9i/ 

Here Z = L64D is the distance between the aperture plane, located at 
See Morton and Ramberg, reference 22. 
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the apparent point of divergence of the principal rays from the axis in 
image space, and the image plane, e#,© is the initial kinetic energy in a 
lateral direction of the electrons. 



Fig. 17*21. Curvature of Image Field: Sy Calculated Sagittal Image Surface; 
T, Calculated Tangential Image Surface; o, Measured Sagittal Image Points; 
Zy Measured Tangential Image Points. (Courtesy of Physics, reference 22.) 


The curvature of the image surfaces is great enough to render the 
image obtained definitely unsatisfactory, in spite of the small aperture 
of the imaging pencils. Figure 17*22 shows, on the left, the appearance 


Fig. 17*22. Comparison of Images from Tubes with Flat Cathode (Left Side) and 
with Curved Cathode (Right Side). (Courtety of Physics, reference 22.) 



of a square mesh pattern imaged by a system of this type. On the right 
is reproduced the same pattern, when imaged by a similar system, whose 
cathode has been made concave so that its center of cas^ature comes to . 
‘ le plane s^iarating the two cylinders. The curving of the cath- 
this case not only changes the object distances of the marginal 
nts, but alters both the refracting fields and the effective 
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position of the aperture plane materially (Fig. 17*23). The change is in 
the direction of causing the field conditions surrounding each principal 
ray to approximate closely those surrounding the optic axis. Thus 
imaging conditions off and on the axis come to resemble each other, and 
the field aberrations, curvature, astigmatism, and distortion, are made 



Fig. 17-23. Potential Distribution and Image Curvature in Tubes with Flat 
Cathode and with Curved Cathode (Schematic). 

17*5. Distortion. For distortion the same general statements hold as 
for coma. Antisymmetric lens fields with the aperture plane at the 
center of symmetry are free of distortion for unity magnification of the 
image. If the antisymmetric fields are weak in addition, they are free of 
distortion for arbitrary magnification. Furthermore, for arbitrary field 
distributions the isotropic distortion can be removed by inserting a 
kink ” in the potential distribution at a suitable point. 

In the case of the electron microscope only the distortion produced by 
the projector need, normally, be considered, since the isotropic distortion 
produced by both lenses is given by 

Ar,- = M 2 Siirl + SuMlr^ = M ^ 

the (last) subscript 1 referring once more to the objective, the subscript 2, 
to the projector. 
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For the magnetic two-cylinder lens with H^/V = 470/D^ gauss^/ 
volt (J 2 = 0.386Z)), the value of the coefficient of isotropic distortion, 
/Si/M, is 2.19/Z>^, the distortion being, accordingly, pincushion-shaped. 
The effective aperture plane lies, of course, at the image-side focal point 
of the lens. Suppose that the maximum tolerable distortion corre- 
sponcjs to a displacement Ar,- from the Gaussian image point equal to 
one-tenth of the distance r,-, the distance of the image point in question 
from the axis. Then 

O.lMr, or r? = 

A22 iSi 

10 — 

M2 

so that for M 2 = 100, < 21.3Z). Thus, if the focal length of the pro- 

jector is 0.50 centimeter, the diameter of the image may be at most 
2*1.30*21.3 = 55.4 centimeters. 



Object Aperture Lens Image 



Fig. 17-24. Effect of Aperture Position on Character of Distortion. 

In addition to isotropic distortion, the lens just considered has aniso- 
trt^ic <»r rotational distortion, the coefficient S 2 /M being 6.5/D^ — 
actually much larger than the isotrq)ic distortion. The effect of this 
rotational distortion is that the displacement from thoi^iaussian image 
poin^ over three times as great as for the isotropic distortion alone and 
imuiad by an angle arctan {S 2 / ^ 1 ) " 71 degrees to the radial direction./^ 
ItHistricts the us^ul image diameter to approximately 32 centimeters.^ 
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If, as in the example (jonsidered, the objective is employed with the 
object very close to the geometrical center of the lens, the distortion 
introduced by the objective may further limit the useful field. 

The manner in which distortion is corrected by curving the cathode of 
an electrostatic image tube has been demonstrated in the last section 
(Figs. 17*22 and 17*23). This may be regarded as a special instance of a 
general rule, applying strictly for a thin lens. If the aperture plane 
(plane in which the principal rays of the imaging pencils intersect the 
axis) is ahead of the lens, barrel-shaped distortion results; if it is beyond 
the lens, cushion-shaped distortion results. This is a consequence of the 
normal spherical aberration of electron lenses, as is shown in Fig. 17*24. 
In the great majority of cases the effective aperture is beyond the lens 
and the distortion is, correspondingly, cushion-shaped. If it is possible, 
by some means, such as the curving of the cathode in an image tube, to 
approach the aperture plane closer to the effective center of the lens, a 
reduction in the distortion may be attained. 



Fig. 17-25. Variation of Chromatic Aberration of Systems A-D (Fig. 17*3) with 
Lens Strength. (Courtesy of J. Apj^lied Phya., reference 8.) 


17 * 6 . Chromatic Aberration. The impossibility of correcting the 
axial chromatic aberration of an electron lens, given by the coefficient C 3 , 
Eqs. 16*102 and 16*103c, was demonstrated in section 16*6. Similarly, 
certain upper limits for the magnitude of this coefficient were estab- 
lished for purely magnetic and purely electric lenses. Figure 17*25 goes 
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beyond this point by showing the variation of the coefficient 
— (Cs/Af ) (^►/A4>) = {dzp/d^){^/f)y where $ denotes the object- and 
image-space potential in the case of the unipotential lenses and the 
mean potential in the case of the immersion lens, for the four typical 
electron lenses Systems A, 5, C, and D (Fig. 17*3) discussed in sec- 
tion 17*2, with the parameters determining the strength of the lenses as 
abscissas. The object is in all cases assumed to lie close to the focal 
point of the lens. 
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Fio. 17*26. Comparison of Chromatic Aberrations of Magnetic Lens and Electro- 
statio Unipotential Lens with Corresponding Field and Potential Distributions. 
(Dosse, reference 9.) 


It is seen that the quantity - j^creases uniformly 

froRji the value 2 for the weak lens in the case of the electrostatic lenses 
negative center electrode (Systems A and B) and decreases un^ 
from the value unity for low lens strengths in the case d the 
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magnetic lens (System C). This is in accord with the upper limits 
established in section 16*6. For the immersion lens used as a deceler- 
ating lens the same quantity decreases first, then increases at higher 
values of 'the lens strengt^h. When it is used as an accelerating lens, 
this quantity increases uniformly with the lens strength. It is evident 
from these curves that the chromatic aberration of a magnetic lens is 
in all cases considerably lower than that of an electrostatic unipotential 
lens with negative center electrode. This is also brought out by the 
curves in Fig. 17-26, which represent Dosse\s calculations of the chro- 
matic aberration of a magnetic and an electrostatic unipotential lens 
with the field distributions H = Ho/ {I + [z/af) and ^ = ^o — 
(^>0 — ^c)/(l + [z/(^)j respectively.^® If, in an electrostatic unipo- 
tential lens, the center electrode is made positive with respect to the 
outer ones, the upper limit prescribed by Eq. 16-119 requires that 
— (C 3 /Af)(^»/Af>) be less than 2. Accordingly, this quantity may be 
calculated to be equal to 1.42 for System A with the center electrode at 
approximately twice the potential of the other electrodes. Its refrac- 
tive power is in this case 1// = 0.0889/D. 

It has already been pointed out that the chromatic aberration of an 
electron leas can be compensated by combining the lens with an electron 
mirror. From the fact that the converging action of an electrostatic 
mirror increases quite generally when its negative electrode is made less 
negative it foUows that the faster electrons, penetrating deeper into the 
mirror field, are refracted more strongly by the field than the slower elec- 
trons. The sign of the chromatic aberration of the electron mirror is 
normally opposite to that of the electron lens. Figure 17*27 shows the 
calculated variation of the coefficient with the ratio of the potentials of 
the electrodes for an electrostatic mirror consisting of two equidiameter 
cylinders, the potential of the negative electrode being throughout 
sufficiently low so that the mirror acts as a converging system. Its refrac- 
tive power, 1//, is also indicated on the graph. It is seen that, as in the 
case of spherical aberration, the aberration coefficients of the converging 
or concave ” electron mirror are considerably larger than for electron 
lenses of corresponding dimensions and focal lengths. 

A particularly close relation between spherical and chromatic aberra- 
tion exists in the case of the superposed uniform electric and magnetic 
field. Here the kinetic energy of the lateral component of velocity of 
any electron is a constant, and its magnitude is without effect on the 
axial point P' at which electrons leaving the point P on the axis with the 
same axial velocity converge again. Spherical aberration arises only 
from the fact that for electrons with the same total velocity the axkl 
See Dosse, reference 9. 
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component must decrease aa the lateral component is increased. As 
chromatic aberration arises from the same source, that is, a variation in 
the axial velocity for a fixed lateral velocity, either aberration can 



V, 


Fig. 17*27. Axial Chromatic Aberration of Converging Electron Mirror. 


readily be deduced from the other. Thus, from Eq. 17*27, since 
^ the chromatic aberration of a uniform magnetic 

field is given by 

^ 10.54 

and that of a superposed electric and magnetic field, by 

= [ 1746 ] 

Jlior a uniform magnetic field superposed on a uniform electric mirror 
;Mld tile sign the aberration is reversed, the time of travel from the 
;%bjeot to the image increasing instead of decreasing with the initial 
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velocity. If L = — is the distance between the object and the 
plane of reversal of electrons with initial kinetic energy the chro- 
matic aberration is given by 





L 



10.54 A$ 
H 


[1746] 


The chromatic aberration of cathode lenses, discussed in detail in 
section 16*8, cannot be corrected with the aid of an electron mirror, since 
the shift in the image plane for such lenses is, to the lowest order of 
approximation, proportional to (A4>/$)^ whereas that of the mirror is 
proportional to A4»/ It is possible, however, by combining two such 



Fig. 17-28. Correction of the Chromatic Aberration of an Image Tube with an 
Electron Mirror. 


electron-optical elements, to bring the electrons with two different initial 
axial velocities to focus at the same point so that, for a given spread in 
the initial velocities at the cathode, a considerable improvement in the 
image can be attained by the employment of a mirror. Figure 17*28 
shows an image tube employing an electron mirror to obtain such correc- 
tion together with a graph indicating the effect of the mirror on the focus- 
ing for different initial velocities. A uniform magnetic field normal to 
the plane of the paper prevents the reflected electrons from returning to 
the cathode. 

The chromatic difference in magnification of electron lenses, given by 
the coeflScient Ci (Eqs. 16*102 and 16*103a), depends materially on' the 
location of the effective aperture. For antisymmetric fields with the 
aperture in the plane of symmetry and with unity magnification this 
aberration vanishes. If, in addition to being antisymmetric, the lens is 
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weak, chromatic difference in magnification is zero irrespective of the 
magnification. 

The corresponding anisotropic defect, chromatic difference in rotation, 
given by C 2 (Eqs. 16*102 and 16*1035), exists only for magnetic lenses. 
For purely magnetic lenses it is proportional to the image rotation pro- 
duced by the lens: 


C2 


M 

2 


[17-47] 


where x is the angle of image rotation. The two defects together cause 
a deviation of the image point from the Gaussian image point equal to 
(Cf + CD^o) To being the distance of the object point from the axis. 
For the equidiameter cylinder magnetic lens (System C) with 
= 1040/D^ gauss^/volt, Ci and C 2 are given by 


Cl 


I.IM — 
9 


C 2 = -1.04M — 


so that the deviation from the Gaussian image point makes an 
angle of approximately 45 degrees to the radial direction. Since 
Cs = “0.695M (A<^/4>), the condition that in the image the effect of the 
chromatic difference*in magnification and rotation should not exceed that 
of the axial chromatic aberration: 

(C? + C|)«r, < \Cs\ra 

leads for B = 3*l(r*, / = 0.5 centimeter, and M = 10,000 to a value for 
the radius of the image r,- = Mro = 6.85 centimeters. 

For System C with = 470/Z)^ gauss^/volt, corresponding 

^proximately to the maximum useful coil current in a projection lens 
of this type, 

A$ A$ 

Cl = -0.19M — C 2 = -1.22M — 

9 $ 


so that here the anisotropic defect predominates. For weaker lenses this 
is not the case, since Ci approaches the value whereas C 2 

decreases continuously in proportion to the field as the magnetic field is 
reduced to very small values. 

If the stronger of the two lenses considered in detail is employed as 
qbjeetive, the weaker as projector, the chromatic defects add up to dis- 
tort an image point at a ^stance from the axis into a line of length 


([- 1.1 + 0.19]* + [1.04 -f 1.22]*)« *a.43r,- ^ 

9 9 

ipliaed at an ai^e arctaa (2.26/0.91) = 68 degrees to the radial dired* 
Moo. By revecsing the flow of current in one of the coils, the coefficient 
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is reduced from 2.43 to 0.93 and the angle with the radial direction to 
11 degrees. 

It has already been shown in section 16*8 that for simple types of 
cathode lenses the effect of chromatic difference in magnification and 
rotation is insignificant in comparison with axial chromatic aberration. 

17-7. Space-Charge Defect. Methods of designing electrode struc- 
tures so as to prevent the spreading of electron beams under the influence 
of space-charge forces have been worked out by Pierce.®^ As an example 
a space-charge limited, axially symmetric electron beam will be con- 
sidered below. 

Within the beam Poisson’s equation 



with the side condition 



[17-49] 


must hold; j is the current density within the beam. If the beam is 
space-charge limited, the gradient at the cathode must be placed equal to 


zero and the solution of Eq. 1748 
becomes 

0 = Az^ [17-50] 


with 



5.69-lO^j^ volts per cm^ 

The conditions Eqs. 17-50 and 
17-49 must hold on both sides at the 
boundary between the beam and the 
space-charge-free region surround- 
ing it. This fixes the boundary con- 
ditions for the free region and, hence, 
the shape and potentials of the elec- 
trodes enclosing it. The actual de- 
termination of the electrode shapes is 
best made with the aid of an electro- 



Fig. 17-29. Wedge Tank for Deter- 
mining Electrode Shapes for Forming 
Parallel Space-Charge-Limited Beam. 
(Courtesy of J. Applied Phys., refer- 
, ence 23.) 


l 3 rtic wedge tank,^^ as shown in Fig. 17-29. The edge of the beam is 
represented in the tank by an insulating strip so as to satisfy the bound- 


See reference 23. 
** See section 11-10. 
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ary Eq. 1749. Then the electrode strips representing the cathode and 
the anode stre altered in shape until the potential along this insulating 
strip satisfies Eq. 17‘50 to a sufficient accuracy. It is important to note 
that the current density j enters into the expression for the potential 
distribution, Eq. 17*50, only in a constant multiplying factor. Hence 
the electrode shapes obtained by the method outlined apply for all 
current densities (with space-charge satura- 
tion). It is only necessary to vary the voltage 
on the anode to obtain different currents, 
without danger of space-charge spreading. 

The electrode shapes found by Pierce for 
the case considei'ed are shown in Fig. 17*30. 
The cathode is a flat disk cathode. The anode, 
similarly, should be a fiat disk within the beam 
in order to satisfy the boundary conditions per- 
Fw. 17-30. Electrodes for ^60%- Instead a hole has been bored in it to 
Forming Parallel Space- permit the passage of the beam. This causes 
jCharge-Limited Beam, the beam to diverge slightly, the lens action of 
(Courted of J. ApjAied aperture being given by the formula for the 
Phya., reference23.) 1/f = - 4>()/(44>), #>( and 

^>2 being the potential gradients to the left and to the right of the aper- 
ture, respectively. 
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HIGH-VOLTAGE ELECTRON OPTICS. ION OPTICS 

181. Magnetic Lenses. Up to this point it has been tacitly assumed 
that the electron velocities within the electron lenses were sufficiently 
small compared to the velocity of light to permit a neglect of the varia- 
tion of the electron mass with its velocity. Under these circumstances 
all path equations could be derived from the variation principle 

^ denoting the electric potential, A the magnetic vector potential, and 
X the angle between the vector A and the element of path ds. It has 
^eady been seen (Eq. 10*29) that, if the assumption of low electron 
velocities is dropped, the more generally valid variation principle 

* / 1 (^ + Sf - ^ 

applies. If the fields considered are purely magnetic (</> = const), this 
leads to a relatively minor change. The potential 4> must merely be 
replaced everywhere by the somewhat larger constant 
2 

it> + ^ = 4>(l + 0.978*10-%) 


For example, the refractive power of a short magnetic lens becomes 


1 

/ 


0.0220 

<t>{l -b 0,978*10-®</)) 



[18*3] 


It is thus seen that for extremely high voltages (many million volts) 
the refractive power of a magnetic lens decreases with the reciprocal of 
the square of the potential rather than with the reciprocal of the first 
power. Figure 18*1 shows the change in refractive power 1// and in the 
spherical aberration (Cf) for fixed aperture angle for the two-cylinder 
magnetic lens. System C in Fig. 17*3. Here for each curve the magnetic 
fid4,is kept constant, identical markers indicating conesponding curves 
fq^e r^ractive power and the spherical aberration. A scale indicating 
, » relative value of the least resolvable separation dniin (dmin ^ 

Iot ike tens employed as electron-microscope objective is also given. 

650 
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Here the abscissa v represents the true applied voltages, whereas in the 
graphs of Chapter 17 (in particular Fig. 17*5) V is equivalent to the 
quantity <i> + 0.978'10^V^. 

Equation 18'3 indicates that the change in focal length due to the 
relativistic variation of the mass of the electron is directly proportional 



V, volte <rel. unite) 

Fig. 181. Variation of Refractive Power and Spherical Aberration of a Magnetic 
Lens (System C, Fig. 17-3) with Applied Voltage. (Courtesy of J. Applied Phys.^ 
Vol. 13, pp. 582-594, 1942.) . 

to the applied voltage, being 1 per cent for 10,000 volts, 2 per cent for 
20,000 volts, 5 per cent for 50,000 volts, etc. 

18*2. Electrostatic Lenses. For electrostatic fields the effect of the 
variation of mass is more complex. Thus, it is evident from Eq. 18*2 
(with A = 0) that, t^ing account of the correcting term, the integrand 
no longer consists of a product of with an inconsequential constant 
multiplying factor. If the electron velocities are sufficiently high, 
changes in the applied voltage will change the shape of the electron 
paths even if all potentials maintain the same ratio. 
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Consider electron paths in a meridional plane and put, for convenience, 
^ = 0.978-10-® voir* = a [18-4] 

Then the variation principle takes the form 

{ (^ + a^*)(H- /*)!« dz = « (fe = 0 

and its Euler equation 


dz dr' dr 


.becomes 


^// _ 1 + / I + 2a<^ \/ ^ , d<f)\ 

20 \ 1 + fl0 )\dr dz) 


For paraxial electrons this may be written, introducing, the expansion 
Eq. 11*75 for 0 and retaining only first-order terms in r and r': 

rV/l + 2a^>\ r^"/l + 2ac^\ 

" + 24. Vl + j + 4$ \JT^) - ° 

Thus the effect of the variation of the mass with velocity on the paraxial 
equation is to replace the axial potential # by the smaller quantity 
$(1 + a^>)/(l + 2a4>), In terms of the dependent variable R = r^^ 
the paraxial equation is, finally, 




1 + 0 * 


.2R4> 4* 


* 84.®/ 


S{z) [18.7] 


This equation may be solved by the standard methods repeatedly 
invoked in deriving the expressions for the aberrations in Chapter 16. 
Thus, if Ra and Ry are two independent solutions of the reduced equa- 
tion (Eq. 18*7 with S set equal to zero) satisfying the initial conditions 

Ra(Zo) - 0 R'M = R'o 

[18-8] 

•Ry(Zo) = l 

Jhe solution of Eq. 18*7 for a ray leaving the object plane z = «<, with 
the initial values R(Zo) = 0, R'{Zo) = R'o becomes^ 


fi - Ba jl + ^ J* Ry(zW) dz' 

“f/* 


^ See Adams, reference 1, Formula 8.410. 



Sec. 18^2\ 


ELECTROSTATIC LENSES 


653 


In particular, for z = 2 ,-, that is, in the image plane for 0, 

ARi = ie.- = - J Ra(zW) dz' [18*10] 

where M denotes the magnification of the image for a4> 0. 

This solution is exact. If a^> < 1, the corresponding quantity 

Ar< = - r Ra(z')Siz') dz' [18-11] 

may be regarded as an aberration, which can appropriately be referred to 
as the “ axial relativistic aberration. It represents the spreading, due 
to the variation of the mass of the electron with velocity, of the central 
image point as the voltage on the electrodes of the electrostatic electron 
lens considered is increased from zero to the maximum value employed, 
keeping the voltage ratios of all electrodes constant. With < 1 it is 
legitimate to replace R in 5 ( 2 ) by Ray the solution of the reduced equa- 
tion,' and Eq. 18*11 becomes, dropping the subscript a for convenience. 


Ar< - a^A-M-^o 4$^ S*^a) ' 


Here is the anode voltage and Ra is the value of Ra at some arbitrary 
“ aperture plane in image space. Since M and r<*i2o are always of the 
same sign, the shift in the image plane Azi = — Art/r< is always positive, 
that is, the lens decreases in refractive power with increasing voltage. 

For very large image distances the relativistic aberration on the axis 
takes on a particularly simple form: 


Au 




[18*13] 


B signifying the aperture angle of the ray and K being given by 


K = 1.223*10- 


■7f. 


■ dz volt" 


Here Ra is the axial separation of the ray in image space after having left 
the lens. For weak electrostatic unipotential lenses K is & universal 


constant: 

K = 0.652*l(r® volr^ 


since the integral in Eq. 18*14 represents, but for a constant factor, the 
refractive power of the lens. 
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Quite generally, substituting the integral expression for/o, Eq. 18*14 
may be written for a unipotential electrostatic lens: 

Rl ^ ^ 

R ^ 

Since R/Ra < 1, is numerically smaller than 0.652*l(r^ volt*”^ if, in 
addition, <1* It follows that the relativistic aberration of a 


K = 0.652*l(r« 

/. 



FiO. 18-2. Variation of Axial Relativistic Aberration of Two Unipotential Lenses 
(gfystems A and R, Fig. IT-S) with Applied Voltage. (Courtesy of J. Applied Phye., 
Vol. 13, pp, 582-694, 1942.) 


Strong electrostatic lens with negative center electrode is invariably 
smaller than that of a weak lens (for fixed height of incidence of the rays 
on the 1^). Figure 18*2, showing a plot of K as function of lens 
stroigth for the two unipotential lenses Systems A B (Fig. 17*3) 
witt^kegative cento electrodes, indicates that, in the range covered, the 
re||iv]stic aberration drops by a factor equal to nearly 3. For electro* 
8|pic lenses with positive cento electrodes the converse behavior must be 
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expected, since the factor > 1 is likely to dominate the factor 
R/Ra <1. 

In analogy with chromatic aberration, there exists, in addition to 
axial relativistic aberration, a relativistic change in magnification which 
is dependent on the position of the aperture plane and affects the sharp- 
ness of the outer portions of an image produced by an electrostatic lens 
operated with fluctuating overall voltage. 

An idea of the ma-gnitude of the relativistic aberration may be gained 
by considering a specific example. Let the operating voltage of an 
electrostatic microscope objective such as System B with the center 
electrode connected to the cathode (Fl = 0; K = 2.46*10“^ volf"^) 
fluctuate about its mean value with an amplitude of A volts. If the 
effective aperture angle is assumed to be radian and the focal 

length to be 1 centimeter, what is the value of A which will lead to a 
circle of confusion due to relativistic aberration with a diameter equal to 
20M A.U.? The answer is given by 

2*l(r^ = 2-2.46-l(rLA-3*l(r® A = 135 volts 


For a circle of confusion 200-Af A.U. in diameter the permissible ampli- 
tude of the fluctuation would be ten times as great. As long as < 1 
the permissible amplitude rendains independent of the magnitude of the 
operating voltage. The permissible percentage fluctuation, however, 
is inversely proportional to the applied overall voltage. 

In a number of applications of electron optics the relativistic effect 
cannot be regarded as. an aberration, a4> being of the order of, or even 
substantially greater than, unity. Hansen and Webster^ have treated 
this case for a set of coaxial tubes at different potentials, assuming that 
the energy change of the electron in passing from one tube to the next is 
small compared to its initial energy. With the aid of Eq. 18*6, it is 
possible to derive the Gaussian focusing properties of electrostatic lenses 
at arbitrarily high voltages without any restrictions of generality. 
Again, the introduction of a dependent variable which eliminates the 
first-derivative term from the differential equation is of advantage. 
Substitute in Eq. 18*6 r = P/g{z). The requirement that the term with 
P' in the resulting equation should vanish leads to a differential equation 
invplving g{z) and 4>, which is solved by 

g(z) = ^.^(1 + [1845] 


Thus, with P = r4>^(l + a4»)^. 


>" = -r(e)*P 


r(z) = 




2 

314 ^"^ (1 + 0 ^)^ 


[18*16] 


2 
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A sin^e integration of this equation for Pf = 0 leads to the formula 
for the focal length of the short electrostatic lens at arbitrary voltage; 


1 

fo 


_ _ L- 

r< Pi 
/ ».(1 + aj ».) 
+ a^o) 


/ ».(1 + o ».) 
+ a#.) 



r 


[18-17] 


In paxticular, for af» — > <» , that is, extremely high potentials 



[18-18] 


For a unipotential lens, in particular, this formula differs from that vahd 
for low voltages only by the factor M replacing Ke — the refractive 
power at very high voltages is just 3334 per cent greater than at low 
voltages. An examination of the function t{z) indicates that the 
refractive power decreases initially with increasing voltage. For a weak 
lens the minimum, equal to eight-ninths of the refractive power at low 
voltages, is reached for - 0.5, that is, for an operating voltage of 
approximately 500,000 volts. Beyond this point, the refractive power 
increases once more, eventually approaching the value given by 
Eq. 18-18. 

18-3. Compound Lenses at High Voltages; Aberrations. In the 

more general case of skew rays and in the presence of a magnetic field 
the paraxial equation may be derived from the general variation princi- 
ple, Eq. 18-2, in the same manner as Eq. 15-58 was derived from the 
restrict variation principle, Eq. 18-1. The equation becomes 


_ ^ n -h 
2$\1 + 


+ 




} l4$\l + af»/ 

h 


[18-19] 


8nic2(l H- r^l + a$)€> 


Here the constant C is a measure for the angular momentum of the elec- 
tron about the optic axis and vanishes for rays crossing the axis at ^ny 
point. It is related to the rate of change of the azimuth 9 of the electron 
by the equation 

Si?) 

^The meridional plane in which the electron finds itself at any point 
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along its path, and hence the image rotation, is given by 

JT lr*(* + [8mc*(* + a$*)] 1 * 

Thus, a being given by Eq. 18*4, the first-order focusing properties — 
that is, focal points, principal planes, focal lengths, magnification and 
rotation of the image — can be determined by the numerical tracing of 
rays through given electrostatic and magnetic fields in just the same 
manner as in the limiting case of low voltages. 

Furthermore, for purely magnetic lenses the third-order expressions 
for the geometrical aberrations remain unchanged in passing to hi g h 
voltages, with the sole exception that ^ in the constant multiplying 
factors must be replaced by 

In the presence of electrostatic fields the situation becomes somewhat 
more complex. However, the derivation of the aberration expression 
in Eqs. 16*60 and 16*63 from the variation principle is such that these 
equations become valid for arbitrarily high voltages if 0 is replaced by 
0 + 00 ^, that is, if in Eqs. 16*58 and 16*60 the following substitutions 
are made: 


+ a4>) 

4»"-^4>"(l + 2a^) [18*22] 

<|,iv ^ 2a<i») + 4a4»"^ 


It is, furthermore, possible to eliminate from the resulting expressions 
the higher derivatives,* so as to obtain formulas analogous to Eqs. 16*64. 

The expressions for the chromatic aberrations of electron lenses are 
derived very readily from Eq. 18*19 in the same manner in which they are 
derived from its low-voltage counterpart in section 16*6, They take the 
following form: 

+ lAyi = { (Cl + i€2)ro + Csr®} 


where 

Ci=- 


expi + 




[18-23] 


(*o + o4>; 


I ^ 


+ 2o$ + 2a®** 


(* + o**)” 


+ 


1 + 2o* eH* 


(18-24a] 


(* + a**)« 8mc*, 




dt 


[18-246] 
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Cs 


Taai^o + {V"l“ ^~r)~ 

. ^ l + 2 a$ eH ^\ , 

Smc^r" 


+ 2a$ + 

[18-24c] 


For a purely magnetic lens with large magnification M there follows 
from this the inequality 



[18*25] 


the expression on the right representing at the same time the value of 
the magnitude of C3 for a short magnetic lens. It is seen from this that 
the chromatic aberration of a magnetic lens increases with applied volt- 
age, reaching, at very high voltages, a value twice as great as in the 
limiting case of low voltages. 

For an electrostatic short lens with large M the value of C3 becomes: 


A4> 3 + 8a^ + 

^ 4> 3 + 7a4» -f 8a24>2 + 4a®4>3 


[18-26] 


This is the same at very low and very high voltages and differs but little 
from the same value at intermediate voltages, the fraction being through- 
out very near to unity. Thus at very high voltages the chromatic 
aberration (for the same height of incidence and for the same, high, 
magnification) is identical for all electrostatic and magnetic short lenses. 

18 •4, Ion Optics. In sections 2-5 and 2-6 a number of devices are 
described in which electric and magnetic fields are used to focus or deflect 
atomic ions in place of electrons. All the important differences between 
the optical properties of ions and electrons can be deduced from the 
. greater mass and the different sign of the usual positive ions. The index 
of refraction of an arbitrary field for an ion of charge E and mass M is, 
quite generally, 

/ 2E6 E^6^^ E 

where the zero of the potential 0 is chosen so that —E4> represents the 
kkietie energy of the paiticle. A again is the magnetic vector potential 
and X the angle between it and the direction of motion of the ion. 

For the lightest (A aU the positive ions, with the larS^t specific charge 
that is, the proton, E *= 6 and M = 1837m. Thus, for a positive 
the accelerating voltage or kinetic energy must be at least 1837 times 
^p:eat as for an electron if the relativistic effect, r^resented by the 
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second term under the root in Eq. 18*23, is to assume equal importance 
in both cases. The relativity correction (and the velocity) of a 10- 
million-volt proton corresponds approximately to that of a 5000-volt 
electron. Hence the second term under the root may be neglected in the 
great majority of cases. Under these circumstances the paths in a purely 
electric field are given by 


« J = 0 

that is, are identical with those of electrons in a similar field with the 
sign of the potential reversed and the relativity correction neglected. 
Furthermore, particles with a charge of the same sign and with the same 
ratio of initial kinetic energy to charge and the same initial direction of 
motion describe the same paths in electric fields, regardless of their mass. 
This also follows from the absence of the charge and mass from the ray 
equation (for example, Eq. 12*9) and from the formulas derived from it, 
such as th|,t for the refractive power of a short lens (Eq. 13*34). 

In combined electric and magnetic fields the effect of the magnetic 
field as compared with that of the electric field is reduced in proportion 
of Thus the refractive power of a magnetic lens, being pro- 

portional to the square of the magnetic field, is smaller for protons as 
compared with electrons by the factor m/ilf = 1/1837. Accordingly, a 
magnetic field Is useful for separating ions of different mass and separat- 
ing ions from electrons, but is relatively ineffective for either deflecting or 
focusing ions of high velocity. For such purposes electrostatic deflecting 
fields and electrostatic lenses are preferably employed. 

Three other properties, which are consequences of the greater mass of 
the ions, distinguish the behavior of the ions from that of the electrons. 

First of all, the greater mass of the ions corresponds to a smaller 
velocity for a given kinetic energy and hence to a greater space-charge 
concentration j/r (j = current density, v = velocity) for a given voltage 
and current. Ion beam currents must be less by a factor (m/M)^ < Hz 
if space-charge effects are to be no larger than for electrons of similar, 
kinetic energy. 

Second, the same reduced velocity for given kinetic energy results in a 
longer time of interaction between the ion and the atoms composing the 
matter through which it passes, leading to a greater loss of energy per 
unit distance of matter traversed than for electrons of equal energy. 
Ions penetrate matter less readily than electrons. 

Third, the wave length of ions is smaller, for fixed accelerating voltage, 
than that of electrons by the factor (m/M)^ < Ka. This circumstance 
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points to the theoretical possibility of constructing ion microscopes 
with resolving power greater than that of electron microscopes. 

18*6^ Relativistic and Focusing Effects in Accelerating Devices. It 
has already been seen that, for fixed accelerating potential, relativistic 
effects become less important in proportion to the inverse mass of the 
accelerated charged particles. Accordingly, the operation of the linear 
acc^^eraioi^ perfected by Sloan and Lawrence,^ employing mercury 
ions with a mass 3.7-10® times as great as that of the electron, may be 
expected to be practically unaffected by the change of mass with velocity. 
Here (Fig. 18-3) the essential part of the accelerator consists of a succes- 
sion of coaxial tubes of increasing length. An alternating potential is 
applied between the odd- and even-numbered tubes, the frequency being 
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(13.5 meters), and the attainable energy of singly ionized mercury ions 
1.3 Mev (million electron volts). 

In order that a system of this type may have an appreciable output of 
high-velocity ions, two conditions must be fulfilled. First, the ions 
entering the system over an appreciable range of phase must be acceler- 
ated and pass through the system and, second, the action of the accelerat- 
ing fields must be such as to cause the beam to converge rather than to 
increase its initial divergence. 




Fig. 18-4. ’Variation in Phase ,of Arrival of Ions at Junctions in the Linear Ac- 
celerator: (o) Voltage Wave on Odd Electrodes; (6) Voltage Wave on Even 

Electrodes. 


The best arrangement for fulfilling the first condition adequately is to 
let the alternating voltage amplitude V be slightly greater than the value 
indicated by Eq, 18»28. Then the system is in exact resonance, that is, 
accelerates the ions in the same phase at all junctions, for the two 
phases A and B near the maximum of the voltage wave, as shown in 
Fig. 18*4. The two curves here represent the voltage waves on the sets 
of the odd and the even electrodes, respectively. It is seen that the 
sjrstem is stable, that is, ions will be continually accelerated, for initial 
phases between A and B and some distance to the left of A. Consider, 
for example, an ion entering the system in the phase Ci. Since it 
acquires slightly greater velocity than the ions at resonance, it will reach 
the next junction in a somewhat earlier phase C 2 . This will continue 
until it has reached a phase well to the left of A, at which time its^peed 
becomes less than that of the resonant ions (Cn). Accordingly, the 
phase of arrival at the junctions will move back toward and beyond A, 
subsequently oscillating about A, the ion being given an amount of 
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additional kinetic energy of the order of eV a at each junction and, finally, 
leaving the system with an amount of energy approximately equal to 
Vo + nV A- The same happens to an ion with an initial phase somewhat 
earlier than A. For an ion starting later than B, however, the phase of 
arrival D is progressively later until the ion is actually decelerate ; thus 
such ions cannot contribute to the high-velocity ion beam. 

Two factors influence the focusing: the lens properties of the fields at 
the junctions of the tubes (regarded as static lens fields) and the change in 
the strength of the field during passage of the ions. Since in the linear 
accelerator the continuously accelerated ions pass through the gaps close 
to the maxima of the voltage waves, the change in the field during passage 
is relatively small, and the first effect may be expected to predominate. 
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Fig. 18’6. Path of Ion in Field between Two Successive Tubes of the T.inPHr 

Accelerator. 


Figure 18*5 shows the path of an ion in the accelerating field between 
two cylinders. It is seen that the first part of the lens field exerts a 
<xmverging force; the second, an equal diverging force. However, the 
diverging force, because of the greater velocity of the ion, is less effective, 
so/^t the net effect of the field may be described by a translation Ar 
toward the axis in the plane of symmetry of the gap and a decrease in 
fidope Aa of the. ray. These quantities can readily be deduced if the 
values of r and a for the incident ray, as well as the position of the princi- 
pal planes and focal points, are known. Since, for all but the lowest 
values of n, the lenses may be regarded as weak, the thin-lens formulas 
d section 13*5 may Jbe applied, setting the potential ^v;pthin the lens 
equal^ a constant. For a two-cylinder lens with 




^0 + 



tanh 2.6302 
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using the cylinder diameter as unit of length, the positions of the princi- 
pal planes and the focal lengths are given by 




1.52$o 


+ 0.19 


^Ui = - 




-0.19 




/.= 


, V 




/.= 




2 / 


[18-29] 


Here the separation between principal planes (0.38 diameter) may be 
disregarded relative to the distance of the principal planes from the plane 
of symmetry (1.52<J>o/y). Substitution of Eq. 18-29 in the lens equa- 
tion, with <E> written for 

b a f 


where a and b are the object and image distances measured from the 
principal plane, respectiveljr, leads, with = n ^ to the 

following expressions for Aa and Ar for large values of n: 


Q - 0.184 (0 ] 

_ _ ja __ 0.164/ 

4n 


[18-30a] 


Ar = — «jy-Aa = —0.38a — - [18*306] 

An 

By writing Aa = da/dn and^Ar = dr/dn — aLin^y these equations 
become differential equations determining the variation of the slope and 
separation of the ion rays from the axis with the order number of the 
tube which they are entering. The term aLin^ represents the change 
in axial separation during the passage through the nth tube. Solving 
Eq. 18-30a for r gives 
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and substituting this in £q. 18*30& leads to a differential equation for a 
alone: 


^ 4. A ^ X (—A. 

dn^ 2n dn ^ \4n^ ) 


[18-32] 


With a — prT^ this can be changed into 


dH /0.164Li 



Equation 18'33 is solved approximately, for 
0.()625n-* » 0, by 


[18-33] 


0.164Lin-”‘ - 


^ /0.164Li 1 . f r/0-164Li 1 , , 

^ ^ const sm|J dn + const 

[18-34] 


Thus, for very large n, 


a = Ciw"^ sin (L62L|^n^ + 6) 
r = C 2 {n^^ cos (1.62Li^n^ + 3) 

— 1.54n^I/f^ sin (1.62L]^n^ + 5)) 


[18-35a] 

[18-356] 


where Cl, C 2 , and 8 are integration constants, depending on the initial 
slope and separation from the axis of the ion ray. Thus, for large n, the 
ion ray executes oscillations of slowly increasing amplitude and wave 
length.- This behavior holds even f or small n if the tube length, through- 
out, is large compared with the tube diameter. The increasing ampli- 
tude of the oscillations sets a limit to the number of accelerations which 
can be obtained without too greatly reducing the output of high-velocity 
ions. 

The change of field during the transit of the ions through a lens will 
contribute to the focusing action if the field is decreasing in strength; 
for in this case the radial force is reduced in the diverging portion of the 
lens as compared with that in the converging part. Thus the change of 
field will enhance the focusing action for ions in a phase near B (Fig. 18-4) 
and.reduce it for ions in a phase close to A, Since it has been seen that 
the phase of the ions will in general oscillate about A, the net effect of the 
chang^ field on the focusing action of the accelerating fields is unfavor- 
able. 

The cydotron (Fig. 18-6) may, in a sense, be regarded as a linear 
accelerator wound up into a spiral, the path distance between successive 
accelerations being adjusted automatically by a unifornTmagnetic field 
nornu^^ the ion paths and to the electric accelerating- fields. Ions 
fonzm by the bombardment of the gas in the space betw^n the two 
deesm dmnU forming the electrodes are drawn by the alternating field 
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between the dees into their interior. Here they describe semicircular 
paths under the influence of the magnetic field, the radius being given by 



and the time required to traverse a 
semicircular path by 

T _ TfR _ ttMc / \ ^ ttMc 

2 "" T " W V ^ ^ 

[18-37] 

This time (to the nonrelativistic ap- 
proximation) is quite independent of 
the velocity of the particle. Thus, if 
the frequency of the electrostatic field 
between the dees is made 

EH 
” ~ 2irMc 

and the magnetic field is perfectly 
homogeneous, an ion in the median 
plane, which is accelerated in a cer- 
tain phase at a particular crossing, 
will continue to be accelerated in the 
identical phase at all subsequent crossings. Thus the cyclotron, unlike 
the linear accelerator, is resonant for all phases of entrance of the 
ions into the dees. 

Similar electrostatic focusing effects control the vertical motion and 
radial motion, respectively, in the two cases. The space between the 
dees is, in effect, an electrostatic cylinder lens with properties similar to 
the lens at the junction of two tubes at different potentials. Here, also, 
the focusing effect of the lenses considered as static is superposed on the 
effect of the changing field. However, owing to the relatively large sepa- 
ration of the dees and the utilization of all initial phas^es, the effect of the 
changing fields is normally the more important one.® Since the chang- 
ing field contributes to the convergence only for decreasing field strength 
(positive phase angle d), the ion beam converges under the influence of 
the electric fields only for 0 < 0 < 7r/2 and for ir < ^ < 3 t/ 2, the ions 
initially entering opposite dees in the two ranges of phase. Here, 

® See reference 4. 



Fig. 18*6. Ion Paths in Cyclotron 
Provided with Two Ion Sources so as 
to Utilize the Full Cycle. 
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according to Rose,* the vertical displacement is then approximately 

* “ I /([^ ] + « 


[18-38] 


= const sin [2{im)^ + 6] 


the second expression applying only for perfect resonance. This repre- 
sents again an oscillation of gradually increasing amplitude and increa-s- 
ing period. 

With this type of focusing alone, the cyclotron would be quite in- 
efficient, the greater part of the ion beam eventually striking the 
top and bottom of the dees. As shown in Fig. 18-7, however, the 



Fig. 18-7. Focusing Effect of the Magnetic Field Near the Edge of the Pole Faces. 
(Courtesy of Phya. Rev.f reference 4.) 


bulging outwards of the magnetic field lines corresponding to the falling 
off of the field near the edge of the pole pieces exerts a force on the ions, 
pushing them back toward the median plane. This force causes the 
ions to oscillate about the median plane with decreasing amplitude 
and is much more effective in the focusing of the ions in the outer por- 
tions of their path than the lens action of the accelerating fields. This 
may be seen in detail by applying the equation of motion for the 25-com- 
ponent of the ion velocity and making use of the fact that the radial 
magnetic field component is equal to a first approximation to the product 
of tKe distance z from the median plane and dH/dr — the rate of 
change of the magnetic field in the median plane with the radial dis- 
tance.^ In the nonrelativistic approximation 



section 15-5. 
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If the same procedure is applied for solving this equation as for obtain- 
ing Eq. 18*35a, it is seen that where the effect of magnetic field focusing 
predominates {—T^{r/H)dH/dr'>TV sin B/^) the vertical motion has a 
decreasing amplitude proportional to { - (r/H)dH/dr\^^ and a decreas- 
ing period, the phase of the oscillation being given by 



dn + const 


Figure 18 -8 shows the effects both of the accelerating fields alone and 
of the combined electric and magnetic focusing (dotted curve) on the 
paths of an ion as determined by WilsonJ 



Fig. 18-8. Vertical Motion of the Ions in the Cyclotron as Determined by the 

Accelerating Fields Alone ( ) and as Determined by the Combined Electric 

and Magnetic Focusing Action ( ). (Courtesy of Phys. Rev.^ reference 5.) 


Unfortunately the decrease of the magnetic field required for good 
focusing results in an imperfect fulfilment of the resonance condition 
(Eq. 18*37 ) . This is made even more serious by the fact that the relativ- 
istic correction requires actually a field increasing toward the periphery 
for resonance. If the fulfilment of the resonance condition is relaxed 
in order to keep the ion beam convergent, the ions, after a certain number 
of revolutions, will be retarded in phase to such a degree that they will 
meet a decelerating field in place of an accelerating field between the dees 
and will hence spiral back toward the center of the cyclotron chamber. 
At best, ions will move outward and increase in energy only until they 
have been retarded in phase by'ir. From the requirement that the lag 
in phase angle does not exceed r and that, at the same time, the focusing 
condition is fulfilled throughout, Bethe and Rose® were able to establish 
an upper limit for the energy of ions emitted in appreciable quantities 
by the cyclotron. This maximum energy, which turns out to be propor- 
tional to the square root of both the mass and the charge of the particks, 
was found to be about 15 Mev for protons, 21 Mev for deuterons, and 

^ See reference 6. 

■ * See Rose, reference 4, and Bethe and Rose, reference 6. 
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42 Mev for alpha particles. Appropriate ways of forming optimum 
magnetic fields by the insertion of thin iron shims between the pole 
pieces have been indicated by Rose.® 

Though there thus appears to be a definite limit to the ion energy 
obtainable with a cyclotron using a radially symmetric field, Thomas'® 
was able to show that this difficulty may be circumvented by giving the 
magnetic field an angular variation with a period t/2. Thus, suppose 
that the field variation chosen results in the closed path shown in 
Fig. 18*9, the effect of the electrostatic field between the dees being 
omitted. The curvature of the path, and hence the distance from the 


center, is greatest at the points A, R, C, and D, for which the magnetic 



field is a maximum. In the region 
AE both the magnetic field and the 
radial distance are decreasing. Ac- 
cordingly, the field lines must here 
curve backwards toward A, and the 
velocity component toward the center 
must cooperate with the field compo- 
nent toward A to exert a force Fg = 
E*Vr*h directed toward the median 
plane on the ions. Similarly, in sec- 
tion EBj where both field and radial 
distance are increasing, the field lines 
bend forward toward B and the cor- 


Fiq. 18*9. Effect of an Angular Field 
Variation on an Ion Path in the 
Median Plane. (Courtesy of Phys. 
Rev.f reference 8.) 


responding force is again directed 
toward the median plane. Thus, 
throughout the cycle, the angular field 
variation produces a focusing effect. 


Thomas showed, in detail, that it was possible to obtain by this means a 
net focusing effect even with exact fulfilment of the resonance condition. 

In the third instrument here considered, the magnetic induction 
accelerator or betatron perfected by Kerst," the particles accelerated 
aro" dectrons and, consequently, relativistic effects can no longer be 


regarded as a mere correction. 

The operation of the instrument is based on the fact that a changing 
magnetie field has associated with it an electric field normal to it, as 
demanded by Maxwdl’^ equation 


reference 7. 
^Illee reference 8. 


1 ^ 
c dt 


—curl E 


See Kerst, references 9 and 11 and Kerst and Sprher, reference 10. 


[1840] 
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which by Stokeses law is equivalent to 


ds being an element of the boundary of the surface S, over which the 
normal component of dH/dt is integrated. For a radially symmetric 
magnetic field the electric field at a distance r from the center of sym- 
metry is thus given by 


= t — —dS = - I HdS = -- — ^ [18*42] 

2irrcJ dt 2 ttc did 2c dt 


Hm being the average magnetic field within the circle of radius r. 
If e<l) is the kinetic energy of the electron, 

(Lfi = -E ds = —Ev dt 


H 


2\H'| 




m. 


m^(^/ 


0 + 5 ) 


dt 


or, by integrating, 
2^ 
e 




Suppose now that the. electron moves continuously on the circle of 
radius R about the axis of s 3 Tiimetry. Then, by Eqs. 18*43 and 18*42 : 



I {H„ - H,no) 


[ 1844 ] 


A comparison of this equation with Eq. 18*36 for the radius of curva- 
ture of the path of a charged particle in a magnetic field shows that, in 
fact, if at all times Hm = 2H, that is, if the average field within the path 
of the electron is twice as large as the magnetic field at the electron, and 
if, furthermore, the relation between the initial energy of the electron 
and the initial magnetic field is given by 



the electron will continue to move on the identical circular orbit of 
radius /?, its increase in energy being given by Eq. 18*44. The maximum 
energy of the electrons is determined by the maximum value of the mag- 
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netic field as well as by the value of R : 


_ mc^ 

<l>mMX “ ““ “ r 

e 


mh* 

e* 4 1 




[ 1846 ] 


= (2.62.10“ + [150fiff„ („„,]*)« - 5.1.10® 


For example, for Hm (max) = 7000 gauss and = 19 centimeters, 0max = 
20 Mev. 

It can readily be seen that the orbits are stable. For the region outside 
the orbit Hm/H < 2, so that the ratio of the accelerating force along a 
tangent to the orbit to the centripetal force is too low to keep the electron 
moving in a circle about the axis of symmetry; thus an electron origi- 
nally outside will spiral inward toward the equilibrium orbit. Similarly, 
for the r^ion inside the orbit Hm/H > 2, so that the tangential accelera- 
tion outbalances the centripetal acceleration, resulting in paths spiraling 
outward toward the equilibrium orbit. These conditions are maintained 
even if the magnetic field at the equilibrium orbit is decreasing radially, 
provided that the rate of decrease is not stronger than dH/dr = —H/r. 
Hence magnetic focusing, resulting in damped oscillations of the elec- 
trons in a vertical direction, parallel to the axis erf symmetry, is consistent 
with simultaneous fulfilment of the stability requirements. 

If the electrons start from a position outside the equilibrium orbit with 
a direction of motion inclined to the tangential direction, as well as if 
they have either too high or too low initial energies to continue on a circle 
about the center of symmetry, they execute damped oscillations about 
the spiral toward the equilibrium orbit. These facts are utilized to get 
an appreciable number of electrons to clear the injector structure located 
inside the magnetic field but outside the equilibrium orbit. To with- 
draw the accelerated electrons from this orbit, the ratio Hm/H is sud- 
denly decreased (by saturation of the central core) or increased (by 
increasing the central flux suddenly with the aid of auxiliary coils) . The 
electrons consequently spiral inward to impinge on a suitably located 
targeii, or outward, bombarding the injector structure, respectively. 
Their presence is indicated by the generation of highly penetrating elec- 
tromi^etic radiation (gamma rays). 
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CHAPTER 19 


IMAGE FORMATION IN THE ELECTRON MICROSCOPE 


19*1. The Mechanism of Image Formation. An understanding of 
the process of image formation in the electron microscope is a prerequi- 
site for a proper interpretation of the unfamiliar object detail revealed by 
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Flo. 19*1 (a). Formation of the Image in a Light Microsoope. 
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electron micrographs. In addition to this it may serve as a guide in the 
selection of suitable modes of operation of the instrument for the observa- 
tion of different types of specimens. 

Basically, the process resembles that taking place in the light micro- 
scope (Fig. 19-la). A beam of electrons, the imaging medium, of con- 
trolled intensity and convergence is directed from the source onto the 
object. Different parts of the object, depending primarily on their mass 
thickness or “ transparency,^* affect the electron stream incident on them 
differently, permitting a larger or smaller proportion thereof to enter the 
aperture of the objective. The objective focuses the electron pencils 



Rnal imaga 

Fig. 19*1(&). Formation of the Image in an Electron Microscope. 
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proceeding from individual object points in a plane just above the pro- 
jector lens, the intermediate image plane, forming there a first, magnified 
image erf the object. The narrow pencils forming the central part of the 
intermediate image proceed unhindered through the projector lens, 
which causes a strong deflection of the off-axis pencils and forms a 
second, highly magnified image in the plane of the viewing screen or 
photographic plate. The analogy goes even farther: Replacing ray 
optics with wave optics, it may be shown that in either case the ultimate 
resolution of the instrument is determined — except for limits imposed 
by contrast — by the ratio of the wave length of the imaging medium 
and the effective numerical aperture of the objective. 

There are, however, important differences to be considered. Thus the 
interaction of matter with electrons differs fundamentally from that with 
light. In addition to this, the uncorrected nature of the electron lenses 
normally employed necessitates the use of very small effective objective 
apertures. 

19-2. Scattering and Absorption Processes in the Object. A multi- 
tude of interactions between light and matter determines the contrasts 
obtained in the image formed by a light microscope. Neutral absorp- 
tion, spectrally selective absorption, specular reflection, refraction, 
scattering and diffraction in the object all play a role. In the electron 
microscope the situation is simpler. Color ” effects, or effects due to 
the selective action of different materials on electrons of different veloci- 
ties, are entirely absent.^ Similarly, refraction plays no role with fast 
electrons and absorption a very minor one. The contrasts observed are 
almost entirely due to differential scattering by different parts of the 
object, the degree of scattering being determined primarily by the mass 
density of the portion of the object considered. The larger the propor- 
tion of electrons which is scattered by a particular object element 
through an angle in excess of the effective aperture of the objective, the 
smaller is the intensity of the image of this same element. 

^ This is a consequence of the use of strictly monochromatic or monoHneiic beams 
in ths electron microscope, necessitated by the fact that electron lenses employed at 
present are chromatically uncorrected. However, certain selective absorption effects 
Undoubtedly exist for fast electrons — in addition to the highly velocity-^ective dif- 
fraction effects. The fonner effects are extremely small compared to the selective 
absoiption effects for light in the visible part of the spectrum. Furthermore, the 
translation of differences in bombarding velocity into differences m color is, in princi- 
ple, possible. For example, for visual observation a screen could be used consisting 
of several thin layers of fluorescent materials with different emis8ioA,j>and8, the deeper 
layersMng excited to a greater extent by the faster electrons. Similarly, for perma- 
nent pbord, ** col(»: plates for dectrons could be made by utilizing the property of 
thii^lms of matter of acting as intensifying screens for specific velocities as deter- 
miaed by the thickness of the films (see Baker, Ramberg, and Hillier, reference 1), 
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With crystalline objects diffraction by the lattice causes intensity vari- 
ations in the image which bear no simple relationship to the distribution 
of mass density in the object. They will be discussed separately in 
section 19*9. 

A highngpeed electron may be scattered by an atom with or without 
appreciable loss of energy. Scattering which is not accompanied by 
such a loss is usually referred to as elastic scattering; scattering involving 
a decrease in kinetic energy, as inelastic scattering. In the latter case 
the lost energy is utilized to excite the atom or to eject one of the atomic 
electrons. If the electron is incident on solid substance, inelastic scatter- 
ing may also result from electrostatic interaction with the “ free ” 
electrons of the material. 

Precise quantitative data on the scattering processes can be obtained 
only by the application of quantum-mechanical methods.^ A fairly 
adequate qualitative insight may be reached, however, with the aid of 
elementary classical considerations. Here elastic scattering is treated 
as the result of “ collisions ” of electrons with the (eventually shielded) 
nucleus of the atom, inelastic scattering as the consequence of electron- 
electron collisions. That a transfer of energy is involved in the latter 
case and none (or nearly none) in the former follow from the fulfilment 
of the laws of conservation of energy and momentum. If m is the mass 
of the incident electron, M that of the struck ” particle, be it nucleus or 
electron, and if 2 o,fo = 0; 2o = 0, Ito = 0; 2 i,ri; are their veloc- 

ity components in their common plane before and after the collision, 
respectively (Fig. 19*2): • 

mip = mil + 9 = mri + Mlti [19*lo] 

mzl = m(ii + fl) + ilf(Zi + i^i) [19'16] 


Assume first that M'> m, that is, the case of a collision between an 
electron and a nucleus. The largest possible transfer of momentum 
(and hence of energy) to the originally stationary particle takes place if 
the electron reverses its direction of motion: fi = ki = 0, 


whence 


^(2o — h) = ^Zi 
m(i? - i?) = Mil 


MZl = 


mi?" 


4mM 
{M + m)^ 


_ mio4m 
^ M 


119-2] 


^ See Mott and Massey, reference 2, Marton and Schiff, reference 3, Williams, 
reference 4, and Goudsmit and Saunderson, reference 6. 
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Thus the mflyiTnnm energy an electron can lose in a collision with a 
stationary proton, the lightest of all nuclei, is approximately Hoo of its 
original energy. This corresponds to an angle of deflection of 180 
degrees. For a smaller angle of deflection d Eqs. 19*1 lead to a loss in 
the kinetic energy equal to 


A(e*) = — 




2 (M + mf 


119-3] 




Fig. 19*2. Scattering of Electron by Nudeus (o) and by Electron (b). Momentum 

Balance. 


For very large ratios M/m and relatively small angles of deflection 
d, this becomes 

[19-3a] 


For example, for an electron deflected by a hydrogen nucleus through an 
an^e of J degree, the loss in energy is 1/6,000,000 of the original energy. 

Equation 19*3 also indicates the loss in energy when an electron is 
i^tered by another electron, which was originally at rest. With 
M * m: 

vnl? 

A(6$) = sin* 6 [19*361 

2 

Thejmaximum deflection is in this case 90 degrees, the struck ” electron / 
acKjffinng the full kinetic energy under these circumstances. Quite 
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generally, after collision, the velocity vectors of the two electrons form an 
angle of 90 degrees with each other, since (by Eq. 19*36) they are equal 
in magnitude to their resultant, the initial velocity of the incident vector, 
multiplied by the cosine and by the sine of the angle of deflection. It is 
seen that for small angles the energy losses are larger than for nuclear 
collisions in the ratio ilf/m, which has a minimum value of 1837. 

The equations above correlate the energy losses of electrons scattered 
by nuclei and initially stationary electrons with their angles of scatter- 
ing, but yield no information with regard to the angular distribution of 
the scattered electrons. In order to determine the latter it is necessary 
to examine their paths in greater detail. 

If it is assumed that the originally stationary particle of mass M has a 
charge Z*e, the equations of motion of the two particles are 


Z*^(z - Z) 

. I _ 


m[(r • 


{z - 

Z)*]” 


ZV(r - 

-R) 


m[(r • 


{z ~ 

Z)®]” 


Z*^{Z - 

- z) 


ilf[(r 

-Rf + 

(2 - 

Z)®]« 


Z*^{R 

-r) 



ilf[(r - R)^ + (z - Z)2]^^ 


[19*4a] 


[19*46] 


It is convenient to translate these into the equations of motion of the 
center of gravity of the system (coordinates Z, R) and the equations for 
the motion of the incident electron relative to the originally stationary 
particle (coordinates f, p), respectively: 


- _ wz + MZ ^ _ mr + MR 
m + M m + M 

^ z - Z p = r - R 


[19*5] 


The center of gravity moves with uniform velocity in the original direc- 
tion of the incident electron: 


m 


m + M 


- to) 


R = 


m 


m + Af 


[19-6] 


p being the initial distance of the particle of mass M from the asymptote 
to the path of the incident electron (Fig. 19*3). The initial position of 
the foniftr particle has been chosen as origin. 
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On the other hand the equations 


p 



f 



p 

(f* + P*)” 


[19-7o] 

[19-75] 




Fig. 19-3. Path of Electron Relative to Nucleus (a) and Other Electron (6) in 
Ck)ordinate Systems Which Are Stationary Relative to the Latter Particle in Each 

Case. 


describe the motion of a particle of mass m* = mMI{m + M) and 
charge — e in the field of a stationary center of force with a charge Z*e, 
The path of the electron relative to the originally stationary particle is 
thus a hyperbola with the particle, acting as a center of force, at one of 
the local points — analogous, in every way, to the path of a comet about 
the sun. 

K lectahgular coordinates (Fig. 19*4) a?, y are introduced with the 
a^axis as Une of symmetry of the path and the origin placed at the inter- 
sections of the asymptotes to the hyperbola, the equation of the latter 
becomes 





[19-8] 


with% radius of curvature at the vertex finin “ P*/®* The value of a is 
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found from the law of equal areas 

P^o “ Pmin ^raax [19*9] 

where Vo is the initial velocity of the incident electron, p^in its distance 
from the other particle as it passes through the vertex of the h5rperbola, 



^'max its velocity at the same point. From the second law of motion 
applied at the vertex: 


m*t4ax ^ 

Rr ^\n P min 


[19-10] 


Z*^ 


Equations 19-9 and 19-10 yield 
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Finally, from the geometry of the hyperbola, 

^ A a Z*e{m + M) 
tan “ = - = — — — 77 — 
2 p 2^pM 


[19.11] 


where is the initial kinetic energy of the incident electron. 

This yields the angle of deflection A in a coordinate system in which the 
originally stationwy particle remains at rest. To find tan d = dr/dz 
it is necessary to return to the coordinates r, z of the fixed system. 

Since in the moving system the collision is completely elastic, the 
center of force remaining fixed, the final velocity of the incident electron 
is equal to its original velocity Vo, so that the motion is given (for large t) 
by" 


f = const + Vod*cos A 
p = const' + Vo’t^sin A 


[19.12] 


Furthermore, by Eq. 19.5, 


m-{- M 




pM 

m + M 


+ R 


so that, by utilizing Eq. 19*6, 
M 


dr 

tan 6 = ~ = 
dz 


m-\- M 


sin A dt 


sin A 




M 


m + M 


cos A H- 


m + Af y 


\dt 


m 

cos A + 77 
M 


[19.13] 


For M > m, 5 ^ A, so that the angle of deflection is given directly by 
Eq. 19.11. On the other hand, for M = m and Z* = — 1, that is, if the 
struck particle is an electron. 


tan 5 = 


sin A 
1 + cos A 



e 


1 . 44 . 10 "^ 


[19.14] 


'Hie angles of scattering produced by a nucleus are thus, for equal 
clo^ess of approach, approximately Z* times as large aa those conse- 
quent on scattering by a second electron. The nuclei may be regarded 
aa primarily responsible for the angular scattering, the electrons for the 
energy loss of the incideht electrons. 

When electrons pass through even a very thin layer of matter they are 
normally influenced by a number of atoms. However, deflections 
through a considerable angle may,^ on the average, be imparted to 
decti&is in transit by a single atom only. If this is the case single 
scaJS^ng is said to take place for deflections by such or by larger angles, 
and the formulas giv^ above are adequate (with limitations yet to be 
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specified) for calculating the angular distribution of the scattered 
electrons. The thicker the specimen, the larger the minimum angle 
for which single scattering applies. For relatively thick specimens and 
small scattering angles every electron undergoes so many deflections 
that they may be summed in accordance with the theory of errors, 
leading to a Gaussian distribution. This condition is termed multi'ple 
scattering. In the intermediate region, most often realized in electron- 
microscope specimens, plural scattering takes place. Each electron is 
deflected more than once on the average, yet not often enough to 
permit the application of the theory of errors to the determination of 
the angular distribution. 

Consider, first, the case of single scattering. Let a uniform parallel 
stream of electrons impinge on a layer of substance containing Nx similar 
atoms of mass M and atomic number Z per square centimeter of super- 
ficial area, x being the thickness of the layer and N = pN a/ A the num- 
ber of atoms in a cubic centimeter of substance. A is the atomic weight, 
p the density, and Na Avogadro’s number (the number of atoms in a 
gram-atom ) . There will thus be Nx nuclei and NZx electrons per square 
centimeter. If it is assumed that these scatter the incident electrons 
without mutual interference, the electrons which will be scattered into a 
solid angle 2ir sin 6dd comprising the conic shell between 5 and d + dd are 
incident on a fraction of the total area equal to 


Nx*2rpndpn + NZx-2wpedpe 

where Pn and Pe are given by Eqs. 19*11 and 19*14, respectively: 

Ze e 


Vn = 


8 


Ve = 


24> tan - 


$ tan S 


[19-16] 

[19-16] 


Substitution of these expressions in Eq. 19-15 leads to the following 
angular distribution of the scattered electrons: 


I(S)da = 


Z^^Nx r 1 16 cos 4 1 

OlTl* — 


sin SdS d4> 


[19-17] 


Here dQ is an element of solid angle with the inclination S and the azi- 
muth For small angles S, the distribution becomes ■ 


/(«) = 


Z^^Nx /. 
**«* 


1 + 


I) 


[19*17a] 


Thus in spite of the greater number of electrons in the scattering layer, 
the number of incident electrons scattered by them into a given solid 
angle is only 1/Z times as large as that scattered by the nuclei. 
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Equations 19*17 and 19*17a are correct only for relatively large scatter- 
ing angles and high-speed electrons, since the shielding of the nuclear 
charge by the surrounding electron cloud as well as the binding of the 
atomic electrons have been neglected completely. Bothe^ accounts for 
the former effect in simple fashion by treating the electron cloud as a 
sphere about the nucleus of uniform charge density and with the atomic 
radius R as radius and —Ze bus total charge. Then for nuclear scattering 
and small values of 5, Eq. 19*11 is replaced by 

For p > R, 5 = 0; the nucleus is completely shielded and does not 
influence the electrons passing by. 

A final magnitude of importance is the effective scattering cross 
section of an atom for a given scattering angle 5, that is, the cross-sec- 
tional area of the beam within which the electrons are scattered through 
angles greater than 5. This is, by Eq. 19*17a, for relatively small angles 
and disregarding the screening effect, 

<r = CTn + (Te = irPn + Zvp^ = ^1 + ^ [19*19] 

If account is taken of the shielding of the nucleus in accordance with 
Eq. 19*18, O’ can obviously never exceed ttE^, since beyond R the atom 
does not influence the incident electrons. Accordingly, in place of 
increasing indefinitely with decreasing 5, the scattering cross section o- 
must approach the fixed value tR^ as a limit. * 

The quantum-mechanical treatment of nuclear scattering leads to 
s imila r results, with the distinction that the upper limit of the scattering 
cross section is not a fixed characteristic of the atom, but is inversely 
proportional to the square of the velocity of the incident electrons. Thus 
Marton and Schiflf* find from an application of Bom's first-order theory 
of scattering to the Thomas-Fermi model of the atom that 

A = 22Z^ for Z > 6 



• W. Bothe's artide in Geiger and Scheel, reference 6, pp. 1-74. 
^iSeerefenooed. 
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Here 



2.81Z^ 

{*(1 + 0.978-ir®4>)}« 


2.29-10^-XZ>‘ 


[19-20c] 


X represents the de Broglie wave length of the electrons. 

The cross section o-e due to the inelastic collisions is calculated by 
Marton and Schiff by summing the excitation and ionization probabilities 
of the atom. They thus find: 


= 

6 < 




[19*21a] 



[19-21&] 


The constant B and 7, the mean excitation energy of the atom, are func- 
tions of the atomic number. For example, for H, B = 13.3 , 1 — 13.5 
electron-volts; for Cy B = S5, I = 44 electron-volts; and for Agy 
B = 200 , 1 = 170 electron-volts. In the case of metals, a further term 
may have to be added to o-* to take account of the scattering by the 
conduction electrons.® 

It has already been seen that electrons deflected by large angles may 
reasonably be regarded as having undergone only one significant scatter- 
ing process, even for objects for which smaller deflections are, on the 
average, the result of a number of collisions giving rise to scattering 
angles of the same order of magnitude. It is of some importance to 
establish, for an object of given mass density, the least angle for which 
such single scattering applies. Wentzel® suggests that this least ang^e 

^ See Marton and Schiff, reference 3. 

® See reference 7. 



684 


IMAGE FORMATION IN ELECTRON MICROSCOPE [Chap. 19 


be just four times as large as a certain angle 5m- The angle 5m is such 
that the probability of scattering through angles larger than 5m, as calcu- 
lated by the formulas for single scattering, becomes just equal to 2. 
Thus, for 5 = 5m, Nxan = 2 — account being taken only of nuclear 
scattering. By Eq. 19-19 

Thus, for ^ = 50,000 volts, Z = 6, A = 12, px = lOr^ gram per square 
centimeter, the angles considered must be larger than 45m = 1.9-10”^ 
rad^. It is thus evident that true single scattering takes place only in 
exceedingly thin specimens. 

The other extreme, multiple scattering, can also be treated analyti- 
cally. If each angular deflection is regarded as quite independent of the 
preceding ones, the total deflections produced by repeated scattering in a 
layer of matter must have a distribution given by Gauss^ error curve: 

I{5)dil = [19-23] 

A being the most probable total deflection experienced by the electron. 
The value of A is obtained by adding up statistically the deflections 
received in successive thin layers of thickness d of the specimen with a 
total thickness x, d being made so small that the single scattering for- 
mula for the shielded atom, Eq. 19-18, may be applied. The contribu- 
tion of the scattering by the atomic electrons may, in a first approxi- 
mation, be neglected. According to the theory of errors, the mean 
square total deflection 5^ is equal to the sum of the mean square deflec- 
tions in each layer, 5^: 

^ = 2TNd J S’^pdp [19-24] 


J* = = 2A* = 2irNx J S’^pdp [19-25] 

SO that 

A^ = irNxJ* 5^pdp [19-26] 

The integral in Eq. 19-26 must be carried 'out from a lower limit pi, 
that is, angles which are so large that multiple scattering no longer takes 
plaoei ^ the upper limit R* Then 



Sec. 19-2] SCATTERING AND ABSORPTION PROCESSES 


685 


Empirically, the value of log (R/pi) ~ 11/12 is very nearly constant, 
independent of the velocity of the incident electrons as well as of the 
order number of the scattering atoms and even of the mass and charge 
of the incident particles (electrons or ions). Thus Bothe^ arrives at the 
formula, valid also for electron velocities for which , the relativistic effect 
cannot be neglected, 


8-10® 4> + 5.1M0^ /pxY 

$ ^ + 10.22-10® ^ \a) 


[19-28] 


For more recent treatments of multiple scattering the reader is referred 
to the work of E. J. Williams® and of Goudsmit and Saunderson.® 

The study of the region of plural scattering, of special interest in the 
case of electron microscopy, leads to great complications. However, it 
may be shown that if the fraction of electrons entering a small aperture 
from a portion of the object of given mass thickness is the only quantity 
of interest, this may be derived from the single scattering cross sections 
in simple 'manner even for object thicknesses for which multiple scatter- 
ing would apply. Considering, again, the specimen layer divided into 
many infinitesimal layers dx, the decrease in the beam current remaining 
within the angular range from 0 to 5 is given by 

di = —iNdxa(6) 


i being the incident electron current and a the atomic scattering cross 
section for angles greater than 5. Integrating this leads to a fraction of 
the current remaining within this angular range after passing through 
the specimen layer of thickness x: 



[19-29] 


As long as this quantity is large compared to the fraction of electrons 
scattered back into the angular range 0 to 5, given by Eq. 19-25 for 
multiple scattering: 

j Iisy2irSdS = 1 - ^ ^ [19-30] 

Eq. 19-29 may be taken as a true measure of the fraction of the electrons 
which ultimately pass through the perture in question. This con- 
dition is satisfied for specimen mass thicknesses px < 6-l(P® gram per 
square centimeter (6000 A.U. for p * 1) if 5 = 10^ radian, for 

^ See reference 6. 

* See reference 4. 

® See reference 6. 
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px < 3*l(r* gram per square centimeter (3000 A.U. for p = 1) if 
6 “ 10“* radian, if the accelerating voltage is 50 kilovolts and the 
atomic number of the specimen is Z = 6 (carbon). Marton and 
Schiff^s values are used for the atomic cross sections (Eqs. 19*20 and 
19*21). Since the fraction of electrons remaining within the angular 
range 0 to 6 is of the order of 10“® and ICT^, being given roughly by 1005®, 
in the two cases cited, this range easily covers the thicknesses normally 
encountered in electron-microscope specimens. If the accelerating volt- 
age is altered, conditions are only slightly changed provided that the 
specimen thickness is altered in direct proportion thereto. 

It should be remarked that Eq. 19*29 is strictly valid only for angles 5 
which are so small that the scattering cross section is independent of 5. 
That is, by Eq. 19*21a, 5 must be smaller than half the ratio of the mean 
ionization potential of the atoms to the accelerating potential of the 
incident electrons. For example, for C(Z = 6) and $ = 50,000 volts, 
5 < 4.4*10'"^ radian. For larger angles 5, Eq. 19*29 will give too large 
values. 

In addition to the scattering in angle, the scattering in kinetic energy 
of the electrons resulting from inelastic collisions affects the imaging 
process in the electron microscope. If the beam leaving the object and 
entering the objective is inhomogeneous in velocity, the objective lens, 
in view of its inherent chromatic aberration, cannot form a perfectly 
sharp image. The relation between the loss in kinetic energy and the 
angular deflection resulting from an inelastic collision has been given in 
Eq. 19*35. Although this does not take account of the binding of the 
electrons to the atom and hence cannot claim strict validity for small 
angles of deflection, it may be used to determine the mean loss in kinetic 
energy which an electron experiences in passing through a layer of 
infinitesimal thickness dx: 

d(e4>) = 2irZNdz j* A(e^)pedpe [19*31] 


Substituting from Eq. 19*14 for pe and Eq. 19*35 for A(e4>) gives 


d(e4>) 

dx 


—2irZNe^ 



sin® 5 


e® cos 5 


2irZN^ 


log (sin 5i) 


[19*32] 


The lower limit of .integration 5i represents the minygum angle of 
deflection which corresponds to a possible energy transfer to an atomic 
electrelL As Bethe^^ has shown, this minimum angle does not corre- 
Ijie reference 8. 
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spond to a classical energy transfer equal to the excitation or ionization 
energy /, but to the much smaller quantity /^/(4e$). That is, it is 
given, according to Eq. 19*36, by 


sin 5i = - — 
2e€» 


[19*33] 


Thus the rate of loss of energy of the electron in passing through a layer 
of matter is, on the average. 


d{e^) 

dx 


2irZNe^ 


log 



[19*34] 


where the logarithmic term is suitably averaged to take account of the 
different ionization potentials of the atomic and conduction electrons. 
Integrated, this equation leads to the relation 

4>o — = AvZNe^ log ^ [19*36] 


where e^o is the kinetic energy of the incident electrons and e4> the avei> 
age energy of the electrons which have passed through a layer thickness 
z. For fast electrons the logarithmic term may be regarded as a con- 
stant, so that Eq. 19*35 takes on the simple form 

4>o [19*35a] 

A 


a is a constant which shows only a relatively slight dependence on atomic 
number (for Pt [78] it is found to be about four times as large as for 
A1 [13]).^^ For a mixed substance with a relative number ny of atoms 
with atomic number Zy and atomic weight Ay, the ratio aZ/A must 
merely be replaced by L(wyayZy)/L (wyAy). Equation 19*35a is 

3 3 

known as the Thomson-Whiddington law,^^ more commonly written in 
the form 



where Vo is the initial velocity, v the most probable final velocity of the 
electrons after passing through a layer of matter of thickness z. For 
aluminum,^* 6 has a value between 5 and 10*10^^ in the range of 6000 
to 60,000 volts, corresponding to a = 4*10“ to 8*10^^ 

For very hi g h voltages Eqs. 19*35 and 19*36 cease to be valid. 

“ See WhiddiDgton, reference 9. 
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Bothe,^® on the basis of a compilation of data on aluminum by Lenard/® 
finds that Eq. 19*36 is valid up to about 130,000 volts with h = 5.4*10^^. 
Above 200,000 volts 

— = —4.56*10® volts per cm [19*37] 


yields an adequate representation of the data for aluminum. Other 
empirical laws^^ show a similar reduction in the dependence of the rate of 
energy loss on the electron velocity at high voltages. 

If, in Eqs. 19 *350 and 19*36, and v are set equal to zero and the 
equations are solved for x, the penetrations of electrons of the given initial 
kinetic energy e^o = 


A A 

X = - ° ^ — 

apZ ” hpZ 


are obtained. These are the thicknesses of matter for which the “ most 
probable ” exit velocity has just been reduced to zero. In Fig. 19*5, 
representing velocity distributions of very high velocity electrons 
(j3-rays) after traversing different thicknesses of mica,^® this most 
prgbable velocity corresponds to the abscissa of the maximum. It is 
seen that the velocity distribution spreads over a very large range long 
before the maximum penetration, as given by Eq. 19*38, has been 
reached. 

An important practical question, arising in connection with the elec- 
tron microscope, is whether the electrons which remain in a narrow 
angular range between 0 and S 2 after passing through a layer of matter 
experience velocity losses comparable with the average velocity loss of 
all the electrons. It can readily be seen that the average velocity loss 
of the selected electrons must be smaller. Thus the effect of extending 
the consideration to electrons leaving in the range 0 to ^2 is to replace 
the logarithmic factor in Eq. 19*34 by log (2e^ sin S 2 /I). Suppose that 
sin ^2 is 3*10“®. Although the proper average value of/, the ionization 
or excitation energy of the atom, to be employed in this formula is 
difficult to determine, it is clear that atomic electrons with an excitation 
energy in excess of 2e^*3*l(r®, or 300 volts for $ = 50,000 volts, cannot 
contribute to the energy loss. Thus, for example, in aluminum the 
IT-electrons play a negligible role. With I set equal to a straight aver- 
age of the ionization energies of the remaining electrons (56 electron- 

^ See Bothe in Geiger and Scheel, reference 6, pp. 1-74. 

“ Se^ferenoe 10. 
te Williams, reference 11. 
m White and Millington, reference 12. 
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volts), the reduction in the average energy loss of the selected electrons 
as compared with that for all the electrons is given by the factor 


11 log 



2 log 



+ 11 log 



SO.2 



Fia._19*6. Velocity Distributions of High-Velocity Electrons after Traversing 
Different Thicknesses of Mica. (White and Millington, reference 12. Courtesy of 
m Proc. Roy. Soc.f London.) 


Furthermore, if, as is permissible with the specimen thicknesses nor- 
mally employed in the electron microscope, the electrons scattered back 
into the central cone can be neglected in comparison with those that have 
remained thereiTi throughout, that is, with the fraction of the inci- 
dent electrons, none of the transmitted electrons will have suffered losses 
in velocity if 5 < = 7/ (2e$),. provided that the minimum excitation 

or ionization potential is substituted for 7. Thus if 7 = 5 electron-volts 
and $ = 50,000 volts, the transmitted electrons will have experienced no 
loss in velocity if 5 < 5’10^® radian. For larger angles d the velocity 
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distribution of the electrons within the central cone will still have a 
** peak ” corresponding to zero velocity loss. 

The nearest approach to an experimental test of this question was 
carried out by Boochs,^® who measured the velocity losses after passage 
through an aluminum foil 0.8 micron thick {px = 2*10"^ gram per square 
centimeter) both for the direct beam and for electrons scattered through 
2.5 degrees, the incident beam having an angular aperture of 3*10^^ 
radian. He found a velocity loss of 0.8 per cent for the direct beam, of 
1.0 per cent for the electrons leaving with an inclination of 2.5 degrees. 
This is consistent with the preceding deductions, since Boochs’ foil was 
much too thick to permit a neglect of the electrons scattered back into 
the central cone. The estimates given for the reduction in velocity loss 
for the electrons leaving at small inclinations to the incident beam are 
based on the assumption that these diffusely scattered electrons can be 
neglected. 

The nature of the velocity distribution curves in Fig. 19*5 makes it 
clear that even for foils considerably less than the penetration distance 
in thickness a large fraction of the incident electrons will not reach the 
back surface of the foil. There exists thus an absorption of electrons as 
well as a reduction in velocity. For this absorption Lenard^^ estab- 
lished the validity, within limits, of the usual absorption law 

n = uo-e^ [19*39] 

a being proportional to the inverse fourth power of the electron velocity 
and approximately directly proportional to the density of the material. 
By making use of Terrill’s measurements on aluminum,^® covering the 
range between 18,000 and 40,000 volts, 

^ cmVg [1940] 

Although this relation is in no sense exact (for some halogen com- 
pounds and the halogens themselves the numerical factor may exceed 
that given by a factor of 2 or more) it sufi&ces to demonstrate that elec- 
tron absorption plays a negligible role in determining the portion of elec- 
trons from a given object element which contributes to the formation of 
the image in the electron microscope. Scattering alone considered, 
this proportion is 

^ g-cpx [ 1941 ] 

A 

SeaiMereiice 13. 

‘’8«iWei«uiel0,p.73. 

18 ^ Terrill, reference 14. 
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On the other hand, absorption alone considered, the proportion of elec- 
trons remaining in the cone of angular aperture h which contributes to 
the imaging is 

Q.inll 

ca = ^ [1942] 

If, for example, the specimen is carbon and $ = 50,000 volts, 
Cg = 1.5*10® square centimeters per gram for 6 = 3*10r® radian 
and Cg = 4.7*10^ square centimeters per gram for the very large 
angle 5 = 10“^ radian (5.7 degrees). In either caseco = 320 square 
centimeters per gram, that is, less by a factor of at least 15. It is thus 
seen that the effect of absorption in the specimen on reducing the inten- 
sity of the transmitted effective electron beam is quite negligible com- 
pared to that of scattering. 

19*3. Image. Formation with Small Aperture. The correspondence 
between the image formation in the electron microscope and that in the 
light microscope becomes closest if a narrow physical aperture is used. 
In treating this case it will be assumed that the full free aperture of the 
objective is uniformly illuminated by the electrons leaving any imaged 
point of the object. This may take place either because the condenser 
aperture, that is, the angular aperture of the beam illuminating the 
object, exceeds the angular aperture of the beam accepted by the objec- 
tive (Fig. 19*6) or because the scattering in the object is such that the 
electron distribution in the narrow central cone entering the objective is 
uniform. In either case, for the specimen thicknesses normally encoun- 
tered in electron microscopy, the relative intensity of the radiation enter- 
ing the objective from different points of the object is given by 

• i = 

lo 

where is the atomic scattering cross section, N the number of atoms in 
unit volume of the specimen, and x the thickness of the specimen at the 
point in question. This equation simultaneously determines the relative 
concentration of electrons in different parts of the image and hence the 
contrast of the image. 

Since, as Scherzer has pointed out/® an electron wave after passing 
through a single layer of atoms shows random phase variations averaging 
Koo cycle, the electron radiation emitted by different points of a specimen 
mounted on a supporting film may quite generally be regarded as inco- 
herent, so that an object in the electron microscope normally acts as 
though it were self-luminous. 

See reference 15. 
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Consider (Fig. 19*7) a point source of radiation in the object plane on 
the axis of the objective. The divergent radiation from this point will 
be rendered nearly parallel in passing through the lens and, at the same 
time, will be restricted by the aperture of the objective. To a certain 
extent the radiation will be diffracted at the edge of the aperture. It is 
convenient to regard this process as taking place in image space, at the 
exit pupil (that is, the image of the actual aperture), whose radius will be 
denoted by Va. Then the theory of Fraunhofer diffraction may be 
applied to the nearly parallel ray pencil.^® For aberration-free imaging 
this leads to an intensity distribution in the plane of the image of the 
point source 



87654321012345678 

2ir p 
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Fia. 10-8. Diffraction Pattern Formed as Image of Point Source. 

Here p is the distance from tHe Gaussian image point, h the separation of 
the image from the exit pupil, / the focal length of the lens, and X the 
wave length of the radiation. Ji is the Bessel function of the first order. 
Figure 19*8 shows a plot of the intensity distribution in Eq. 19*43. It is 
seen to become zero for 

^ r = l-220ir, 2.233ir, 3.238ir, 4.260 t, • • • I19-43o] 

X 0 

See Bom, reference 16, Chapter 4, section 49. 
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For a sufficiently small objective aperture to make the effect of the lens 
aberrations negligible, every point in the object gives rise to such a 
diffraction figure or Airy disk in the image plane. Consider two object 
points a small dj^ance d apart. The centers of their diffraction disks 



Fig. Intensity Distribution in Aberration-Free Image of Two Neighboring 

Point Sources. 

will be a dist^ce Md apart, M being the magnification of the image. If 
Md is greater than the distance between the center and the first mini- 
mum (or aero) of the diffraction figure, a dip will appear between the two 
intensity peaks (Pig. 19*9), facilitating their separations^ However, if 
the twandisks are closer together, the dip in intensity eventually dis- 
appe^ and the two diffraction figures appear to coalesce, a maximum of 
intcopty existing halfway between the centers of the two diffraction 
pattens.. Rather arbitrarily, the condition that the peak of one diffrac- 
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tion figure coincides with the first minimum of the other is used to define 
the limit of resolution, that is, to establish the least separation of two 
points of the object which will enable the observer to recognize the two 
points as two separate entities. The actual minimum distance which 
can be separated depends, of course, on the practice of the observer and 
his previous knowledge with regard to the nature of the specimen. 

If a is the half angle subtended by the aperture at the object — in 
short the aperture of the objective — and n© is the index of refraction of 
the medium in which the object is placed, w,- being that of image space, 
the theorem of Helmholtz-Lagrange demands that 

MniTa 
Uo sin a = — - — 

0 

so that the condition that the diffraction maximum for one point coin- 
cide with the first minimum for the other takes the form 


or 


2TrMd Uo sin a 

\i UiM 


1.220ir 


o.eix^ 

sin a 


119-44] 


Here Xo = (wi/no)X,‘ is the wave length of the imaging radiation at the 
object. * 

The order of magnitude of the limitation of the resolving power by 
diffraction effects can also be deduced from an application of the quan- 
tum-mechanical uncertainty relation.^^ According to this relation, in a 
rather specialized form, the component of momentum of a particle in the 
x-direction can be determined only within an accuracy A(mvx) which is 
related to the accuracy Ax with which its coordinate x can be measured 
by the relation 

A{mVxyAx ^ h 


where h is Planck's constant./ Consider now an electron of energy 
ww^/2 = leaving a point of the object (Fig. 19-10). It will pass 
through the lens and impinge on the viewing screen near the Gaussian 
image point, provided that its lateral component of momentum lies in 
the range from 0 to ±rw sin a. Thus, if its impact is observed on 
the screen, there is an uncertainty in its component of momentum at 
the time of leaving the object equal to 2mv sin a. Accordingly, its place 
of arrival must show an uncertainty in the a;-direction such that from it 

See section 10-2. 
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its origin in the object can be determined only within an accuracy 
h h \ 


Ax ^ 


.) 2mv sin a 2 sin a 


[19*44al 


t Object 



This equation is substantially identical with Eq. 
19*44. 

If the aperture of the objective is sufficiently 
small that 


2 mv sin a j being the focal length of the objective and C 
the coefficient of spherical aberration, that is, if 
the radius of the circle of confusion due to the 
aperture defect is much smaller than the least 
resolvable distance as determined by diffraction 
only, the resolution is given simply by Eq. 
19*44, just as for a perfectly corrected light ob- 
jective. However, even if satisfactory apertures 
of arbitrarily small size could be made and would 
be free from other drawbacks, it would yet be 
desirable to make the aperture large enough for 
the optimum resolution of which the objective 
is capable to be realized. Accordingly, the 
angular aperture should be increased until the 
improvement brought about by the reduction in 
size of the diffraction pattern is overbalanced by 
the deterioration of the image from the increase 
in the circle of confusion due to the aperture 
defect. 

A thorough analysis of this problem requires 
the calculation of the diffraction pattern ob- 
tained for waves which, instead of converging 
on the Gaussian image point, converge on a 
caustic characteristic of the spherical aberration 
of the lens in question. Calculations for such 
aspheric waves have been carried through by 
no • • Figure 19*11 shows the diffraction pat- 

^ formed by artens with the 

Power fiA Uncertainty indicated amount of spherical aberration, cal- 
^ation. culated with the aid of Picht’s formulas. Al- 

** reference 17, sections 7 and 14. 


Image 
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though the general character of the distribution has not been changed 
by the presence of the spherical aberration, a larger fraction of the 
radiation is spread over the outer portions of the pattern and the 
minima are slightly less pronounced, decreasing not all the way to zero. 



P<„A.U. 

Fig. 19*11. Image of Point Source, Taking Account of Diffraction and Spherical 
Aberration (X = 6.35 • 10“^° cm). 

Even without proceeding to an actual evaluation, the variation of the 
resolving power, as determined by diffraction and spherical aberration, 
with the objective aperture a, the wave length X (and hence the acceler- 
ating voltage), and the spherical aberration coefficient Cf can be deduced 
from the general functional character of Picht's formulas. The intensity 
distribution in the diffraction pattern may be written 

Po is the separation of the point of reference from the Gaussian image 
point, referred to the object. It is seen that, as long as the quantity 
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{Cf/\) sin* a is left unchanged, the only effect of changing C/, X, or a is 
to cause a contraction or expansion of the pattern about the Gaussian 
image point with a simultaneous variation in the absolute values of the 
intensities. Accordingly, if the intensity distributions are known for all 
values of a for specific values of C/ and X, the distributions for arbitrary 
a, C/, apd X can be deduced from these in simple manner. 

Suppose that, for some fixed values of X and C/, the intensity distribu- 
tions had been determined and that from them, with the aid of some 
arbitrary criterion, the least distances d(sin a) between two object points 
recognized in the image as separate entities had been derived. For a 
paiiticular value Om, d(sin a) will attain a minimum value d(sin am) = 
( Lin . This aperture Om would be the most favorable aperture for the 
given values of the wave length and spherical-aberration coefficient. 

Assume, next, that the wave length X is increased by a factor iC, and 
Cf is increased by the factor k. Then the variation in intensity as given 
by Eq. 1945 will be unchanged if sin a is increased by a factor (K/k)^f 
with the exception of a simultaneous expansion outwards by a factor 
K'{K/k)~^ = K^k^ and a reduction in the absolute values of the inten- 
sities by the factor l/{Kk). The resolution as a function of sin a will 
thus now be given by 

d'(sin a) = iC'^k^d 
This will be a minimum for 

sin o = * sin <*», 


attaining a value 


(Cin = 


It follows from these two equations that, quite generally, the optimum 
aperture and Ihe least resolvable distance are given by 

/ X 

sm Ogpt = c J [1946] 

(Lin = [1947] 

The constants c' and c" are general constants which could be determined 
by a series of calculations of the intensity distributions for fixed Cf and X, 
as indica^ above. 

In tllkrabsenoe of these calculations, attempts at estimating the resolu- 
tion been nuufe on the basis of simple assumptions. Thus Rebsch^ 

A if 

^ dee referenoe IS 
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places the least resolvable distance equal to the sum of the limit of resolu- 
tion for diffraction only and the limit of resolution when the aperture 
defect alone is considered. The latter, again, requires definition. If 
the aperture defect alone is present there is always a peak of infinite 
intensity at the Gaussian image point of a luminous point object, the 
distribution being given by 


where I is the emission per unit solid angle of the object point. Simi- 
larly, for an object of finite size the variation in intensity at the Gaussian 
image of the edge of the object has infinite slope. Hence there will 
always be a minimum of intensity between the Gaussian images of two 
objects. However, an increasing proportion of the light from a given 
luminous object will spread out into its surroundings, decreasing the con- 
trast and ease of recognition. Hence, somewhat arbitrarily, Rebsch 
sets the limit of resolution due to the aperture defect equal to the width 
da of a Imninous strip in the object, for which just 50 per cent of the 
radiation accepted by the objective falls on the Gaussian image of the 
strip. This is equal to OACfa^. The condition that 


d = OACfa^ + 


0.6X 


be a minimum, that is. 


1.2CV - ^ = 0 


leads to 



d min = 0.95X^(C/)^ 


c' = 0.84 
c" = 0.95 


[19-49] 


[19-60o] 

[19-506] 


The coefficients in these equations are only slightly dependent on the 
criterion selected for determining the effect of the spherical aberration 
on the resolution. According to Rebsch, the lowest obtainable value of 
C may be estimated at 0.25.^^ For an objective with the very short focal 
length of 1 millimeter the best attainable values of Oopt and dmin would 
thus be according to Eqs. 19-50, it being assumed that X = 5.35-10“^® 
centimeter (50,000 volts), 

a opt = radian dmin = 4-10"® cm = 4 A.U. 

See section 17*2. 
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Available data on the aperture defects and dimensions of the best mag- 
netic microscope objectives in use^^ at present suggest that for these Cf 
may have values lying between 0.2 and 2 centimeters, signifying values 
of Oopt between 6*l(r^ and S'lCT"^ radian and of between 7 and 
13 A.U. 

The projector acts purely as an enlarging lens without influence on 
the image quality or resolution near the center of the image. Its aper- 
ture is invariably very large compared to that of the beams leaving the 
objective and its spherical aberration, for the fraction of the aperture 
utilized, is negligible. The effect of the field aberrations, in particular the 
distortion, of the projector has been considered in sections 17*4 and 17*5. 
With relatively large image fields the distortion of the projector may 
cause a slight falling off of the intensity near the edge of the image. 

With a small phjrsical aperture in the obiective, pictures with high 
contrasts are obtained even with very small object thicknesses. Thus, 
with a = 3*10"^, = 50,000 volts, and an object of density unity and 

with an effective atomic number corresponding to that of carbon, the 
beam current is reduced by a factor 

g-l. 6 ‘ 106 * 

in passing through a thickness x. Thus a difference in thickness in the 
object equal to 5*10^ centimeter (500 A.U.) will correspond to a factor 
of 2 in the brightness of the fluorescent screen or the number of electrons 
arriving at the photographic plate, a difference in thickness of 1500 A.U. 
to a factor of 10. With a narrow aperture there is a strict correspon- 
dence between object mass thickness and illumination of the image 
screen or plate in accordance with Eq, 19*29 (assuming that crystalline 
reflections [section 19*9] are absent) except in a region about the bound- 
aries of object portions of constant mass thickness of a width of the 
same order as the resolving power of the iostrument. 

A difficulty of rather fundamental character arises in the employment 
of very small apertures from the image field exerted by the aperture 
edge on a passing electron. This image field is given simply by 
e/(4r*) * 3.6*10“®/^ volts per centimeter, where r denotes the dis- 
tance between the electrcm in question and the wall of the aperture bore 
facing it. If the' lateral component of velocity acquired as a result of 
the action of the image force is (2e^r/^)^ and the length of the channel 
is I, the equality between the impulse and acquired momentum {ft = m) 
leads to 
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This results in an apparent displacement d of the object point: 


d = 



- ^ 


A 

7 ^$ 


For example, for / = 0.3 centimeter, Z = 10 ^ centimeter, r = 10^^ 
centimeter, and $ = 50,000 volts. 


d = cm (10 A.U.) 


All electrons passing within a micron or less from the wall of the bore 
(assuming that its diameter is materially larger than 2 microns) will 
thus appear to arise from points at distances of over 10 A.U. from the 
true object point. For a 20-micron aperture of the given thickness, 
20 per cent of the electrons are deflected to this extent. If the focal 
length / of the objective is reduced to 0.1 centimeter and the aperture 
diameter is reduced in proportion, all other quantities remaining un- 
changed, a third of the electrons experience deflections giving rise to 
apparent deviations from the object point in excess of 10 A.U. Thus, 
if very narrow apertures are employed, it is advisable to make the aper- 
ture diaphragm as thin as Is consistent with adequate opacity to electrons 
and mechfnical strength. 

194. Image Formation with Large Aperture. Although the employ- 
ment of narrow objective apertures is advantageous in a number of 
respects, most electron microscopes in use at the present time have objec- 
tive apertures much too large to act as true limiting apertures. Fre- 
quently, in fact, the pole piecas themselves furnish the only physical 
aperture of the objective. 

The reasons for this development are primarily practical. First of all, 
if an insulating film or insulating particles adhere to the edges of a narrow 
aperture, they will become charged under the impact of the beam and 
seriously disturb the image. The absence of a narrow aperture does 
away with the necessity of removing and cleaning it frequently and 
makes the operation of the instrument somewhat less critical. Further- 
more, with such an aperture focusing is dMcult, on the one hand because 
of the impossibility of greatly increasing the brightness of the image for 
visual focusing by changing the condenser setting, and on the other hand, 
because of the very great depth of focus regardless of the condenser 
setting. Finally, it is important to choose a size for a narrow aperture 
which will correspond to aopt> a quantity frequently not known in 
advance. With a large, or no, aperture in the objective and a practically 
parallel illuminating beam, the effective aperture, determining the resolu- 
tion, will, for reasonably thin objects, automatically assume a value close 
to the optimum aperture, as will be shown below. 
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Figure 19-12 shows the imaging process with a large aperture. It is 
seen that the effective angular aperture of the imaging beams is deter- 
mined not by the size of this aperture, but by the degree of scattering in 
the object. It is a famihar fact that if coherent radiation of any kind 
strikes a periodic structure, such as a line grating with line separation d, 
part of the incident radiation is scattered, giving rise to diffracted beams. 
Abbe's theory of the imaging of nonself-luminous objects by the micro- 
scope^® teaches that at least one of the two first diffraction beams in 
addition to the primary beam must pass through the objective in order 
to give rise to an image of the structure. This image is the result of the 
interference of the direct beam with the diffracted beams in the image 
plane and will be more faithful in proportion as a larger number of 
diffracted beams participate in its synthesis. 

The angles 5 which the diffracted beams form with the primary beam 
are given by 

. ^ n\ 

sm 5 = — [19.51] 


so that the condition that at least one diffracted beam be admitted in 
addition to the central beam takes the fonn, for illumination parallel to 
the axis. 



sin a 


[19-52] 


and, for oblique illumination. 


d> 


X 

2 sin a 


[19-53] 


These relations are generally used to define the resolving power of a 
microscope for nonseff-luminous objects. The result is seen to be essen- 
tially the same as for the imaging of self-luminous point objects (Eq. 
19-44). 

If the structure of the object is aperiodic and the illuminating beam is 
incoherent, scattering over a range of angle of the order X/d, where d is a 
separation of two elements of the structure, still takes place, even though 
no well-defined diffraction beams are formed. The undeflected beam, 
together with the rad&tion scattered into a cone of half angle Oopt, 
Eq. 19-46, is mainly distributed over a circular region of radius M*dj^f 
Eq. 19-47. The remaining scattered radiation is spread, approximately 
in accordance with Eq. 19-48, over a range rapidly increasing with 

See Abbe, reference 19. 
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scattering angle: 


JM = 





[19-54] 


7(6) being the intensity scattered by the object into unit solid angle. 
If 7(5) should obey the Rutherford scattering law, that is, be propor- 
tional to the inverse fourth power of 5, 

^ const (C/)^ 

«7 (Po) — ^ 

Po 

which represents a very rapid decrease of intensity. The electrons 
scattered through angles larger than aopt therefore do not, normally, 
appreciably affect the resolution of the image, but merely spread an 
“ electron fog ” of rapidly decreasing intensity over the neighborhood of 
the “ image disk ” of radius 

The presence of spherical aberration thus has the effect of producing 
image contrasts even if no electrons are held back by an aperture and 
none are absorbed in the object. Figure 19-13 shows schematically 
(each line representing an equal number of electrons) how the denser 
portions of the object, scattering electrons on the average through larger 
angles, contribute, owing to spherical aberration, to the intensity in the 
image of the surrounding lighter portions. It is also evident from the 
figure that with this type of imaging there can be no exact correspond- 
ence betweeii mass density of the object and intensity of the image. 
Thus the central portion of a large uniformly dense region of the object 
will be imaged as brightly as the central portion of a large less dense 
region. Strong contrasts appear only near the edges. 

The condition can best be visualized by constructing the intensity 
variation in the image which must be expected for a number of simple 
examples. This has been done in Fig. 19-14a, 6, and c. In each case 
the formulas of Mott and Massey for the elastic and inelastic scattering 
of deptrons by hydrogen^® have been applied for determining the 
scattering by the specimen. At the image plane the electrons from any 
point are assumed to be distributed according to Eq. 19-54 for po > dmin 
(Eq. 19-505), Po bdng the distance of the reference point from the 
Gaussian image point divided by the magnification. For Po < dmin 
the function 



Sm reference 2, p. 174. 


[19-65] 
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is taken to represent the distribution of electrons. Here the first term 
represents the intensity distribution in an aberration-free diffraction 
disk with a separation of the maximum and first minimum equal to 
dmin> the resolving power when the lens has a physical aperture corre- 
sponding to Oopt (Eq. 19*50a and b). The second term is added so as to 



Fig. 19- 13. Formation of Image Contrasts by Spherical Aberration of Objective. 


make the distribution of the electrons about the Gaussian image point 
continuous (Fig. 1944a). The factor A, finally, is chosen so that the 
total fraction of electrons falling on the disk p© < becomes equal to 
where o- is the atomic scattering cross section for So = (3inin/[C/l)^- 
The factor may be regarded as the relative contrast factor for 
narrow aperture operation. 




Fig. 19-14a. 



IfliinsHy distribution, narrow 
(optimum) apertura, 


j |iiT a ( i o n and diffraction naglactod. 


Fra. 19146. 
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Fio. l9‘Uc. 

Fkj. 19-14. Intensity Variation in the Images of Disks and Straight Edge Formed 
without Limiting Aperture (C/ = 2 cm, X = 5.35 • 10“^® cm). 

(o) Assumed Intensity Distribution about the Image of a Point Source. 

(6) Intensity Di*stribution in the Images of Small Disks on a Lighter Background. 

(c) Intensity Distribution across Image of Straight Edge Separating Two Hegions 
of Different Thickness. 

In Fig. 19-14a-c the values X = 5.35*10“^” (50,000 volts), Cf = 2 cen- 
timeters, and, hence, d^in = 13 A.U. and do = 4'10~^ radian, have been 
assumed. The distributions have been calculated for the limiting case 
of no aperture restriction, which, owing to the very rapid variation of p«, 
with the scattering angle, is frequently closely approached in practice. 
As examples small circular disks on a lighter and on a heavier background 
have been chosen, the dimensions being comparable with the resolving 
power (dmin), and a straight edge separating two regions of dijBFerent uni- 
form thicknesses. The disks show the decrease in contrast with size as 
well as the possibility of attaining, in fact, a resolution nearly equal to 
the optimum for a small limiting aperture. The straight-edge dia- 
gram indicates the loss in contrast arising from the absence of an aper- 
ture. 

If the objects in the field (or a certain considerable fraction of them) 
are quite thick, the scattering function here assumed becomes inade- 
quate. With the approach to multiple scattering, the decrease in 
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intensity with increasing scattering angle becomes less, and, conse- 
quently, the electrons from any portion are spread over a larger and 
larger area of the piage. Presently, for very thick objects, an ** electron 
fog ” covers the whole field, minimizing the contrast. Thus for very 
thick specimens a very fine physical objective aperture is most advan- 
tageous. 

19 'fi. Contour Effects. It is seen that in the absence of a physical 
aperture in the objective there is no simple correlation between image 
brightness and object mass thickness. Near the dividing line between 
two regions this is the case even if a physical aperture is employed. If 
th^hysical aperture is considerably larger than that which would corre- 



Fiq. lO'lS. Origin of Straight-Edge Contour Due to Spherical Aberration (Very 
Wide Objective Aperture). 

spohd to the optimum value of the angular aperture, a opt; the region 
over which there is little correspondence between brightness and thick- 
ness extends far beyond a strip comparable in width with the resolving 
power d the instrument. 

Consider, in particular, a region B of uniform mass thickness adjoining 
a wholly transparent region illuminated by a parallel beam of electrons. 
Leawg diffraction effects out of account, the electrons passing through 
the transparent region fill up uniformly the corresponding region in the 
image j^ne. Those striking the region B, on the other hand, are 
scattered (fig. 10«15). Those which are scattered through angles in 
excess of a, the largest angle accepted by the physical aperture of the 
objective, do not contribute to the image. The remainder would be uni- 
formly (^ributed ov^ the region B' of the image, that is^the Gaussian 
image#the dense portion of the object, if it were not for the aberrations 
of tlm^bjective. The spherical aberration of the objective, in particu- 
lar, wises a certain fraction of the scattered electrons to fall on the bright 
part of the Image, A', up to a distance y^ax = Cfa^ from the edge. If 
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I (6) is the number of electrons scattered hiy a unit area of the dense part 
of the object into a unit solid angle, the distribution of scattered electrons 
over the clear part of the image will be given by 

J(y) = ^ arccos ^ 6dd [19-56] 

^ 



A.U. 

Pig. 19- 16. Straight-Edge Contours Due to Spherical Aberration (and Diffraction) 
for Different Physical Objective Apertures. 

In (Symmetrical maimer, the same number of electrons are subtracted 
from the image of the dense part of the object, giving rise to a bright and 
a dark band on the opposite sides of the image of the edge with a conse- 
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quent enhancement of the coqtrast. This is shown for different values 
dam Fig. 19*16. Other things remaining equal, an increase in a 
at the same time decreases the contrast and increases the dimensions of 
the band. In practice the sharp points at the geometrical image of the 
edge are rounded off, in part owing to diffraction, in part owing to the 
imperfect parallelism of the incident electron beam. 

An enhancement of contrast, such as is shown in Fig. 19*16, takes place 
whenever either the lighter portion of the object is completely transpar- 
ent, that is, free of matter, or if both portions are thin enough for single 
scattering to take place. With the approach to multiple scattering, the 



Fig. 19-17. Intensity Distribution across Border between Two Relatively 
Dense Portions of Specimen (Multiple Scattering.) 


number of electrons scattered by the lighter portion of the object into 
the image of the denser portion eventually outbalances the number 
received by the lighter part of the image from the denser part of the 
objecti resulting eventually in a decrease in contrast, such as is shown in 
Fig. 1947. 

Qiromatio aberration, either due to a fluctuation of the applied volt- 
age or to a loss in velocity d the electrons passing through the dense 
part of the object, has qualitatively the same effect on^^he appearance 
of an in the image as spherical aberration. In Ihe absence of 
sph^^Mki aberration it would give rise to a contour band increasing in 
propcMTtion to a in place of to a^. Under normal circumstances, 
however, it is likdy to have a smaller effect than spherical aberration 
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and will merely modify the intensity distribution in the contour 
slightly. 

It is interesting to examine the behavior of these contour bands as the 
focus of the instrument is changed. It is seen in Fig. 19-18 that the con- 



50 45 40 35 30 25 20 15 10 5 0 5 10 15 20 25 30 35 40 45 50 

A.U. 


Fig. 19*18. Variation in Intensity Distribution in Contour with Focusing. 

trast becomes a minimiiTn for points intermediate between the paraxial 
and marginal focus, that is, for best focus. This fact is of value in 
determining the condition of best focus when working with a wide 
objective aperture. The figure again applies to the case of a com- 
pletely transparent region adjoining a denser region. 
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For large degrees of defocusing the influence of the lens aberrations 
and diffraction at the objective aperture becomes secondary. The 
bright and dark bands on either side of the geometric image of the edge 
are determined primarily by the actual distribution of electrons below 
or by the virtual distribution above the specimen in the plane which is 



Fia. 19*19. Electron Distribution below Edge of Specimen Illuminated with a 
Parallel Beam of Electrons. 

conjugate to the plane of the recorded image. Only those electrons 
whidi are trani^tted with a path inclination less than the objective 
aperture a are considered. In Fig. 19*19 a parallel beam of electrons is 
inddeot on the ^e of a specimen suspended in fre^pace. It is 
assOhied^liiat half the incident electrons leave the specimen with inclinar 
dons Ijp than a, that is, are accepted by the objective. Consider a 
plan^ distiUM^ I below the edge. Inspection of the figure reveals that, 
taking account only of electrons which ultimately reach the objective 
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and contribute to the image, electrons scattered by the specimen sup- 
plement the electron concentration in a band of width 

Vo = lot [10.57] 

beyond the shadow of the specimen edge. These electrons are, in 
effect, contributed from a band of equal width within the shadow of the 
specimen. 

The distribution of electrons within the band is readily determined if 
the simple assumption is made that the electrons transmitted by the 
specimen fill out uniformly the cone accepted by the objective. If the 
transmission of the specimen into the cone of vertex angle a is k 2 y that 
of the free region being fci = 1, the distribution of the electrons a dis- 
tance I below the edge is 

J (Vo) = —2 f arccos ^ -j- 1 

ra Jyji U 

. . [19-58] 

= fc 2 /^j + l 0<y,<lot 

JiVo) = + ^2 —la<yo<0 [19-69] 

with 

f{x) = - [arccos a: — a; (1 — a;^)^] [19*60] 

TT 

This distribution, in two planes below the specimen, is represented in 
Fig. 19*19. If the electron distribution in the cone accepted by the 
objective is nonuniform, that is, drops off from the center toward the 
edge, the sole change in the distribution curves will be a more rapid 
falling off of the concentration from its maximum value 1 + to 1 
at the edge of the band on the bright side and a corresponding more 
rapid increase of the concentration from the minimum to k 2 on the 
dark side. In any case, the contrast at the edge is enhanced from a ratio 
1 : ^2 to (2 -f- ^ 2 ) : k 2 y regardless of the distance I between the focusing 
plane and the edge, and the fringe is simply broadened in proportion to 
the distance Z as Z is increased. In the image diffraction serves, of course, 
to smooth out the sudden transition in intensity at the edge. 

A somewhat similar, and frequently more extensive, smoothing takes 
place even for the electron concentration in a plane below the edge if the 
illuminating ^am is not strictly parallel, but has a convergence ac 
(Fig. 19*20). In this case some electrons transmitted by the free region 
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adjoining the edge enter the shadow of the specimen and the distribution 
becomes 


J{yo) = 1 0 < yo < 


[19-61] 


= 1 + hf( 


lac < Vo < la 


/w-*.-w(g)+/(£) 


— Idc < < 0 

[19-62] 

— la <yo < —loic 



ld‘20. Eleotron Distributiozi below Edge of Specimen Illuminated with a 
‘ Convergent Beam of Electrons. 

Ad sh^p^ in F\g, 19*20, the contrast is reduced progressively as the 
apertii^'of illumination is increased. A scale in Angstrom units, 
oalcu|led for ike specific case a = KT^ radian, I = 5 microns, gives an 
idea m the width of the fringe. It should be noted that, with parallel 
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illumination, the presence of a very thin film in the clear region, scatter- 
ing the incident electrons into a very small solid angle, has an effect 
similar to a slight divergence of the illumination. 



Fig. 19*21. Fresnel Diffraction Fringes and Defocusing Bands in the Image of a 
Filament of Artificial Rubber. 

In the absence of a physical limiting aperture in the objective the 
outer edges of the bands cease to be sharply defined; apart from this 
the character of the fringes is little changed. Since here, for specimens 
not too thick, k 2 = 1, the contrast ratio at the edge becomes, for parallel 
illumination, (2 -|- ^ 2 ) : A ;2 = 3. Contour fringes of the sort described, 
associated with the imperfect focusing of the specimen, are familiar to all 
users of the electron microscope. 

All the contour effects discussed so far have the common property of^ 
leading to an intensity distribution which is antisymmetric about the 
geometric image of the specimen edge considered. This ceases to be 
true if the specimen has considerable thickness, so that an appreciable 
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number of image-forming electrons leave the specimen through a face 
substantially parallel to the optic axis of the microscope. Under these 
circumstances it may be shown that the bright band becomes more 
pronounced and narrower than the dark band, provided that the 
objective is focused either on the specimen or on a plane below the 
specimen. 



Fig. 19*22. The Origin of Fresnel Diffraction Fringes in the Out-of-Focus 
Image of a Specimen Edge. 

A last contour phenomenon to be considered is observed in the form 
of fine fringes at the edges of thin specimens adjoining free space, such 
as holes in thin object-supporting films. Figure 19*21 shows such fringes, 
in acidition to the contour bands associated with imperfect focusing 
discussed above, at the edge of filaments of synthetic rubber. These 
fringes may be regarded as a consequence of the Fresnel diffraction of 
the coherent beam of electrons passing through the free region at the 
edge of the specimen. 

Consider a uniform electron beam incident parallel to the axis. Let 
the specimen edge in question lie in the xs-plane, normal^ to the optic 
(«-) axU Hien beyond tlie specimen the electron beam may be re- 
garde<^ made up of two waves: the plane wave which has passed 

'<0 

^ ^ ffilUer, reference 20, Boersoh, reference 21a, and Ruska, reference 21&. 
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through the free region and a cylindrical wave with the edge of the speci- 
men as source, advanced in phase by a quarter cycle with respect to the 
plane wave.^® Let this combination of electron waves pass through the 
objective. If the objective is aberration-free (Fig. 19-22), the originally 
plane wave will converge in the lower focal plane of the objective and 
diverge as a spherical wave beyond it. Similarly, the objective will 
convert the cylindrical wave into a cylindrical wave converging on a line 
in the plane conjugate to the plane of the edge, a distance h from the 
image-side principal plane of the objective. Assume that the objective 
is focused not on the edge, but on a plane a distance I below it. The two 
electron waves will then interfere in the recording plane, a distance L 
from the image-side principal plane of the objective. Let A denote the 
difference in optical path for the cylindrical and the spherical wave from 
the plane of the edge to the point P^ P' is assumed to lie on the inter- 
section of the i/ 2 -plane with the recording plane, a distance y from the 
optic axis^ Then 

A = [y* + fL - - (L - b) - \y^ + (L -/)*]« + (L -/) 

[19-63] 

Solving for y, 

2/ = |(8A(6-/)(L-6)(L-/) 

+ 4A’^[{b - + (b - /) (L - /) - (L - /)*] [19-64] 

-4A^b-/) + A«)>^/(b-/- A) 

Since only low orders of interference, that is, path differences of a few 
wave lengths, are to be considered, it suflSces to retain the term of lowest 
order in A: 


Now, the magnification M in the recording plane is (L - /)// and, 
furthermore, by the elementary lens equation, 


f(L - h) 
{h-f){L-f) 


[19-66] 


Hence, Eq. 19-65 may be written 


y. 

M 


^ (2«A)^ 


[19-67] 


The location of the maxima of interference, corresponding to 
See Wood, reference 22, Chapter 7. 
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A = (n + J)X, is hence given by 

^ = [2Z(« + J)X]« [19-68] 

that of the minima by 

^ = [2l(n - i)X]« [19-69] 


As might have been expected, these are the spacings of the maxima 
and minima in the Fresnel diffraction pattern in the plane below the edge 
which is conjugate to the recording plane; P' is simply the optical image 



Fig. 1^*23. Separation of the Maxima and Minima of Intensity of the Fresnel 
Diffraction Pattern from the Parallel Projection of the Specimen Edge. 


of point P. It should be noted that the expressions 19-68 and 19*69 
apply both for positive and negative values of 1, that is, both if the 
recordii^ plane is located below and if it is located above the true image 
of the edge. 

The of VuuJM and yj^/M in Fig. 19-23 makes it appear that the 
imageA Fig. 19-21 is out of focus by an amount of the order of 10 
microiis. This estimate may, however be somewhat in error since the 



Sec. 19-6] 


CONTOUR EFFECTS 


719 


preceding considerations neglect the influence of spherical aberration. 
As indicated in Fig. 16-3, this aberration distorts the wave surfaces so 
that at the paraxial image of the edge the intersection of the cylindrical 



Fia. 19-24. Separation of Lowest-Order Maxima of Interference from Sharply 
Focused Image of Edge as Function of Spherical-Aberration Constant. 

wave front with the y^'-plane is not a point, but a curve. Hence a diffrac- 
tion pattern is formed in the recording plane even if the edge is in exact 
(paraxial) focus. In this case the separations of the interference 
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maxima (bright fringes) from the edge are given, to the first order of 
approximation, by 

those of the interference minima (dark fringes) by 

'■w - (s)“ - (sr*"-”” (^ - j + '”‘1 


Cf is here the spherical-aberration coefficient of the objective, A, the path 
difference for the originally plane wave between the ray to the point of 
referrace and that to the image of the edge. Its determination involves 
the solution of a cubic equation. Figure 19-24 shows the position of the 
lowest-order maxima for the values / = 0.3 cm, M = 130, and 
X = 5.35 • 10”^® cm (50,000 volts) as function of the aberration con- 
stant Cf. It is seen that the separations of the fringes in the image 
plane are of the order of 10 A.U. for values of Cf between 0.1 and 1, 
such aa are commonly realized in modem electron-microscope objectives. 
They lie, thus, near the limit of resolution of present-day electron 
microscopes. 

To sununarize, both spherical and chromatic aberration give rise to 
contour phenomena. These phenomena are most prominent if the 
object field on one side of the contour has very low mass density and the 
illumination is nearly parallel. Under these circumstances a bright band 
appears on the light side of the image of the edge, a dark band on the 
dark side. A similar effect, independent of the lens aberrations, is 
observed with imperfect focusing of the objective, the width of the bands 
increasing in proportion with the degree of defocusing. In addition to 
these effects diffraction fringes may be observed parallel to the edge of 
the specimen. Hieir separation from the edge, again, increases as the 
specimen is thrown out of focus. 

19 *G. Re8(^ution and Object Thickness. It is observed experimen- 
tally tiiat with increasing thickness of the specimen the sharpness of the 
image decreases. With a narrow objective aperture this is due to two 
x^iaam: First, electrons lose energy in inelastic collision within the 
object. As has been seen in section 19*2, this loss is far from uniform 
and results in a comparable spread of the energy of the electrons entering 


the objective. Owing to the chromatic aberration of the objective, 
deotrons from any one point of the object are spread ovdr a disk of 
diamjBtcg^: 



[19*72] 
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where eA^ is the spread in the kinetic energy of the electrons and am 
the effective aperture of the objective. A; is a constant characteristic of 
the objective; it is slightly smaller than unity for magnetic objectives.^® 
Second, electrons coming from the interior of the specimen are 
repeatedly deflected in their subsequent transit through the remainder 
of the specimen, so that they appear to come from points in the object 
plane differing from the actual object point. Consider, in Fig. 19*25, 
the electron rays originating in the object point 0 in the horizontal 

A 


Fig. 19-25. Volume Scattering within the Specimen. 

plane AA, a distance di from the surface of the object facing the objec- 
tive. If the layer di is sufficiently thick, the electrons which have left 0 
will be scattered in random fashion, so that, after leaving the object, 
they appear to come from a region about 0 in the plane A A, their appar- 
ent original distribution in this plane being given by the Gaussian error 
law: 

= 119 - 73 ] 

where P is the most probable radial deviation in apparent origin from 0. 
As function of the distance x from a fixed line through 0 in the plane AA 
the distribution becomes 

J\{x) dx = 



and the mean value of x^ is 



In order to determine P it is convenient to proceed as in the deriyar 
tion of the most probable angle of scattering in multiple scattering 
(Eqs. 19-24-19-28). In any infinitesimal layer of the specimen the shift 
of the apparent origin of any electron coming from 0 is — z*5*, where z is 
the distance of the layer from the plane AA and 6* = 5 cos the prob- 
abUity of the deflection within the layer being given, according to 


See section 17-6. 
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Eq. 1947a, by 

I(5)Sd6d<f> = NAz-^ 


where 8 may vary between 8min (determined by the effective radius R 
of the scattering atoms) and Smax (determined by the range of angles 
over which multiple scattering may be assumed). The mean square 
deflection of the apparent origin of the electrons due to scattering in the 
layer considered is 

dx^ = 2 / (za cos ,l>)^I(S)SdSd<t> = IT JVz* Az log ( — ) 

— t/ 3inln v 0 ^ \^min / 

The total mean square apparent deflection in the plane AA is given by 
the sum of these individual mean square deflections : 


A comparison with Eq. 19-27 shows that this may be written, by substi- 
tuting the proper values for and amiu 


P = 


dr 


A(di) 

3H 


A*d]^ 

3^ 


[19*74a] 


In this last equation A(di) is the most probable angle of deflection of 
the electrons in passing through the layer of thickness and ^1* is the 
coefiScient depending only on the operating voltage, the density of the 
specimen, and the atomic number of the latter: 

i 4> -f 10.22-10* Va/ 

The diameter of the circle of confusion due to volume scattering may 
thus be put equal to 

^ = 2P-|aM [19-746]. 


it should be emphasized that di is the thickness of the layer between the 
object structure observed and the surface nearest the objective, not the 
whole thickness of the specimen. For points on the surface of the speci- 
men nearest the objective, the unsharpness due to volume scattering 
vanities. ^ 

If thejibroscope is operate with a large physical objective aperture 
a thirdpuse far a decrease in sharpness with an increase in object thick- 
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in the mean scattering angle. This increases the effects of both spherical 
aberration and chromatic aberration. 

For a specimen with p = 1, Z = 6, by Eq. 19-35a 


A# 1.4-10*‘d 



Object thickness, d . io"*cm 

F^G; 19*26. Chromatic Aberration and Volume Scattering Effects. 


and, furthermore, A* = 14 centimeters”^ for ^ = 60,000 volts, being 
approximately inversely proportional to the applied voltage Thus 
the chromatic and the volume scattering ” d^ects become, for / = 0.3 
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cwxtimeter and k = 0.75, ^ being set equal to 50,000 volts : 

M M 

For thin specimens this estimate of the chromatic defect is certainly too 
large in view of the smaller velocity losses of the electrons which are not 
scattered, or scattered only through small angles. 

Figure 19-26 shows the variation of the two diameters of confusion, 
de and as a function of object thickness. In determining d„ 
Eq. 19-746 for points at the center of the specimen (di = d/2) was used. 
The aperture am has been set equal to 3.4-l(r"^ for 50,000 volts and 
smaller values — keeping fom constant — for the higher voltages. 
Although at 50,000 volts the effect of volume scattering predominates 
only for values of the object thickness in excess of 0.5 micron, it becomes, 
for the narrow limiting apertures assumed, the more important of the 
two sources of unsharpness for normal specimen thicknesses at the higher 
voltages. For the large objective apertures normally employed, the 
increase in unsharpness with increasing specimen thickness is much more 
rapid than indicated by Fig. 19-26, owing to the increase in the effective 
objective aperture Thus, in addition to contrast considerations, 
the use of a narrow aperture becomes desirable in the study of very thick 
specimens from the standpoint of the best attainable resolution. 

19-7. The Limit of Resolution of the Electron Microscope. The 
resolving power of any electron microscope is determined on the one hand 
by factors inherent in the character of the instrument and the properties 
of the object being examined and, on the other hand, by such as are inci- 
dental to the operation and construction of the unit considered. The 
latter — comprising the effects of voltage and field fluctuations due to 
imperfect stabilization, of inadequately shielded disturbing fields, and 
of misalignment and constructional defects — have been discussed in 
section 16-10 and do not concern the present consideration. The 
remupder are spherical aberration, diffraction, chromatic aberration due 
to velocity losses in the object, volume scattering in the object, and 
space-charge effects. Of these, again, space-charge effects play no role 
for the beam currents and voltages normally employed in the electron 
microscope, as may be deduced from Eqs. 16-208 and 16-210. The total 
current forming the image is normally of the order of 10“^^ ampere. 

With four fundamental defects, the question arises how they are to be 
added||^ to yield the least resolvable separation. The m^t reasonable 
simpp^prooedure — applied by von Ardenne m the first attempt at a 
coB^ete analysis of tiie resolution of the electron microscope^ ^ con- 
Ardenne reference 23. 



Sec. 19-7] 


THE LIMIT OF RESOLUTION 


725 


sists in setting this separation dtot equal to the square root of the sum of 
the squares of the individual aberrations, that is, to add the aberrations 
like random errors: 

dtot= + + [19-76] 

Here is the least resolvable separation as determined by diffraction 



Fig. 19-27. Resolution of Ideal Objective as Function of Thickness (C * 0.26, 
/ * 0.1 cm, a = aopt). 
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and spherical aberration alone, given by Eqs. 19*50; dc and are given 
by Eqs. 19*72 and 19*745, respectively. 

Figure 19*27 shows the variation in dtot with object mass thickness at 
different voltages, the minimum theoretical spherical aberration accord- 
ing to Rebsch,®^ C = 0.25, and / =0.1 centimeter being assumed at all 



Fw. 19*28. Resolution of Objective as Function of Object Thickness (C = 4, 
/ ■* 0.1 cm at 50,000 volts, a =» appt for d « 0). 


vdltageB. The objective aperture is assumed to be adjusted for optimum 
resolution foor thin specimens. Under these circumstances there is a uni- 
fonn improvement in resolution with voltage, this being greatest for 
large object thicknesses. 

I%me 19*28 represents the variation in dtot with obja^^ mass thick- 
ness u^fer circumstances which are more readily realized in practice. 
Her^pjo values C * 4, / = 0.1 centimeter have been assumed for 
50, on volts. For higher voltages the magnetic field is assumed to be 

^ See xelereBoe 18. 
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unaltered and the refractive power and spherical aberration to vary in 
accord with the second curve from the left of each set of curves in 
Fig. 18-1. In short, the iron of the lens is assumed to be saturated. 
Again, the aperture is adjusted for each voltage so as to attain best 
resolutions for thin specimens. Now the resolution becomes poorer 
with increasing voltage for light specimens, but improves for dense 
specimens. The continuous curves refer to objects examined at the 
center of the specimen (di == d/2); the dotted curves refer to observa- 
tion of the surface nearest to the objective (di = 0). 

All the curves in Figs. 19*27 and 19*28 refer to operation with small 
objective apertures. If a large objective aperture is employed, the value 
of dtot will be only slightly increased for relatively thin specimens (of the 
order of 10”® gram per square centimeter), but will be very considerably 
larger for dense specimens. The values for the chromatic aberration 
entering into the curves are somewhat too high since they do not take 
account of the fact that the average energy loss of the electrons accepted 
by the objective aperture is less than the average energy loss for all the 
electrons passing through the specimen. It should he remarkedy further- 
morey that the measure of resolution given hy these curves refers either U> 
a transparent fine structure with the mass density indicated as abscissa 
on an opaque background or, conversely y to an opaque fine structure on a 
background of the mass density indicated. For the more complex objects 
ncrrmally encounteredy in which neither the background nor the structure 
is opaquej these curves are not strictly applicabUy hut they may still 
serve as a guide. 

The most reliable method of experimentally determining the resolvmg 
power of the electron microscope is to locate two minute particles in the 
image field which appear barely separated and measure their distance 
between centers. Very thin heavy-metal films evaporated in vacuum, 
which, like gold, tend to break up into individual crystallites, form con- 
venient objects for this purpose.^^ The values of the least resolvable 
distance so obtained may be regarded as conservative. 

The results of some measurements carried out in this manner by 
R. F. Baker of the RCA Laboratories are collected in Fig. 19*29. Two 
series of measurements were made: one with a physical objective aper- 
ture of diameter D, D/i^) = 9*l(r® radian; the other without any 
physical aperture. In each case the aperture of the illumination was 
varied from 3*10”^ radian to 3.8*l(r^ radian by inserting condenser 
apertures of various sizes. The striking feature of the results is the 
strong dependence of the resolution on the aperture of illumination, even 
for relatively low valufe of the latter. This may conceivably be ascribed 

See von Ardenne, reference 24, 



^ >jr^ jwMMfWw nt mjiCnoH itichoscope 

\oVmv«rt«cA. i^ieanvBat <rf the dectroa beam and the objecU\. tavisW 
the .effective angle of illumination to be la/ger than that ^ 

abedssa. He least resofva6/ec/i:ksnman9S0ea^/6etAroag^out about 
twice as great for operation without an aperture as for operation with the 
aperture. The reduced contrast of the gold grains in the former case, 



Fxa^ 19'‘29. Measured Resolution of an Objective as Function of the Angular 
Aperture of the Illuminating Pencils, oce (R. F. Baker.) 


rendering the recognition of just-separated grains more difficult, may 
have enhanced the actual difference slightly. It is to be assumed that 
here, as in other cases, part of the difference between the theoretically 
ea^)eeted and the actually measured values of the resoluj^ion must be 
ascribed^^ disturbing experimental factors which never can be com- 
idetdymiminated. It is evident from Fig. 19'20 that imperfect focusing 
of th^pecimen could have been responsible for the observed depend- 
ence of the resolution on the aperture of illumination. 
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19-8. Limits of the Recognition of Small Objects; Dark-Field Opera- 
tion. A very small particle illuminated by a uniform beam of electrons 
appears, in the image, as a small '' dip ” in the intensity (see, for exam- 
])le, Fig. 19*14). The area ol this “dip^^ is approximately equal to 
irdLn where d^in is thelea^ resolvable separation, assuming that the 
diameter of the particle is substantially less than The mean 

intensity within this dip compared to the intensity of the background 
will be given simply by 




^^niin 

where a is the scattering cross section of the particle, whereas that of the 
center of the dip may be estimated to be (assuming an intensity dis- 
tribution corresponding to that in the Airy disk) 

1 - ^ [19-77o] 

^min 

For a heavy atom, practically all the scattering being nuclear, <r is given, 
according to Eq. 19 •20a, by 

(T = 


In order that the particle may be recognized, the maximum difference 
in intensity of the dip and of its background must exceed a certain 
percentage of the background intensity. The magnitude of this per- 
centage depends on the uniformity, the contrast properties, and the grain 
size of the electron indicator — for example, the photographic plate — 
used. If a difference of intensity of 2 per cent can still be recognized, 
a single atom can be seen or recorded in the image provided that 

Z > 0.082 




Thus, for X = 5.35*10“^^ (50,000 volts) and dmin = 15*10"® centimeter, 
Z > 380. This would suggest that even for as heavy an element as gold 
at least eight atoms would have to make up the particle in order to 
render it visible in present-day electron microscopes. 

The above calculation can be regarded as substantially correct only 
if the resolution is determined by geometrical aberrations rather than 
diffraction phenomena, or if the incident electron beam has been rendered 
incoherent, for example, by previous passage through a substantial layer 
of matter. Otherwise, as Schiff®® has shown, account must be taken of 
the interference of the elastically scattered wave with the incident plane 

See referen(5e 25. 
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wave. Schiff proceeds in the following manner in determining the light- 
est single atom that may be recognized with an ideal (that is, aberration- 
free) electron microscope. In view of the rapid falhng off of the elastic 
scattering beyond the limiting angle 6i, Eq. 19-20c, in accord with the 
Rutherford law, the angle 3i may be considered as determining the 
maximum effective aperture of the objective, so that in the image plane 
the scattered intensity is spread over an Airy disk of radius a: 

^ _ 0.61X 

^ A is the amplitude of the incident wave, A^an is the total elastically 
scattered current. The root-mean-square amplitude of the scattered 
wave within the Airy disk, being equal to the square root of the mean 
scattered current per unit area, is (A^an/Wa^])^, and the contrast g 
becomes equal to 



By substituting the values for Cn and 6i from Eqs. 19*206 and 19*20c, 

O.OOSZc 

where v is the velocity of the electrons and c is that of light. For 
jf * 0.10, Z < 6 for 50,000 volt electrons, whereas for the less conserva- 
tive value g = 0.02 (2 per cent) for the least observable contrast all 
atoms heavier than hydrogen can be observed. 

These results cannot be applied directly to practical present-day 
micnrosoopes operating at the usual voltages, since for these spherical 
aberration exerts a predominating influence at the angles correspond- 
ing to voltages and atomic numbers which give adequate contrast. If, 
however, electron microscopes are built which have spherical aberration 
coefficients appreciably less than 1 centimeter even when operated at 
veify hij^ voltages, this is no longer the case. Thus for an accelerating 
volta^ of one million volts, and an atomic number 8, 5i = 4*l(r^ and 
g «= 0.06, The recognition of individual atoms is thus not an impossi- 
bility. A serious practical difficulty consists, of course, ^.^immobilizing 
the atcA^ without destroying the coherence of the scattered electrons 
Wd ;t|^out swamping the effect of the atom considered with the 
scatming from the atoms of the supporting medium. 

Fundamentally, as Schiff also points out and as is familiar from the 
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practice of light ultramicroscopy, observation in dark field offers a way 
of circumventing the contrast difficulties. A dark field is most readily 
obtained either by placing an annular aperture in the condenser lens 
(Fig. 19'30a), making the illuminating angle larger than the angle 
accepted by the objective, or by deflecting the illuminating beam just 
enough to let it miss the objective aperture (Fig. 19«306). The latter 


Source t 





Fig. 19-30. Dark-Field Illuraination (a) with Ring Aperture in the Condenser, 
(6) by Deflection of Illuminating Beam, and (c) by Deflection of Illuminating Beam 
and Partial Masking of Objective Aperture. 

method is usually simpler. It is clear that under these circumstances 
only the scattered radiation reaches the image, so that, with sufficiently 
long exposure, an isolated particle can be recorded, no matter what its 
size or scattering power. Practically, again, the necessity of supporting 
the particle, adding the scattering of the supporting medium to that of 
the particle, reduces the value of the method. It may be expected to be 
advantageous, however, in the observation of fiberlike structure, such 
as long molecular chains, which need be supported only at their ends. 

In general the resolution obtained in dark-field pictures is lower than 
in bright-field pictures. The reason for this is not definitely known. 
With a large physical aperture the greater spherical aberration at the 
edge, being given by 

Ar = dCfa^da [19-78] 

for da < a, results in poorer definition. Here a is the aperture angle 
corresponding to the physical aperture of the objective and da the effec- 
tive aperture angle of the imaging beam. This diflflculty could be 
avoided by masking off just half the physical aperture of the objective 
(Fig. 19-30c). Even under these circumstances, however, the influence 
of spherical aberration would be greater than for bright-field operation, 
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sinoe the intensity of the imaging beam falls off more gradually in a direc- 
tion normal to the deflection. 

Although, in principle, it would be possible to gain in resolution by 
providing a very thin annular aperture in the objective corresponding to 
a large value’ of a, this becomes impractical because of the exceedingly 
small dimensions involved. Thus, if the resolving power were to be 
increased by a factor of 3 = 5 A.U, in place of 13 A.U. with 

C/ = 2 centimeters), 

5*10”® ^ SCfo?da or da = lOr^ radian 

Even for an objective with a focal length of 1 centimeter, the width 
of the annular aperture would have to be only 1 micron. In general, this 
width is proportional to the cube of the least distance to be resolved. 




Flo. 19*31. Variation of Image Brighton with Object Thickness for Bright and 
Dark Field at Different Voltages (Schematic). 

should be made to the variation of brightness with 
obieetjihiekness in dark-field images. Completely unoccupied regions 
of th^bject field appear, obviously, black. For portions of the speci- 
ihon which are so thin that for them single scattering takes place, there is 
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a linear relation between the brightness and the mass thickness. This 
range is larger in proportion as the decentering of the primary beam is 
greater. With the onset of multiple scattering the increase in brightness 
with mass thickness becomes slower. At a point where the most prob- 
able angle of scattering is equal to 2“^ times the angle between the direc- 
tion of the primary beam and the direction of observation, the brightness 
of the image attains a maximum. Beyond this point the intensity falls 
off again. An increase in the operating voltage has the effect of increas- 
ing the thicknesses for which a given intensity is attained, the increase 
varjdng linearly with the voltage for small thicknesses. Figure 19-3 1 
shows qualitatively the variation of brightness with mass thickness at 
different voltages in bright field and in dark field.®^ 

19*9. Crystalline Diffraction Effects. Allusion has been made to the 
fact that deviations from a simple relationship between intensity of the 
image and mass density of the object occur if the atoms of the specimen 
are arranged in a periodic lattice 
as is the case for crystalline mate- 
rials. For certain orientations of 
the crystal relative to the incident 
beam the electrons are strongly 
reflected, reducing the intensity of 
the incident beam correspondingly. 

Thus for such orientations even a 
very thin crystal will appear dark 
in the image. 

The condition for the existence 
of such selective reflections is 
known as the Bragg law. The 
atoms or ions making up any crys- 
tal may be regarded as lying in 
any one of a large number of sets 
of equidistant parallel planes. The 
separation of two successive planes 
is denoted by K ^ 

being integers — the MiUer indices 
— characterizing the set of planes 
considered (Fig. 19»32). dh,k,h normally abbreviated as d, is a simple 
function of k, Z, which for a cubic crystal is 

H- 

** See V. Berries and Ruska, reference 26. 




«2diln»-«X 

sin 6 sin e 

Fig. 19-32. The Condition for Reflection 
at a Crystal Lattice. 


[19-79] 
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Here a is the least distance between 
two atoms or ions (a side of the 
elementary cell or cube) and a/\ 
a/k^ a/l are the intercepts on the 
three sides of the elementary cube 
of the plane of the set nearest to 
the atom treated as origin. If 6 
is the angle between the incident 
beam and a particular set of planes 
with separation d, specular reflec- 
tion will take place at these planes 
if Bragg's law 

nX = 2d sin 0 [19*80] 

is fulfilled. It follows from the 
geometry of the .figure that this is 
the condition when the path differ- 
ence for rays reflected at succes- 
sive planes is just nX, causing them 
to reinforce each other. Figure 
19*33®® shows dark bands on the 
characteristically shaped thin la- 
mellae of aluminum oxide mono- 
hydrate (diaspore or boehmite), 
which are due to such crystalline 
reflection. The condition 19*80 
must be fulfilled so exactly that 
the distortion of the crystal or 
the divergence of the illuminating 
beam prevents reflection from tak- 
ing place over the entire area of 
the crystal. 

In addition to the dark bands, 
similar bright bands are observed 
(Fig. 19*33) which move across 
the dark bands as the focus of the 

Fig. 19-33. The Effect of Crystalline 
Reflections on Imaged*, of Aluminum 
Oxide Monohydrate Scales for Different 
Focusing Currents. (Courtei?y of Phys. 

Rev.f reference 27.) 


* See mier and Baker, refereooe 27. 
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objective is changed. These appear only when the physical aperture of 
the objective is large. They are formed by the reflected electrons 
(Fig. 19*34). Owing to the large spherical aberration of the lens, they 
coincide with the dark bands formed by the practically undeviated beam 
for objective current values different from 
those required for optimum focus of the 
principal image. Furthermore, in view of 
the large angle of incidence on the lens the 
image due to the reflected electrons is de- 
flected considerably by changes in lens focus 
which affect the main image only slightly. 

More complex band structures, attributed 
to multiple reflections of electrons, have 
been observed by Heidenreich^® in mag- 
nesium oxide crystals. 

19*10. Limits of Resolution of Other 

Types of Electron Microscopes. It can 

readily be shown that the ultimate limits Principal/ image plane 
of resolving power of other electron micro- 

scopes, such as the scanning microscope, the Fig. 19*34. Origin of the 
shadow microscope, the x-ray shadow mi- 
croscope, the point projector microscope, 

and the emission microscope, either correspond to those of the standard 
transmission instrument or are less favorable. The enumerated de- 
vices will now be discussed individually. 

a. The Scanning Microscope, In the scanning microscope a fine 
electron probe scans the specimen. The current of the secondary or 
transmitted electrons leaving the specimen as the result of the impact of 
the primary electrons of the probe controls, in some suitable manner, the 
intensity of an image scanned in synchronism. Variations in the emit- 
ting or transmitting power of the object can thus appear in the image 
only if they extend over a distance of the same order or larger than the 
probe diameter. The dimension of the probe thus determines the ulti- 
mate resolving power of the instrument. Since diffraction at the aper- 
ture of the final reducing lens (Fig. 19*35) gives rise to an diffrac- 
tion disk with a separation of the maximum and the first minimum equal 
to 

^ 0.61X 

ddiff = 

a 

where a is the angular aperture of the probe and, since, furthermore, the 



Crystalline object 


Objective 


Image due to 
crystalline reflection 


** See reference 28. 
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spherical aberration of the same lens form^ a circle of confusion of radius 

d.ph = Cfa^ 

where C is the spherical aberration coefficient of the final lens and / its 
focal length, the ultimate limit of resolution is given by exactly the 
same formula as for the standard electron microscope (Eqs. 19*47 and 
19*506). 



Fig. 19<35. Image Formation in the Scanning Microscope (Schematic.) 

In one respect, as has been pointed out by von Ardenne,^^ the scan- 
ning microscope has a special advantage. The resolution is independent 
of the velocity distribution of the electrons which leave the object and 
serve to determine the image contrasts. For a transmission scanning 
microscope this signifies that sharp images can be obtained of objects 
lying at the surface facing the final lens of relatively thick specimens. 
Tlie importance of this advantage is here reduced by the poor contrast 
conditions of such objects and the confusion resulting from the super- 
position of unsharp images of inner structure of the specimen. How- 
ev^, the same characteristic makes possible the observation, with the 
scannix^ microscope, of the surfaces of opaque specimens with a resolu- 
tion of the same order as that obtained with transparent objects in the 
standard electron microscope. The relatively low and inhomogeneous 
ydodties of the secondary electrons providing the signal current have 
no eet on the image quality. 

6. The Shadow Microacope.^^ In the shadow microscope an electron 
pfobe is formed in the same maimer as in the scanning mic|;;|%cope. The 
(tran^Mant) object, however, is not placed at the probe,^ but a small 
distaxiiqP>ayond it, and the probe, being maintained in stationary posi- 

' 1^ reference 29. 

^ See Boersch, reference 30, and Scherzer, reference 15. 
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tion, projects a greatly enlarged shadow image on a screen. The magni- 
fication of this image is equal to the ratio of the distance of the screen 
from the probe, a, and that, 6, of the object from the probe (Fig. 19*36). 


The contrast conditions resemble 
those of the standard electron micro- 
scope operating with a large objective 
aperture. The physical aperture in 
the latter case corresponds to the 
field-limiting aperture in the shadow 
microscope. 

As for the instruments previously 
discussed, the effective resolution of 
the shadow microscope is limited by 
diffraction and by the spherical 
aberration of the final lens. The dif- 
fraction here to be considered takes 
place at the object. For a periodic 
structure of grating spacing d the 
angle of diffraction corresponding to 
the first maximum is X/d. In order 
that the image of this structure be 
resolved, the resulting diffraction 
figure on the screen must be narrower 
than the separation of the elements 
of the structure on the image, ad/h. 



Image 


Fig. 19*36. The Shadow Microscope. 


Since the diffraction figure has a width Xa/d, the condition for the resolu- 


tion of the structure becomes 


d ^ (X*6)^ 


[19-81] 


For a simple edge the same condition holds if the least resolvable dis- 
tance is here interpreted as the separation of the geometrical image of the 
edge and the first maximum of the Fresnel diffraction pattern.^® In 
the shadow microscope the spherical aberration of the final reducing lens 
does not lead to unsharpness of the image, but causes it to be distorted, 
the effective position of the probe moving away from the specimen with 
increasing angle a. Thus 

h = ho + Cio? 


If, owing to this effect, h is doubled or the magnification is halved for a 
spacing in the object d corresponding to an angle a = d/boj the structure 

See Houstoun, reference 31, pp. 164 ff. 
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becomes unrecognizable. Thus ho must be chosen at least so large that 



Substituting the corresponding value for 6© for b in Eq. 19*81 makes the 
limit of resolution 


dmin = 


[19*82] 


which is equivalent to Eq. 19*505, applying for the standard electron 
microscope. 

a^^ The X-ray Shadow Microscope. Here the electron probe, formed 
as in the two preceding types of microscope, impinges on a thin anti- 
cathode. The x-rays generated at the 
point of impact project an enlarged 
image of a closely situated object (Fig. 
19*37) on a screen. The ultimate limit 
of resolution is given here, as in the case 
of the scanning microscope, by the size 
of the probe — that is, is identical with 
that for all previously discussed instru- 
ments. However, unless the distance 5 
is chosen exceedingly small (of the order 
_ of 10"^ centimeter), the diffraction of 
I \ the x-rays at the object limits the per- 

I formance of the instrument in accord- 

Ra 19-37. The X-ray Shadow 

Microfloope. length X being replaced by the x-ray 

wave length Since the maximum 
of intensity o{ the x-radiation lies approximately at the frequency Vr 
given by 



he _1 rm? _ h^ 


this added restriction on the resolution may be written in terms of the 
electron wave length X: 


d ^ 2X 



Xc = 2.3*10“^® cm 


[19-83] 


d. Point Projector Microscopes^ The point projeclbr microscope 
is the^idy transmission microscope which makes use of no electron 

Schener, reference 15. 

*^See Morton and Rambers, reference 32. 
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•Tung^n point 


lenses. It consists of & fine point formed by etching At the end of & wire 
(usually of tungsten) between which and an anode, which may be the 
object holder itself, a high voltage is applied (Fig. 19-38). As in the 
shadow microscope, the source pro- 
jects an enlarged image of the object 
placed in its path. 

The resolution of this instrument 
is limited by two factors: first, 

Fresnel diffraction at the object, 
which, in accordance with Eq. 19*81, 
determines the maximum distance h 
between source and object which 
can be used if a given desired reso- 
lution is to be attained; second, the 
unsharpness produced by the initial 
velocities of the electrons emitted 
by the point. 

To determine the last effect it is 
convenient to treat the field as 
though it were spherically symmet- 
rical, the radius of the point being 
designated by To and that of the 
anode at potential 7 by E » r©. 

As Ruska^^ has shown, the electrons 
leaving the surface of the point de- 
scribe hyperbolas in this field. In 
particular, if e7r is the initial energy 
of an electron emitted tangent to 
the surface, the electron reaches the anode with an angular displace- 
ment <f>a (Fig. 19*39), 



Fig. 19-38. The Point Projector 
Microscope. 


and an inclination to the radius through the point of incidence 



[19*85] 


The only assumption is here that 7r is much smaller than 7.^® 

See reference 33. 

The expressions in Eqs. 19-84 and 19-85 become exact if V is replaced by 
V + 2Vr{l - ro/R). 
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The figure shows that the diameter of the circle of confusion resulting 
from electrons with lateral velocities (2eVr/m)^ is 


d^ — (L 






[19-86] 


f“T 

I 


if the niagnification M is large or L^R. For a given point the voltage 
V must be so adjusted that the cold-emission current Ls adequate and 

yet not large enough to rasult in the 
Emitting point destruction of the point. For 

tungsten, from many points of view 
the most favorable material for the 
cold emitter, the requisite surface field 
is about 3-10^ volts per centimeter. 
Since the surface field is given by 







\ 

\ 

\ 


VR 

= “Tt: r = 3-10^ volts per cm 

ToiR - To) 

[19-87] 

Equation 19-86 may be written in the 
form 

d = (F7r)^ [19-88] 


/ 




I 

I 

I 

11 


JL 


\ Detailed calculations for hyperboloidal 

points and plane anodes indicate that 
Eq. 19-88 applies also to these, r© 
here becomes the radius of curvature 
at the vertex of the hyperboloid; R 
the distance between the center of cur- 
vature and the plane anode. 

^ Calculations by Richter^* indicate 

Fio. 19-39. Effect of Initial Veloci- that the mean lateral kinetic energy 
ties of Electron in Point Projector ^he field electrons from tungsten, 

for a surface field of 3-10^ volts per 
Hence, 


\ 

\ 

\ 

\ 

\ 

\ 


Microscope, 
ooitimeter, is eVr = 0.09 electron-volt. 




[19-89] 


**BMi«feteDoe34. 
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If, to tills, the unsharpness due to Fresnel diffraction (Eq. 19*81) is 
added, with the wave length expressed in terms of the applied voltage, 
the resolution of the point projector microscope becomes 


<inm. = + iM-icr* ^ 

1 -- 

R 


119-90] 


For given V this quantity becomes a minimum for a particular value of 
To/R. Thus, for V = 10,000 volts, Tq/R should be 0.2; for 7 = 100 
volts, it should be 0.3. There is a continuous improvement in resolution 
as the voltage (and hence both the point radius and the distance between 
the point and the object) is decreased. If 100 volts is accepted as the 
lowest voltage at which a stable discharge can be maintained, an opti- 
mum resolution of 73 A.U. is obtained with a point with 475 A.U. radius. 
At an operating voltage of 10,000 volts a resolution of 410 A.U. may be 
obtained with a point radius of 4 microns. 

e. The EmiMion Microscope. The term emission microscope includes 
all microscopes in which the object itself is the cathode and emits elec- 
trons of velocities ranging from zero to some value small compared to the 
velocity in image space. 

A very special case is the point field-emission microscope of E. W. 
Muller^® for studying the emission properties of point cathodes. If the 
point is treated as a sphere of radius To surrounded by a spherical anode 
of radius R, the diameter of the circle of confusion arising from the 
initial velocities becomes, by Eq. 19*84 and Fig. 19*39, 

2R /Vr\^ 

= [19-91] 

It is here permissible to neglect Tq relative to R. If it is assumed, as for 

the point projector microscope, that the field at the surface of the point 

is 3*10^ volts per centimeter and that the mean lateral energy of emission 
is 0.09 electron-volt, the expression in Eq. 19*91 becomes 

d = 4*10-®y^ cm [19*92] 

This relation applies also approximately for a hyperboloidal point and a 
plane anode, a condition more readily realized in practice. It is found 
that for such a configuration the numerical coefficient in Eq. 19*92 
decreases gradually as the magnification of the instrument is increased. 
For a magnification of a million it has dropped to about 1.3*l(r®. 

The behavior of the hyperboloidal point emission microscope differs in 


See reference 35. 
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two other respects from the idealized spherically symmetrical cold- 
fission microscope. First, the magnification of the instrument is 
hR/rot where fo is the radius of curvature of the point and R the point- 
to-anode distance, rather than simply R/tq. fc is a constant which 
decreases gradually with increasing magnification. It is approxi- 
mately 0.5 for a magnification of a million. 

Second, the voltage required, for given Vo and R, to produce the neces- 
sary surface field is considerably greater for the h 3 rperboloidal point 
microscope. It may be obtained from the relation^® 

#; - ii»«i 

For example, to achieve a magnification of a million with an image dis- 
tance 12 = 10 centimeters the hyperboloidal point would have to have a 
radius of about 0.05 micron and the operating voltage would have to be 
1180 volts. The same result would be attained in the spherically S 3 nn- 
metrical configuration with r© = 0.1 micron and 7 = 300 volts. The 
diameter of the circle of confusion, as given by Eq. 19*92 with the 
numerical coefficient appropriately modified, is, however, less for the 
hyperboloidal point microscope. It is about 45 A.U. in the above 
example. For an operating voltage of 100 volts it drops to 12 A.U. 
The actual least-resolvable distance is, however, larger than this. An 
application of the uncertainty principle, as on page 695, would lead to an 
apfent diffusion of an object point by h/{2mvr) = Xr/2, where Vr is the 
mean radial velocity of the electron at the object and Xr the correspond- 
ing de Broglie wave length. For Vr = 0.09 electron-volt this leads to an 
ultimate limit of resolution of the order of 20 A.U. 

, Emission microscopes with flat objects will be the subject of the 
remainder of the section. They include thermionic, photoemission, 
and secondary-emission instruments, the object being heated, illumi- 
nate*, or bombarded with primary electrons to cause it to emit the elec- 
trcms which form the image. 

G^eral limits of resolution can rea^y be determined for this class of 
electron microscopes, since the spherical and chromatic aberration intro- 
duced by the accelerating field at the surface of the cathode is normally 
mudh greater than t^t arising from any other part of the imaging 
system.^ Although the final formulas obtained for the*^olution are 
indepgUent ctf the arrangement of the system, it is convenient to regard 
it aajuiade up ol an initial uniform accelerating field and a unipotential 

** fiee £)yring, Makebwn, a^d Millikan, reference 36. 
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objective lens (Fig. 19*40). Let the beam aperture of the electrons 
leaving the object be a©, that of the electrons entering the objective lens, 
a. Furthermore, let the range of initial kinetic energies be from 0 to 
e^o and let the kinetic energy of the electrons entering the lens be 
Then, by Eq. 16*151, the apparent point of divergence on the axis of 

electrons leaving with an axial initial 

velocity is given by | T I virtual image formed 

1 / 1/ \ II i/ii 

and the separation of the apparent j ! ! ! ! 

points of divergence for electrons with |/\| U U1 | 
this initial axial velocity and with zero ' • 

initial axial velocity is I 1 1 IT ** 1 


Az = {2z)^A 




If {2e^rl'm)^ is the initial lateral com- 
ponent of velocity, there will thus be a 
circle of confusion in the virtual object 
plane of the objective lens with a 
radius 


Two cases must now be considered: /i|,\ 

the presence of a limiting aperture in i \ a\ 

the objective admitting electron pen- /I 

cils with a maximum aperture If | 

■ ' I ' - 

Fio. 19-40. Schematic Representa- 

and the absence of a limiting aperture, tion of an Emission Microscope. 
In the first case it is appropriate to put 

= ^0 sin^ a© = and = 4>© cos^ a© = 4>©, so that 



Uniform accelerating 


Unlpotentlai lens 


If the lens is focused halfway between the virtual object plane for rays 
with zero and with maximum initial axial velocity the diameter of the 
circle of confusion, rather than the radius, is given by the expression in 
Eq. 19*97. 
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The limit of resolution and the optimum \em aperture are detennined 
by minimizing the sum 2ao^o/^o + 0.6X/ao.“ The second term repre- 
sents the radius of the diffraction disk in the absence of other aberrations. 
The values of a© and dmin thus obtained are: 

ao = 0.55 = 2.10“^ [19-98a] 

( X* 

T&^gain an idea of the magnitudes of these quantities, consider an elec- 
tron microscope with an operating voltage = 1000 volts, a field of 1000 
volts per centimeter at the surface of the specimen, and an initial velocity 
range = 0.1 volt, corresponding to thermionic emission. Then 

ao = 4*10r2 radian a = 4*10“^ radian dmin = 1.4*10”® cm 

To attain this resolution the physical aperture of the objective, assuming 
that its focal length is 2 centimeters, would have to be about 0.015 
millimeter (2/a). It is clear that with these apertures the spherical 
aberration of the objective itself plays no role, so that its neglect in the 
derivation of the limit of resolution is justified. 

It is also of interest to determine the limit of resolution without a 
limiting aperture in the objective. Then a© = 7r/2, a = 
and, since by Eq. 19*96 

Ar = % [19-99] 

*0 

By focusing the lens on the most suitable plane between the virtual object 
plane for rays with zero and that for rays with maximum initial axial 
velocity, this can be halved. Hence, the limit of resolution imposed by 
spherical and chromatic aberration becomes in this case 

Here also the second term, due to the spherical aberration of the lens, 
can normally be neglected. For the case considered before, = 1000 
volts per centimeter, ^ = 1000 volts, = 0.1 volt, 

'd„j« = lOr* + C/*10r« cm 

The r^^ulion is thus worse by a factor of about seven than that obtained 
withfhe 1^ provided .with a limiting aperture of optimum size. With 
increasing field on the cathode, however, the resolution improves, and 
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the difference between the diaphragmed and undiaphragmed lens 
becomes rapidly smaller. A field of 100,000 volts per centimeter 
applied to the object is stiU quite reasonable. For this field Eq. 19*100 
yields 100* A.U. for the diameter of the circle of confusion. The con- 
tribution of diffraction, which is 0.6X = 24 A.U. (sin = 1), is here 
of minor importance. This is not the case for extremely high fields, 
approaching the condition of cold emission. For such fields Recknagel^^ 
has derived wave-mechanically the relation 

[19-101] 

For a surface field corresponding to cold emission from tungsten (S’lO’^ 
volts per centimeter) this would yield as optimum resolution 12 A.U. 

The limit of resolution for photoelectric and secondary-emission 
microscopes lies slightly higher than that of thermionic microscopes. 
This is a consequence of the greater initial velocities of the electrons. 
They necessitate the emplo 5 mient, for best results, of very narrow objec- 
tive apertures, as is indicated by Eq. 19*98o, 
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THE PROBLEM OF NOISE IN AMPLIFICATION AND IN 
THE SCANNING MICROSCOPE 

1. Reduction of Noise by the Employment of an Electron Multiplier 
as Preamplifier. Consider, in Fig. Ala, an ordinary phototube con- 
nected to a thermionic amplifier, the voltage across the coupling resist- 
ance R being impressed on the grid of the first tube of the amplifier. 


Multiplier 
(RCA 931) 



' a b 

Fig. A1. The Amplification of Photocurrents with a Thermionic Amplifier (a) 
, . and an Electron Multiplier and Amplifier (6). 


The total gain of the amplifier is assumed to be G and the range of fre- 
quencies which it is capable of transmitting, to lie between / and / -f Af, 
If the root-mean-square amplitude of the photocurrent, with a frequency 
lying in the above frequency band, is ip, the signal-voltage output of the 
amplifier will be 

V. = G-ip-R [Al] 

At the same time the signal will be disturbed by random fluctuations in 
voltage, arising from two causes; 

1. The fact that electron currents are made up of discrete, more or 
less random, pulses, corresponding to the emission of individual elec- 
trons. The theory of statistics teaches that the mean-square value 
of the resulting current fluctuations, taking account only of the fluctuar 
tioQ components in the transmitted frequency band of Width A/, is 

^ = 2eipAf = 32-l(r2VA/ amp* [A2] 
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2. The existence of voltage fluctuations across the terminals of a 
resistor, resulting from the thermal motions of the electrons and ions 
within. Their mean-square value at room temperature {T = 300 
degrees absolute) is given by 

vi = ikTRAf = l.e-Vr^RAf volt* [A3] 

Thus the output noise will be given by 

Vl = (?2(32-10“2OipA//22 + l.e-lO-^o/gA/) [A4] 

The purity and recognizability of the signal depend on the ratio S of the 
signal to the noise voltage: 

Q — [AC] 

{(32‘10“20ip + l.6.10-2‘^/r^)A/}^ 


The resistance R has an effective upper limit, set by the top frequency 
of the transmitted band and the capacities of the phototube collector 
and the input grid of the first tube of the amplifier, these determining 
the magnitude of the capacitative shunt impedance of the resistor. 
Assume, somewhat arbitrarily, that R = 10,000 ohms and that 
6f “= 1000 cycles per second. Then, if = 10, ip ^ 4'l(r^® ampere. 
The term due to shot noise is quite negligible, being smaller by a factor 
2QipR ^ lOr^ than the term due to resistor noise. The resistor noise 
(together, eventually, with the noise introduced by the input tube) is 
quite generally the dominant factor in the noise output of a conventional 
amplifier. 

Next, consider, in Fig. Alb, a multiplier of gain gf, with a similar photo- 
cathode, coupled to an amplifier of gain G/g with the same transmitted 
frequency band a^ before by nAeans of a similar resistance R. The signal 
output will again be given by Eq. Al. If the gain per stage of the 
multiplier is great compared to unity, the shot noise in the original 
current emitted by the photocathode, ip + is simply multiplied 
along with the current itself.* Thus now 


v; ='0* (32-l(r*®(ip + ii)^AfR^ + 1.6-l(r*®BAf) 

- G* (s2:Vr^{ip + ii)A0 + 1.6-l(r*®B^ 


[A6] 


^ U denotes the dark eurrent referred back to the cathode and is of the order of 
10"*/^ S-lOr'* amp for the RCA 031 operated at 1260 volts (Janes and Glover, 
tfi&eaiie 1). 

* See Zworykin, Morton, and Malter, reference 2. 
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Apart from the replacement of ip with ip + id, the effect of inserting 
the multiplier in the place of the phototube is to reduce the thermal 
noise by a factor which is usually of the order of 10^® to 10^^. Hence 
the thermal noise is now rendered insignificant, and the signal-to>noise 
ratio becomes 


S = 


ip 


132-I(r“(ip + u)Af]^ 


IA7] 


With id = ampere and S = 10, ip = 4*10“^® ampere. Thus 

the multiplier decreases, under the circumstances here considered, the 
least signal which is transmitted satisfactorily by three orders of magni- 
tude. Equation A6 also shows that for small values of gf, such as are 
obtained with a single-stage multiplier (for instance, the orbital beam 
multiplier), the gain in signal-to-noise ratio is approximately equal to g. 

2. Noise in the Scanning Microscope. Consider, first, a scanning 
microscope for continuous observation such as that sketched in Fig. 3'13. 
Assume, furthermore, that the signal is amplified by a conventional 
resistance-coupled amplifier. Then, by Eq. A5, the signal-to-noise 
ratio is given by 


The shot noise is negligible compared with the thermal noise introduced 
by the coupling* resistor R. The band width A/ transmitted by the 
amplifier must be such that variations in intensity from one picture ele- 
ment to the next are transmitted to the viewing tube. This signifies a 
top frequency of the order of the reciprocal time of scanning for a single 
element. For a standard 441-line television image, the number of ele- 
ments is (for a width-to-height ratio 4:3) 441 *441 -4/3 = 260,000. 
Since the whole picture is scanned 30 times a second, the required top 
frequency would appear to be 7.8 megacycles per second. A more 
detailed examination of the problem indicates, however, that a band 
width of 4 megacycles per second — assigning a half period of the top 
frequency to the scanning of a picture element — is sufficient.® 

Furthermore, in the actual coupling circuits employed (for example, in 
television practice), the capacitative conductance of the collector and 
input-grid capacitances* greatly exceeds, at the higher frequencies, the 
parallel conductance of the coupling resistance. The resulting diator; 
tion of the frequency response of the coupling circuit is corrected by a 
compensating network in a higher stage of the amplifier. 

Under these most favorable circumstances, the signal-to-noise ratio is 

* See Zworykin and Morton, reference 3, section 6*8. 
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determined by the shunt capacitance an^ the equivalent noise resistance 
of the first tube of the amplifier rather than by the coupling resistance. 
A calculation^ shows that, if the sum of the collector and input-grid 
capacitances is 15 micromicrofarads and the equivalent noise resistance 
of the first tube is 1000 ohms, the signal-to-noise ratio obtained is the 
same as for a coupling resistance R = 7000 ohms without shunt capaci- 
tance and with a noise-free amplifier (Eq. A8). Accordingly, 

;S - 3.3-10®ip [A9] 


ip is here the signal current received by the collector. If the secondary- 
emission ratio of the object approximates unity, as is commonly the case, 
the signal current ip may be set equal to the beam current The 
beam current, by the law of Helmholtz-Lagrange (Eq. 10*32), has an 
upper limit 


ib = jb-A 


11,6077 
4 T 


o?3o 


[AlO] 


Here A is the cross-section area of the probe, d its diameter, T the tem- 
perature of the cathode in degrees absolute, eV the kinetic energy of the 
probe electrons, a the angle of convergence of the electrons in the probe, 
and^o the emission per unit area of the source. 

For resolving powers much inferior to the optimum attainable with the 
lenses employed, the maximum value of d is fixed by the spherical aberra- 
tion of the final lens, which may be written (see section 17*2) : 

d = C/a® [All] 

so that the relation between the beam current and the attainable resolv- 
ing power becomes 

, IT d^ 11,6077 . 

4 * (C/)^ * T * 

By substituting ip - 3*10”®/S from Eq. A9 and solving for d with 
C/ * 10 centimeters,® T = 1000® A, jo = 1 ampere per square centime- 
ter (these values applying approximately for oxide-coated cathodes), 
7 = 800 volts, and S = 10, 

d = l(r^ cm = 1 micron 


The proper value of the factor S depends on the variation of the 
i^ondary-emission factor over the object structure exaqiined. The 
signal-j^oise ratio must be large enough for the variation in signal 

^ Sali^wofiykm and Morton, reference 3, section 14*17. 

value 10 cm assumes electrostatic lenses. A lower value, and hence a 
Bomevdiat more favorable sign&l-to-noise ratio, is attainable with magnetic lenses. 
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strength at different parts of the structure to overbalance by a consider- 
able factor — at least 3 — the random signal fluctuations. For exam- 
ple, if the variation in secondary emission amounts to only 1 per cent, 
S should have a value at least equal to 300, and the optimum resolution 
is given by 

d = 1 micron* (30)^ = 4 microns 

In von Ardenne’s transmission scanning microscope (section 3-4), 
which does not possess an amplifier, so that only shot noise affects the 
image, noise does not limit the resolution of the instrument. If it is 
assumed, for the magnetic objective, that C/ = 1 centimeter and 
7 = 23 kilovolts, Eq. 19*50 yields for the optimum resolution and the 
corresponding angular divergence 

dmin = 15*10”® cm a = 4.5*l(r^ radian 

so that the beam current, as given by tfq. AlO, becomes % = 9.6*10”^^ 
ampere. For a square 300-line picture recorded in 10 minutes, the time 
per picture element is te = 10*60/(300)^ = 6.7*10“^ second, and the 
charge per element transmitted through a clear part of the object 

ib*te = 6.4*10"^® coulomb = 4000 electrons 

Since the mean-square fluctuation in the number of particles emitted at 
random is equal to this number, the signal-to-noise ratio becomes 

S — "^7 — 63 


Consider next the scanning microscope for surface observation 
employing multiplier preamplification and facsimile recording.® Here 
two new sources of noise must be considered. Thus, if the secondary- 
emission ratio of the object approximates unity, the mean-square noise 
in the beam of secondary electrons will be about twice as great as that in 
the primary beam. A further doubling of the beam noise must be 
expected — if the photocurrent in the multiplier is about equal to the 
secondary-electron current incident on the fluorescent screen — as the 
result of the translation of the secondary current into light and of the 
light, in turn, into multiplier photocurrent. However, the thermal noise 
of the coupling resistor is rendered innocuous by the reduction in the 
amplification of the conventional amplifier. Accordingly, except for a 
factor 4 in the denominator, the signal-to-noise ratio is given by Eq. A7 : 


S = 


[32- 10-2® (4i. + 

® See Zworykin, Hillier, and Snyder, reference 4. 


[A13] 
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Since the facsimile receiver records a 750-lme image (7)4 X 6 inches^) in 
10 minutes, the transmitted band width Af must be, if no resolution is to 
be lost in the transmission process (in analogy to the system for con- 
tinuous observation previously discussed), 


1 750-750 7.5 , 


Actually, a transmission band of 700 cycles per second is employed. 
For the specially selected multiplier used, id, that is, the current leaving 
the photocathode which, after multiplication, would give rise to the 
obsSfyed dark current in the output of the multiplier, was only 5-10“^^ 
ampere. Thus 

a _ 

[2.24-10“^®(4i, + 5-10ri3)]« 

For a velocity of the probe electrons corresponding to 800 volts, with 
Cf = 10 centimeters, by Eq. 19-50 

dnrin = 91-10”® cm a = 3.8-10”® radian 

Hence, by Eq. AlO, = t*, = 8.7-lOr^^. This leads to a value for the 
signal-to-noise ratio under ideal conditions of 

S = 6 


If account is taken of the larger thermionic emission of the tungsten 
cathode (as compared with jo = 1 ampere per square centimeter) the 
figure becomes more favorable, even though T is larger than assumed. 
Tlie system should thus be capable of reproducing images with the maxi- 
mum resolution of which the electron lenses forming the probe are 
capable. 
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TABLE I 

Fundamental Physical Constants 

(From R. T. Birge, “ New Table of Values of the General Physical Constants [as of 
August 1941],” Reviews of Modem Physics^ Vol. 13, pp. 233-239, October 1941.) 


velocity of light, c 
charge of the electron, e 
mass of the electron, m 
specific charge of the electron, e/m 
mass of the proton, Mp 

ratio of mass of proton to mass of electron, Mp/m 
atomic weight of proton (on chemical scale) 
Planck constant, h 
Boltzmann constant, k 
Avogadro number. No 

Loschmidt number, Uo (for perfect gas at 0** C 
and atmospheric pressure) 


2.99776 =h 0.00004- IQio cm sec“' 
4.8026 ± 0.0010-10rio e.B.u. 
9.1066 ±0.0032-10r28g 
5.2737 =h 0.001510^^ e.B.u. 
1.67248 =t 0.0000210r24 g 
1836.66 ± 0.56 
1.0073 ± 0.0003 
6.624 ± 0.002-10“*’ erg-sec 

1.38047 ± 0.00026-10“i«erg-deg-i 
6.0228 ± 0.0011-10** mole“i 

2.6870 ± 0.0006-101* csm“* 


TABLE II 

Some Useful Derived Constants 

velocity of a 1-volt electron, (2e- 10®/ (me) )^ 6.932- lO’cm-seo"! 

de Broglie wave length of a 1-volt electron, hc^/ (2cm-10®)^ 1.2262-10"’ cm 

temperature of thermionic emitter for which mean energy of emis- 
sion normal to the surface is 1 electron-volt, e-10®/ {kc) 11,607" A 

radius of curvature of path of 1-volt electron in a magnetic field of 
1 gauss normal to it, (2?7ic-10®/e)^ 3.3716 cm 

frequency of rotation of electron in a magnetic field of 1 gauss, 
e/{2wmc) 2.8003-10* sec“i 

TABLE III 
Conversion Factors 

A. Units of Length: 

1 cm » 10 mm - 10* miezons (ji) » 10’ millimicrons (m/i) 

* 10® Angstrom Units (A.U.) 

1 ft « 12 in. » 30.4801 cm 
1 mil » 0.001 in. » 26.4 microns 

B. Etectrioal Units: 

1 coulomb » c/10 ^ 3-10* e.B.u. of charge 
1 ampere *■ c/10 3-10* e.s.u. of current 

1 volt ■■ 10®/c 1/300 e.s.u. of electric potential 

1 ohm • ■■ 10*/c* l(r“/9 e.s.u. of electric resistaaoe 

1 gauBs » 1 ejn.u. of magnetic field 
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TABLE IV 

Mean Fbeb Path of Elbcttrons in Air as Function of Pressure 



TABLE V 

De Brogue Wave Lengths of Various Particles in Motion 




Velocity, 

cm/sec 

Wave Length, 
A.U. 

1,000,000-volt dectron 

2.69410-” 

2.82110‘'> 

0.008716 

d00,000-yolt electron 

1.4461(r” 

2.328 10“ 

0.01968 

60,000-volt electron 

l^lOr” 

1.23710“ 

0.05364 

1000-volt electron 

9.1261(r** 

1.87310* 

0.3876 

l-voh electron 

9.10710-“ 

5.93210* 

12.262 

l,QpM100-voIt proton 

1.67410““ 

1.38210* ^ 

0.0002860 

’P^,000-volt proton 

1.67210r“ 

3.09510* 

0.001280 

1-volt proton 

1.67210““ 

1.384-10' 

0.2861 

Baseball 

140 

2000 

2.366714-ir2^ 
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Aberrations, astigmatism, 23, 209, 661 
correction, 635 

chromatic, 25, 124, 157, 206, 210, 670, 

720 

correction, 641 
image contours, 710 
coma, 22, 210, 663 
correction, 633 
curvature of field, 22, 209, 660 
correction, 635 
distortion, 24, 209, 649 
correction, 639 
relativistic, 215, 653 
space charge, 27, 591, 647 
spherical, 22, 123, 205, 664, 603, 696 
contrast, 704 
correction, 604, 630 
determination, 617 
Fresnel diffraction, 719 
image contours, 708 
short lens, 616 
voltage dependence, 650 
weak lens, 607 
total, 549, 725 

Aberrations, classification, 22, 540 
Aberrations, geometrical, 22, 541 
evaluation of constants, 555 
Aberrations, lenses, bell-shaped field, 624 
cathode lens, 577 

combined uniform fields, 538, 623, 

644 

electron mirror, 564, 575 
high voltages, at, 657 
image tube, 637, 645 
objective lens, 146 
projector lens, 147 
uniform electric field, 623 
uniform magnetic field, 499, 623, 644 
Absorption of electrons, 7, 674, 690 
Accelerating devices, 71, 660 
Accelerating potential, see Power supply 
Adjustment, electron microscope, align- 
ment, 252, 600 
gun, 130 
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Air lock, 93, 186; see also Specimen cham- 
ber and Plate chamber 
Airy disk, 81, 694 

Alignment, electron microscope, 252, 600 
Ampere’s law, 466, 470 
Ampere turns, 135 

Analogue, el(5(!tron and light micro- 
scopes, 86, 672 

light and electron optics, 4, 350 
Antibodies, 288 
Aperture, angular, 82, 205 
control, 256 
condenser, 182 
object! v(i, 182, 674 
large, 701 
small, 691 
projector, 148 
shielding, 181 

Aperture defect, see Aberrations, spheri- 
cal 

Aperture lenses, 434, 441 
Application of electron microscopt^, 281 
Astigmatism, see Aberrations 
Atoms, observation of, 159, 729 
Axially symmetric systems, lens proper- 
ties, 423, 499; see also Electro- 
static lens. Magnetic lens, and 
Trajectories 

potential distribution (electrostatic), 
375 

Bacteria with electron microscope, 282. 
290 

living, 241, 309 
reaction with antiserum, 298 
Bacteriophage, 285 
Beam, electron, cathode ray tube, 31 
diameter, 39, 41 
electron microscope gun, 128 
intensity, 354 
space-charge limited, 647 
Beam tubes, 55 

Bellnshaped magnetic field, 506, 624 
Betatron, 76, 668 
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Biological research, electron microscope, 
282 

Biot-Savart’s law, 468 
Blood, 300 
Bragg’s law, 733 

Carbon bl^ick, 312 
Cardinal points, electron lens, 426 
Cathode, 4, 34; see also Emission and 
Gun 

current supply, 238 
electron microscope, 127 
^justment, 254 
life, 127 

ray paths, 403, 415 
Cathode lenses, 18, 434, 462 , 677 
Cellulose, 325 
Cement, 321 
Central pencils, 88 

Chemical research, electron microscope, 
310 

Chromatic aberration, see Aberrations 
Circle of confusion, see Aberrations 
Clays, 320 

Coaxial cylinders, potential distribution, 
378, 394 
ray paths in, 411 
Coil design, 144 

Cold emission, see Field emission 
Collagen, 305 

Collodion films, preparation, 242 
Colloidal particles, 246, 311 
ColumlHBii Carbon Company, 246, 258, 
313 

Coma, see Aberrations 
Condenser lens, electron mieroscope, 42, 
87,181,181 
apwture, 132 
polepieoes, 134 
Coitfonnal mapping, 360 
Contamination, effect on electron micro- 
scope, 160 
Contoureffects, 708 

Contrast, electron microscope image, 
foousmg, 255 

iHuminatiiig aperture, 714 
large li^iarture, 710 
smal^tilierture, 700 
Bpi^l^en thickness, 158 
fll^rical aberration^ 704 


Contrast perception, 158 
Convergence, ray, 402, 582 
Crossed electric and magnetic fields, 520 
Crystalline diffraction in electron micro- 
scope image, 733 

Current regulation, lens coil, 124, 237 
Curvature of field, see Aberrations 
Cyclotron, 73, 664 

Cylindrical lens (two-dimensional), elec- 
strostatic, field distribution, 372 
magnetic, 518 

Dark-field illumination, 133, 731 
Deflection of electron beam, in crossed 
fields, 523 
in electric field, 52 
in magnetic field, 53, 516 
Depth of field, 155 
Diatoms, 308 

Differences, method of, 407 
Diffraction camera, adaptation of elec- 
tron microscope, 271 

Diffraction of electrons, electron micro- 
scope image, crystals, 733 
Fresnel, electron microscope, 716 
lens aperture, 82, 205, 693 
Diffraction of light, 5, 345, 703 
Diffusion pump, 196 
Dissector tube, 49 
Distortion, see Aberrations 
Disturbing fields, 125, 169 , 217, 238, 697 

Earth’s field, effect on electron micro- 
scope, 161 

Elastic scattering, 675 
EHectrolytic plotting, electric fields, 389, 
647 

magnetic fields, 477 
Electron, 1,344 
absorption, 7, 674, 690 
analogy with light, 4, 344, 350 
diffraction, see Diffraction 
emission, see Emission 
energy losses, 676, 686 
index of refraction, 7, 30, 352 
motion, see Trajectorieg^ 
penetration, 7, 688 
scattering, see Scattering 
velocity, 754 
initial, 41, 126, 207 
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Electron, velocity, specimen thickness, 
effect of, 208 , 

wave aspect, 344 
wave length, 5, 84, 360 , 754 
Electron gun, see Gun 
Electron lens, see also Condenser lens. 
Electrostatic lens. Magnetic 
lens, Objecti ' lens. Projector 
lens, and Screen lenses 
aberrations, see Aberrations 
cardinal points, 426 
focal length, 14, 140, 151, 427 
magnetic and electric combined, 499 , 
636 , 540, 656 

magnification, see Magnification 
merit, figure of, 608 
properties, 18, 21, 423 , 499 
refractive power, 136 
Electron microscope, adaptation for dif- 
fraction, 270 
application of, 281 

comparison, magnetic and electro- 
static, 98 

general discussion, 81 
image formation, 87, 672 , 691, 701 
magnification, see Magnification 
operatfiA, 199; see also Adjustment, 
FVKJusing, Photographic plate. 
Specimen, Specimen prepara- 
tion 

resolving power, see Resolving power 
tolerances, construction and align- 
ment, 216 

vacuum system, 165, 172, 195 
voltage regulation, electrostatic, 90, 
215 

magnetic, 124, 213 
Electron microscope, electrostatic, 89 
A,E.G., 91 
General Electric, 95 

Electron microscope, emission, 81, 112, 
741 

field emission, 119, 741 
photoelectric emission, 116, 742 
projection, 115 
secondary emission, 117, 742 
thermionic emission, 113, 742 
Electron microscope, magnetic, von 
Ardenne universal, 167 , 179, 
183, 188, 193, 198 


Electron microscope, m^netic, high 
voltage, 200 

RCA Small, 170, 181, 184, 189, 194, 
199 

power supply, 236 
RCA Type A, 173 
RCA Type B, 163 , 177, 181, 186, 
191, 195, 199 
power supplies, 234, 237 
Ruska, early magnetic, 172 
Siemens Supermicroscope, 163 , 179, 
183, 193, 198 
Toronto, 173 
yoke type, 175 

Electron microscope, . point projector, 
106, 738 

Electron microscope, scanning, 98, 735 

Electron microscope, shadow, 106, 736 

Electron mirror, 19, 456 
chromatic aberration, 575 
correction of aberration with, 29, 630, 
645 

geometrical aberrations, 564 
refractive power, 463 

Electron multiplier, see Secondary emis- 
sion multiplier 

Electron optics, 343, 351, 353 

analogy with light optics, 4, 86, 344 , 
350 

Electron probe, 99, 736 

Electrostatic fields, see Potential distri- 
bution 

Electrostatic lens, aberrations, see Aber- 
rations 

cathode, 18, 434, 462 , 677 
classification, 433 
Gaussian dioptrics, 423 
immersion, 434, 447 
aberrations, 608; see also Aberra- 
tions 

negative, 433, 441 
ray equation, 401, 429 
relativity correction, 651 
slit lens, 368, 372 
unipotential, 20, 30, 90, 434, 437 
aberrations, 608; see also Aberra- 
tions 

Emission of electrons, cold, 4 
field, 4 

gas discharge, 4, 126 





EnMon of electrons, photoelectric, 4 
secondary, 4, 59, 99 
speci&c, 127, 354 
thermionic, 3, 127, 207 
Equipotential, see also Potential dis- 
tribution 
definition, 11 
intersection, 373, 377 
magnetic, 479, 512 
Evaporated films, 328 
Exit pupil, 424 

Fermat’s law, 351 
Ferromagnetic material, 475 
Fibrin, 301 

Field aberrations, see Aberrations 
Field distribution, magnetic lens, 139, 
152, 490 
Field emission, 4 

Field emission microscope, 119, 741 
Filament, see Cathode 
Fluorescent screen, 95, 168, 171, 191 
single crystal, 257 

Focal length, 427; see also corresponding 
lenses 
definition, 14 
measurement, 140, 151 
Focal points, 1^, 426 
definition, 12 
multiple, 142 

Focusing electron microscopes, electro- 
static, 93 
magnetic, 255 
scanning microscope, 104 
Form factor, 135 
Fohnvar, 2^ 

Fraunhofer diffraction, 693 
Fresnel diffraction, 716, 737, 739, 741 

Cans, path determination, 412 
Gas discharge, 4, 126 
Gaussian dioptrics, electrostaticilens, 423 
Geometric aberration, see Abeitations 
Graphical metiiods, ray path determina- 
^ tion, combined magnetic and 
^trostatic fields, 512, 535 
elecllitatic field, 414 
mik||ietic field, 512 

Graphml potential mapping, Liebmann 
^medure, 386 


Grid, focusing, 128 
Gun, electron, 33; see also Cathode 
electron microscope, 42, 125, 177 
adjustment, 252 
high voltage, 201 
focusing grid, 128 

Hamiltonian Characteristic function, 543 
Helraholtz-Lagrange principle, 355 
Huygens’ principle, 345 

Iconoscope, 33, 50 

Illumination, electron microscope, angu- 
lar aperjure, 131, 256 
dark field, 133 
intensity, 133 
Image, electrical, 397 
aperture edge, 700 
Image contours, 708 
Image defects of electron lenstis, see 
Aberrations 

Image formation, electron microscope, 
87, 672 

large aperture, 701 
small aperture, 691 

Image formation, light microscope, 87 
Image multiplier, 50 
Image plane, definition, 12, 423 
Image point, definition, 11 
Im^e tube, 43 , 51, 381 
aberrations, 637, 645 
Immersion lens, electrostatic, 434, 447 
aberrations, 608 

Index of refraction, electron, 7, 30 
electrostatic field, 352 
magnetic field, 354 
Induction accelerator, 76, 668 
Inelastic scattering, 675 
Initial velocities, 41, 126, 207 
cathode lens, 577 
Insects, 301 

Intensity, electron, electron microscope, 
262,704 

dependence on specimen, 732 
electron microscopejjjpi, 128 
Intensity, electron beam, ^54 
Intermediate image, 88 
Inverse feed-back, 234; see also Power 
supply 

Ionization gauge, 198 
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Ion optics, 32, 658 
relativistic effect, 658 
Ions, 2, 31 

Kinescope, 33 
Koehler illumination, 86 

Laplace equation, 368 , 384, 467 
complex variable, 360 
cylindrical coordinates, 375 
Fourier solution, 369 
8(iparation of variables, 361, 368, 376 
Least action, principle, 352, 400 
Least time, principle, 351 
Light microscope*, 83 
image formation, 87 

Light optics, analogy with electron 
optics, 4, 345, 350 
Limiting aperture, see Aperture 
Linear accelerator, 72, 660 
Livingunaterial, observation, 241, 309 
Lorentz-ftransformation, 346 

Magnetic attraction, electron beam, 594 
Magnetic field, 466 
bell-shaped, 506 
circular loop, 472 
determination, 466, 486 
in electron lenses, 489 
index of refraction, 354 
infinite wire, 471 

motion of electrons, see Trajectories 
permanent magnets, 484 
scalar potential, 467, 470 
solenoid, 473 
vector potential, 353, 467 
Magnetic lens, aberrations, see Aberra- 
tions 

aberration-free, 605 
bell-shaped field, 506 
aberration, spherical, 624 
aberration, chromatic, 643 
cardinal points, 505 
coil current regulation, 124, 213 
coil design, 144 
field determination, 489 
field distribution, 139, 152, 490 
focal length, 135, 138, 140 
high voltage, 650 


Magnetic lens, iron-free, 473 

long, 15 

magnification, see Magnification 
path determination (approximate 
method), 513 
permanent magnet, 176 
refractive power, 16, 136, 508, 612 
rotation, 18, 502 
rotation-free, 18, 515 
short, 16, 514 
yoke, magnetic, 175 
Magnetic permeability, 466, 480 
Magnetic resistance, 143 
Magnetic saturation, 480 
Magnetic shielding, 481 
Magnetomotive force, 135, 478 
Magnetron, 528 

Magnification, definition, 12, 14 
electron lens, 427 
magnetic objective, 138, 183 
magnetic projector, 149, 183 
electron microscopes, 94, 95, 165, 167 , 
169, 170, 176, 185 
determination in, 258 
light optical, of image, 95, 168, 256 
maximum useful, 82, 260 
uniform accelerating field, 34 
Mass spectrograph, 65, 69 
Maxwellian distribution, 207 
Mechanical model, electrons in magnetic 
field, 527 

Mechanical path plotting mechanism, 
417 

Membrane, specimen support, 242 
Metallurgy, with electron microscope, 
331 

Metals, electrons in, 2 
Microtome, high-speed, 308 
Miller indices, 733 
Misalignment, 600 
Molecules, observation of, 310 
Motion of electrons, see Trajectories 
Multiple scattering, 681, 684 
Multiplier, electron, see Secondary emis- 
sion multiplier 

Negative electron lenses, 433, 441 
Nodal points, 428 

Noise, scanning microscope images, 749 
Numerical aperture, 82 
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Object, see Specimen 
Object plane, 423 
Object point, definition, 12 
Objective lens, alignment, 252 
tolerances, 216 
depth of field, 155 
magnification, see Magnification 
Objective lens, electrostatic, 89; see also 
Electrostatic lens 

Objective lens, magnetic, 87, 134, 181; 
see also Magnetic lens 
coil design, 144 

fidd distribution, 135, 139, 154, 490 
measurement, 486 
form factor, 135 
pole pieces, 134, 182, 217 
saturation, 136, 143 
Optical distance, 352, 543 
(Miicon, 521 
Oscillograph, electronic, 33 

Paraxial ray equation, 402, 505 
relativity correction, 652 
Pencils, imaging, 147, 692, 702 
Penetration of electrons, 7, 688 
Permanent magnet, 484 
Permanent magnet lenses, 176 
Photoelectric emission microscope, 116 
Photographic emulsions, stuches with 
electron microscope 322 
Photographic plate, electron microscope, 
259 

voltage characteristics of, 262 
Photons, 4 
Plaaties, 324 
Hate chamber, 190 
Hural scattering, 681, 685 
Point leonal, 543 

Point projector microscope, 106, 738 
Pble pieces, see corresponding lenses 
Porcelain, 331, 

Potential, electrostatio, 358 
magnetio, scalar, 467, 470 
magnetic vector, 353, 467 
Potentkd distribution, see also Laplace 
option 

axtallylll^imetiie aystems, 375, 394 
drcm^apertuie, 388 
loaxP cyilndeiB, 378 
eMvolytie plotting^ 


Potential distribution, liebmann 
procedure, 386 
slit, 366, 368, 372 
space charge, 396 
two-dimensional systems, 359 
special relations, 371 
Power supply, electron microscope, 97, 
163, 223 

filament current, 238 
magnetic lens current, 236 
radio frequency, 228 
regulating circuits, 233 
tolerances, 213, 223 
voltage multipl 5 dng circuits, 231 
Preparation of specimen, 241; see also 
Specimen 

Principal planes, 18, 427 
definition, 13 

Probe, electron, scanning microscope, 99, 
735 

shadow microscope, 110, 736 
Projector lens, aberrations, see Aberra- 
tions 

double, 93, 154 
electrostatic, 90, 93 
magnetic, 88, 147, 181 
coil current, 150 
pole piece, 143, 151 
magnification, see Magnification 

Quantum mechanics, 345 

Radio frequency power supply, 228 
Ray equation, 400, 504, 652 
paraxial, 402, 505, 652 
Ray paths, see Trajectories and Pencils, 
imaging 

Rectifier, see Power supply 
Reflection of electrons, see Trajectories 
and Electron mirror 
Reflection of light, 6 
Refraction of electrons, see Trajectories 
Refraction of lig^t, 6 
Refractive power, aperture lens, 445 
electron mirror, 4^ 
immersion lens, 448 
magnetic lens, 16, 136, 508, 612 
unipotential lens, 438 
Regulator, electrical, see Power supply 
Relativity, special theory, 345 
Relativity effect, 30, 660, 667 
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Relativity effect, electrostatic lens, 651 
magnetic lens, 650 

Replica technique, surfaces, 247, 330 
Resolving power, electron microscopes, 
84, 123 , 205, 694, 703, 724 , 735 
determination, 727 
emission microscope, 741 
mass thickness, minimum observ- 
able, 158 

point emission microscope, 741 
point projector microscope, 109, 738 
power supply stability, effect, 213, 
595 

recognition of polygon, 311 
relativistic aberration, 215 
scanning microscope, 101, 735 
shadow microscope. 111, 736 
specimen thickness, 156, 720 
stray fields, effects, 125, 169 , 217, 
697 

Resolving power, eye, 81 
Resolving power, lens, 82 
Resolving power, light microscope, 83 
Resolving power. X-ray shadow micro- 
scope, 738 
Rest mass, 347 

Rotation of image, magnetic lens, 18, 502 
Rotational distortion, see Aberrations, 
distortion 
Rubber, 313, 325 
Rubber model, 418 

Sagittal surface, 23, 661 , 579, 637 
Saturation, magnetic, objective lens, 136, 
143 

Scalar potential, magnetic field, 467, 470 
Scanning electron microscope, 98 
noise considerations, 749 
resolving power, 101, 735 
surface examination, 102 . 

Scattering of electrons, 7, 674 
angular distribution, 681 
electron microscope, 87 
effect on image, 704 
volume scattering, 157, 721 
Screen, specimen support, 241 
Screen lenses, 433, ^1 
Secondary emission, 4, 59 
Secondary emission multiplier, 59, 369, 
520 


Secondary emission multiplier, electro- 
static, 62, 369 
magnetic, 61, 520 
orbital beam, 63 
reduction of noise, 747 
Sectioning technique, 301, 308 
Separation of variables, 362, 368, 376 
Shadow electron microscope, 106, 736 
Shielding, 125, 159, 165, 167, 169, 217, 
481 

Short lens, aberration, 616 
“ Shot noise,*' scanning microscope, 101, 
751 

Signal-to-noise ratio, 748 
Single scattering, 680, 683 
Smokes, 315 
Snell’s law, 6 
Source, electron, see Gun 
Space charge, 27, 37, 39, 129, 691 , 647 ; 
see also Aberrations 
lens action, 434 
potential distribution, 396 
Specimen, electron microscope, see class 
of material 
preparation, 241 
sectioning, 301, 308 
staining, 296, 305 
surfaces, reflected electrons, 269 
replica, 247, 330 
scanning microscope, 102 
thickness, 156, 208, 720 
Specimen chamber, 185 
Specimen stage, 93, 186, 190 
Specimen support, 186, 241 
Spherical aberration, see Aberrations 
Spherical Aberration coefficient, 604 
Spot size, 39, 41 

Stability, power supply, see Power supply 
Staining, electron microscope specimen, 
296,305 

Stereoscopic micrographs, 262 
Surface examination, see Specimen 
Symmetry, axial, 375; see also Axially 
symmetric i^i^ms 
two-dimensional, 359 

Tangential surface, 23, 661 , 579, 637 
Television, electronic, 33 
Thermionic emission, 3 
electron microscope study, 113 
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Thermocouple gauge, 196 
Thick lens, 436; see also Electron lens 
definition, 13 

Thin lens, 436, 614; see also Electron lens 
definition, 12 

Thomson-Whiddington law, 687 
Thread beams, 435, 692 
Trajectories, see also Deflection of elec- 
tron beam 
electric field, 8, 400 
electric and magnetic fields, 494 
magnetic field, 14, 493 
-4udally symmetric, 499 
two-dimensional, 616 
paraxial, 402, 505, 652 
ray equation, 400, 504, 652 
Trajectory determination, approximated 
fields, 412, 513,636 
differences, method, 407 
Gans method, 412 
graphical methods, 414, 512 
medianical methods, 417, 527 
rubber model, 418 

Transmission, electrons through matter, 
7,674 

Uncertainty principle, 349, 695 
Uniform fields, electrostatic, 406 
magnetic, 16, 496 


Unipotential lens, 437; see also Electro- 
static lens • 

Vacuum seals, demountable, 165, 167 
Vacuum system, electron microscope 
165, 172, 196 

Vector potential, magnetic, 353, 467, 475 
Velocity, electron, see Electron 
electron wave, 347 
group, 349 
phase, 347 

Velocity spectrograph, 67 
Virtual image point, definition, 11 
Viruses, 282 
serum reaction, 287 

Voltage regulation, electron microscope, 
electrostatic, 90, 215 
magnetic, 213 

Voltage regulator, see Power supply 
Volume scattering, 157, 721 

Wave group, 348 

Wave length, electron, 5, 84, 348, 361 
Wave mechanics, 345 

X-ray shadow microscope. 111, 738 
X-ray shielding, electron microscope, 
202, 219 










